BOUNDARY LAYER AND LONG TIME STABILITY
FOR MULTI-D VISCOUS SHOCKS

OLIVIER GUES, GUY METIVIER, MARK WILLIAMS, KEVIN ZUMBRUN

ABSTRACT. This is an expository paper whose goal is to provide
a brief introduction without the full technicalities to the meth-
ods used recently in [GMWZ1, GMWZ2] to prove the existence of
curved multi-D viscous shocks, to rigorously justify the small vis-
cosity limit, and to prove long time stability of multidimensional
planar viscous shocks.

1. INTRODUCTION

We describe a unified approach to the problems of proving long time
stability of multi-D planar viscous shocks and of justifying the small
viscosity limit for curved multiD viscous shocks. In both cases the main
hypothesis is a natural spectral stability hypothesis expressed in terms
of Evans functions. The parabolic (hyperbolic + viscosity) problem on
the whole space is first reformulated as a doubled boundary problem
on a half space with transmission boundary conditions that express
regularity across an appropriate interface. This interface (the “viscous
front”) is initially unknown in the small viscosity problem and has to
be constructed. In both problems one has a profile that serves as an
approximate solution, and the main difficulty in obtaining an exact so-
lution is to prove good L? estimates for the corresponding error problem
linearized about the profile. An obstacle to obtaining the L? estimate
arises because the profile depends on a parameter z that varies from
—00 to 400, and the algebraic properties of the coefficient matrices
thus vary with z. A key step is to conjugate the boundary problem to
a new limiting problem in which the z dependence of the coefficients is
removed: the coefficients are replaced by their limits as 2 — +o00. One
is now in a position to use Kreiss type symmetrizers to prove the L?
estimate, but a remaining difficulty is that the limiting problem fails to
satisfy the uniform Lopatinski condition: the Lopatinski determinant
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vanishes to first order for zero frequency. By introducing a correspond-
ing degeneracy into the symmetrizers, we obtain singular L? estimates
that are still strong enough to imply nonlinear stability.

To help out readers not familiar with Kreiss symmetrizers we have
included a detailed construction for the case where glancing modes
have order at most two. In this case, which in fact includes most of
the usual physical examples, many of the linear algebraic subtleties
become transparent. The construction of symmetrizers here is non-
standard in two respects. First, Kreiss’s hyperbolic construction was
based on a matrix perturbation argument with respect to one parame-
ter (called v here), while our construction for “hyperbolic + viscosity”
operators involves two parameters (v and p). Also, as indicated above,
our symmetrizers are degenerate in the sense that they become singular
as p — 0.

2. THE TWO PROBLEMS

Consider the m x m hyperbolic system of conservation laws on RV +!

(2.1) > filu, =0

where f; : R™ — R™ are C* functions with fo(u) = w and z( de-
notes time. We are given a shock solution (U,vp) to (2.1); this
means that UY (resp. U?) satisfy (2.1) in the classical sense to the
right (resp. left) of the shock surface S defined by xy = tp(2') (here
' = (xo,...,xy_1) = (x9,2")), and in the distribution sense in a neigh-
borhood of §. The piecewise classical solution is a distribution solution
near S if and only if the Rankine-Hugoniot jump condition holds:
N-1
(2.2) D 1(U)0w, 800 — [fx(U%)] =0 on S.
0

In the long time problem (LT) we take S to be the plane zy = sx

and UY are constant vectors. In the small viscosity problem (SV) U2

are generally nonconstant functions of x and the surface S is curved.
The problems are stated in sections 1.2 and 1.3.

2.1. Hypotheses on the inviscid shock.

(H1) For states u near UY, the matrix Z;VZI df;j(u)&; has simple real
eigenvalues for £ € RY \ 0 (This can be weakened to: real semisimple
eigenvalues with constant multiplicity.)
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(H2) The inviscid shock is a Lax shock. This means that the normal

matrices
N-1

An(UL, di) = dfn(US) = D d5odf;(U2)
7=0
are invertible, and that if we let k (resp. [) be the number of positive
(resp. negatlve) eigenvalues of Ay (UY, diy) (resp. An(U?, dyy)), then
k+1=m — 1. (Here we evaluate at z = (2/,0)).

Remark 2.1. (H1) implies that eigenvalues A of —i Zﬁvzl dfj(u)&; — [€)?
satisfy RA = —|¢|? for states u near UY.

Consider also a corresponding system of viscous conservation laws

N

(2.3) D F(w)s, = eAu,

J=0

where

N
Au = Z azju.
j=1

In (LT) we take ¢ = 1 while in (SV) we have ¢ € (0,1]. We assume
we're given a smooth function U%(2’, 2) satisfying the travelling wave
equation

C(zo.u’ = GU°, dwo) — G(U°, dipy) where

24

(24) G(u,d¢) = Z fi(w)0;¢ and C°(z') = 1+ [Vumibo|?,
and connecting the endstates U2 (z',0) :

(2.5) hIiIl U(x,z) = UL (2,0).

Note that in (LT) C° = 1, U° is independent of z’, and (2.4) reduces
to

(2.6) OU° = (fx(U) = sU°) = (fn(U2) — sU?).

U°) is variously referred to as a connection, a profile, and a viscous
shock.

An important point for entire argument is that the profile decays
exponentially to its endstates. Indeed, since the shock is noncharacter-
istic, the center manifold of the travelling wave ODE is trivial at the
rest points UY.



4 OLIVIER GUES, GUY METIVIER, MARK WILLIAMS, KEVIN ZUMBRUN

Observe that in (LT) U°(xxy — szp) is an exact solution of (2.3),
while in (SV) the function U°(z, M) is an approximate solution in
the sense that after plugging into (2.3), the coefficient of £ vanishes. In
(LT) after redefining xy, fy as Ty = xy —szo and fN(u) = fn(u)—su,
we can and will henceforth assume s = 0.

2.2. The long time stability problem (LT). We wish to under-
stand the stability of the profile 4° under multidimensional perturba-
tions. Let A denote some set of admissible perturbations to be specified
later.

Definition 2.1. For vy € A let u(x) be the solution to the system
(2.3) (with € = 1) with initial data at o = 0 given by

(2.7) uo(2”, zn) = U (zN) + dvo(2”, 2 ).

We say that U° is nonlinearly stable with respect to perturbations in
A if there exists a dg > 0 (depending on |vg|4) such that for 6 < d,
the solution u(x) exists for all time and

(2.8) lu(z) — U (zn)|poe@) — 0 as xg — o0.

Assuming that the profile U° satisfies a spectral stability (Evans) as-
sumption (H3) described below, the problem is to show that the profile
is nonlinearly stable with respect to as large a set of perturbations as
possible. Results on this problem in 1D include [Go, KK, ZH]. This
problem is studied in multiD in [Z] by explicit construction and esti-
mation of Green’s functions. In this paper we describe the approach

to (LT) taken in [GMWZ1].

2.3. The small viscosity problem (SV). Under the same Evans
assumption as above, the problem is to show that exact solutions u°
(viscous shocks) to the parabolic problem (2.3) exist on a fixed time
interval [0, Tp] independent of € and converge in some appropriate sense
(e.g., L2,.) to the original inviscid shock UY as € — 0.

In fact the only approach to (SV) that we know of involves doing
much more than this. We construct arbitrarily high order approximate
solutions @€ to (2.3) in which the inviscid shock appears in the leading
term. We then prove the existence of nearby exact solutions u¢ such
that u¢ — @€ = O(eM) in L* on [0, Tp] for some large M. Since it is (or
will be) obvious that the approximate solutions converge to the inviscid
shock in L? ., the same is therefore clear for the uc.

Results on this problem in 1D include [GX, R, Y]. Here we describe
the approach to (SV) taken in [GMWZ2].
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3. THE DOUBLED FORWARD ERROR PROBLEMS

3.1. The long time error problem. From now on we set A; = df;.
In (LT) we look for u(z) solving (2.3),(2.7) of the form

(3.1) u(z) = U (zn) + dv(z),

and then to obtain a problem with zero initial data (a forward problem)
we look for v as a sum

(3.2) v(z) = w(x) + e vy(z).

A short computation shows that the problem satisfied by w is

D (AU w)a, + dives 4 (B(x)w) + 6dive 4, (H (2, w)) =

(3.3) =
Aw + e vy + divgs 4 (F(x))

w‘xozo = 07
where B and F are smooth functions of (e vy, ™™V ., vo,U°) and
(3.4) |h(z,w)| < Clwl|?.

The main difficulty in solving (3.3) is to obtain good energy estimates
for the corresponding linear problem:

(3.5) ;mj(w)w)% —Aw=f
w‘mg:O =0.

Let £ € RV*! denote the dual variable to x, extend w and f in (3.5)
by zero in zy < 0, and Fourier-Laplace transform in (zg, ") to get the
ergenvalue equation

(36) UA}QUNIN - (AN(uo)w>$N - M(‘TN> )‘7 fll)w = f(xNv )‘7 £”>
where A = i&y + v with v > 0 and

N-1

(3.7) M(zyn, A\ €") = AU + M+ €71

Jj=1

To put this in a form convenient for symmetrizer arguments we first
rewrite (3.6) as a 2m x 2m first order system on R

59 (2) = (it ) (9)* (aren)
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or

for short.

Finally, we rewrite (3.8) as an equivalent “doubled” 4m x 4m bound-
ary problem on xy > 0. Given a function h(zy) defined on the whole
real line, for xy > 0 set

hi (.’L’N> = h(ﬂ:l’N),

and observe that U satisfies (3.8) on R if and only if U = (Uy,U-)
satisfies the problem on xy > 0:

U,y — Glan, A\ &NU=F

1
(3.10) I'U=0o0n xy =0,

f 2 O
where TU = U, — Ll_,F—( ]_t) Gy, A 5)—(%* _g_>,and

" An(U° I
(311) g ‘%Na)‘ 5 ( N u m)\Nél/ 0) .

The boundary condition in (3.10) just expresses the continuity of U in
(3.8) at xy = 0.

Remark 3.1. The results described in this paper apply to more general,
even nonlinear, viscosities, and are in the process of being extended to
systems with degenerate viscosity like the compressible Navier-Stokes
equations. We have chosen to work here with the artificial e/\ viscosity
in order to simplify the exposition and keep the main ideas clear.

3.2. The small viscosity error problem. The reduction to a bound-
ary problem on a half space is more subtle in the case of (SV) and begins
with the introduction of an initially unknown surface xy = ¥(z’) close
to S that we refer to as the “viscous front”. Solutions to the parabolic
problem (2.3) will be smooth in x5 > 0, so the viscous front is not
a surface of discontinuity. Instead, we can think of it roughly as the
center of a viscous boundary layer with the property that S¢ — S as
e — 0.
As in [GW] we make the change of coordinates

(3.12) ¥ =d, Iy =ay - V(),

where the smooth function ¥ remains to be determined. Set u¢(Z) =
u(z), and drop the tildes to rewrite (2.3) (suppressing some epsilons)
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as
(3.13)
N-1 N

Aj(u)0y,u+ An(u,dV)0, u — € Z@Ij — 03, W0,y )?u = 0, where
=0 1

N-1
(3.14) Ay (u, dD) — > Aj(u)
0

=N

On R, o = {zn > 0} define
us (x) = u (2, £ay),
and note that u¢ satisfies the problem on R¥*! (2.3) if and only if u<.
satisfies the doubled parabolic boundary problem on @f“

(3.15)
N-1
a) Z Aj(us)0yusr £ An(us, d¥)0, us F e (Z 82 )
0

N-1 N-1
¢ (Z P+ O, T2y azjqfazjaw) uy =0
1 1

(b)uy —u_=0onazy =0
(€)Opyus + Ozpyu— =0on xy =0,
where
(3.16) C(z) =1+ |V U,

At this stage, we decide to look for a function W€ which is polynomial
with respect to €, that is:

(3.17) Ue(z') = o(a’) + ey (') + - + "y ('),
where 1y, ..., remain to be determined.

In the next section we describe how to construct an approximate
solution to (3.15) of the form (a%, U¢) where W€ is given by (3.17), and

uf(r) =
(3.18) ULz, 2) + Ui (2, 2) + -+ UV (2, 2)) |,_ox .
Here ' 4 _

Ui(x,z) = Ui(z) + Vi(a', 2),

UY(z) is the original shock and V7 (2/, z) are boundary layer profiles
exponentially decreasing in z. The e—dependence is suppressed in the
notation.
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The approximate solution (a5, W¢) is chosen to satisfy (3.15) to high
order in the following sense. The boundary conditions are satisfied
exactly and the interior equations hold with zero on the right side of
(3.15) replaced by M RS™M () for smooth functions RS .

We now fix once and for all such a high order approximate solution
(a%, ¥¢) and seek an exact solution to (3.15) of the form

(3.19) uf = uf +ws,

where w¢ satisfies a second order error problem with the same bound-

ary conditions and a forcing term € R¢™ (). To determine unique w¢.
we need to set initial conditions, and in order to obtain w¢ with high
regularity we choose initial data of the form

(3.20) wi = eleai(x",xN) on zg =0,

which is corner-compatible (at the corner zy = 0, zy = 0) to sufficiently
high order with the interior forcing and boundary conditions.

The next step is to write the error problem satisfied by w¢ as a
4m x 4m first order system. For v > 1 and L < M set

W = e Fws

(3.21) B ~ ~
Up =e 7 (wy,e0nwy) and U = (Uy,U-).

A straightforward computation based on examining the problems sat-
isfied by u$ and u¢ shows that the nonlinear error problem for w¢ can
be rewritten as

1
ONU = —GU = e X (F(U,0"U) + F(x)),

(3.22) I'U=0o0nxy =0,
U=0in zy <0,
where the 2m x 4m matrix I' and the 4m x 4m matrix G are defined
by
1 0 -1 0

b= (0 1 0 1)
(3.23)

G (9 VY

=0 ¢ )

with

0 1
(324) gi = <Mi Ai) )
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where (suppressing some epsilons)

N-1 N-1

Do +7)+ > Aj(is)ed; — Y €07 + Ey
1 1
N-1

(325) Eywy = (9, A (iix, dV)ws)0uiie + B (0uA; (i )ws )ed;iis
1

Mi — Ce(lj)fl

N-1

Ap = C() " | LA (g, dT) £2)  0;Ved;
1

On the right side of (3.22) the power K can taken as large as desired
provided the approximate solution was computed to high enough order,
F € H’ for J large, supp F C {zy > 0}, and

(3.26) |7l < C(UP + 10U |U])-

In reducing to the forward error problem (3.22) with regular forcing F
we have used the compatibility conditions satisfied by (3.20) to transfer
initial data to forcing by a maneuver much like that in the case of (LT).

Thus we are led to prove L? estimates for the linearized problem
corresponding to (3.22):

1
ONU —-GU =Fonxzy>0
€

(3.27) U =0onzy =0
U:()ina:0<0.

Remark 3.2. At this point we encourage the reader to take note of
some of the similarities (and differences) of the 4m x 4m matrices G
appearing in (3.27) (SV) and (3.10) (LT). In particular note that if
one “undoubles” (3.27) (to get a 2m x 2m problem on R¥*!) and
then further rewrites the problem as an equivalent second order m x m
system, the latter system is a linearization of (3.13) about 4.

4. HIGH ORDER APPROXIMATE SOLUTIONS FOR (SV)

We obtain equations for the v;(z’), UL, VI(z, z) appearing in (3.17),
(3.18) by plugging those expansions into the doubled boundary problem
(3.15), collecting coefficients of equal powers of epsilon, and setting
those coefficients equal to zero. For each power of € this leads to a
“slow” or outer layer problem for one of the (Ui,v;) and a “fast” or

inner layer problem for Vi. For example, the interior problem for V2
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obtained by setting the fast coefficient of e~! equal to zero is
(4.1) Co(2)0?VY = £ AU, dipy) 0.V on z > 0,
where Cy(z’) appears when we write C* in (3.16) as
(4.2) C(2) = Co(z') + eCy(z') 4 - - - + M Copr (o).
The corresponding boundary conditions on zy = 0, 2 = 0 are
(@) UL+ V2 =0U" + VO

4.3
(4:3) (b) 0.V? = —0,V°.

Observe that when we integrate (4.1) from +o0o to z we obtain a
doubled version of the travelling wave equation (2.4):

(4.4)  Co(2)0.VY = £G(UL + V2, diby) F G(UY, dipg) on z > 0.

We seek to solve this subject to the boundary conditions (4.3) and the
requirement that V2(z’,z) decrease exponentially to 0 as z — +oc.
The boundary conditions clearly overdetermine the problem, but note
that the Rankine-Hugoniot condition on (U, diy) (which is assumed
to hold) is the necessary compatibility condition. More precisely,
assume that V) satisfies (4.4) and (4.3)(a). Then

(4.5) (4.3)(b) holds < [G(UY, dibg)] = 0 on zy = 0.

A solution to (4.4) satisfying (4.3)(a) (and thus (4.3)(b)) is easily found
using the profile U°(z’, z) given in (2.4). The profile U°(z’, z) is related
to UL (', zn, 2) by

0 / >
(46) UO(ZL’,,Z> — ug<x 707 2)7 z Z O
U (2',0,—z2), 2<0
Remark 4.1. Tt is not hard to prove the existence of profiles U°(z/, 2)
for sufficiently weak Lax shocks. To handle the case of strong shocks,
we have to assume the existence of profiles.

The interior slow problem corresponding to the order € turns out
to be just the nonlinear hyperbolic problem (in doubled form) satisfied
by the given inviscid shock UY.

To see how the construction of high order profiles works, it will be
enough just to consider the case of V[ (2’,z). The interior problems
satisfied by V! are the fast problems at the order ¢’. As in the case
of V2, each problem is a second order ODE that can be integrated

using the conservative structure to give a first order ODE. The latter
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equation is a linearization of (4.4) with forcing depending on previously
determined functions. Again, there are two boundary conditions:

(a) UL +V}=U + V!

4.7
(4.7) () 0, U0 + D.VE = (D, U° + BY),

so the first order problem for V! is overdetermined.
The necessary compability condition is arranged by solving the fol-
lowing linearized shock problem for (U}, v1):

(o) HE(U)OUL = PY(z) on x>0

(4.8) 0 0 1 0/
(O)[B(UL)dn] + [An (UL, dibo)UL] = Q°(2") on zy = 0,

where the forcing and boundary data depend on previously determined
functions. The interior problem in (4.8) is the slow problem at the order
!, the boundary operator is a linearization of the Rankine-Hugoniot
conditions, and the boundary data is chosen precisely so that if V!
satisfies the interior ODE described above together with (4.7)(a), then
(4.7)(b) holds if and only if (4.8)(b) holds.

It is a consequence of the Evans assumption (H3) that the linearized
shock problem (4.8) is uniformly stable in the sense of Majda [M2, M3],
and thus solvable. We now have the functions (UY,vy), V2, (UL, ),
and the next step is to solve for V. So we must choose initial data
for V! at z = 0 so that both (4.7)(a) holds and the solution V! de-
cays exponentially to 0 as z — +00. We explain next how the Evans
assumption (H3) allows us to do this.

Consider again the travelling wave equation (2.4) on R,, and note
that U2 are both rest points (use the RH conditions). Clearly, U°(z’, 2)|.=o
belongs to both the stable manifold of U? (2/,0) and the unstable man-
ifold of U°(2/,0). The Evans assumption implies these manifolds inter-
sect transversally at U°(z’, 2)|,—o. This implies in turn that the stable
spaces for the linearized travelling wave equations satisfied by V! on
[0, 400) intersect transversally, and thus one can choose initial data for
V% as described above.

One continues according to this pattern to solve for (U%, 1), then
V2, then (U3, 3), etc., always obtaining linearized Majda well-posed
shock problems for (U7, 1p;) whose boundary conditions are chosen as
the compatibility conditions for the V7.
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5. THE EVANS ASSUMPTION

It is easiest to define the Evans function first for the 2m x 2m system
(3.9) on R with F = 0:

(5.1) Uy, = GU.

Lemma 5.1 ([ZS]). For & € RN"' R\ > 0, there exist bases of
solutions

of (5.1) with F = 0, spanning the stable/unstable manifolds of the
critical point U = 0 such that

(53) D(/\7 gﬂ) = det(ulR7 e 72/{77}37(/[1[/7 e 7u7’%1)|$1\]:0
is analytic in (X, &") for (A, &") € RV=L x {RX > 0} \ (0,0).

Proof. A classical contraction mapping argument [Co| allows us to re-
duce to consideration of the limiting equations at +o0. Letting

g(:l:OO,)\,f”) - hni g(mNakagl/%
x N —F00
we look for solutions to
(54) ufBN = g(+ooa )‘7 gll)u
O
decaying at 400 of the form U = e**V)V, and do similarly for the

problem at —oo.
Note that p is an eigenvalue of G(+o0, A, ¢”) if and only if

N—-1
(55) WP —i) AU — pAN(UL) = No =0
1

for some nonzero v. Setting u = iy, {n € R yields
N

(5.6) det[—[¢" xl* =i ) L A;(UD)g; = A =0,
1

which has no solution with ®A > 0, except for (¢”,&n) = 0, A =0
(Remark 2.1). Thus, there are no eigenvalues with Ry = 0 when
€7, A > 0, v >0, so the number of eigenvalues in each of Ry > 0 and
Rp < 0 is constant then. We may choose { = 0, ¢’ = 0 and ~ large
to obtain an obvious count of m eigenvalues in each of these regions.
In particular, we obtain m stable (Ru < 0) eigenvalues. Similarly, we
obtain m unstable eigenvalues (fu > 0) for the problem at —oo.
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Definition 5.1. D is called the Evans-Lopatinski determinant (or
Fvans function for short) for the problem (5.1). Here and henceforth
we always normalize the columns appearing in (5.3) so that they of are
of size ~ 1 for [£”, A| near 0.

Remark 5.1. 1. Observe that nonvanishing of D in R\ > 0 is necessary
even for linearized stability. Linear dependence of the columns in (5.3)
implies existence of a solution U to (5.1) with F = 0 decaying at both
+00, and thus of an exponentially unstable solution w = O(eM) to
(3.5) with f = 0.

2. Set ¢ = (N, ¢&") = (¢,v) (with slight abuse), and introduce polar
coordinates

(5.7) ¢ = pC, where ¢ = (£,4) and ¢ € SV.

We'll always take 4 > 0, so define SY = SN N {5 > 0}.

Observe that smooth functions f({) can be rewritten as smooth func-
tions f(C,p). But if g(C,p) is smooth with g((,0) nonconstant, the
function ¢(¢) corresponding to g(, p) is not continuous at ¢ = 0.

3. In p > 0 we may write D(¢) = D(C, p). Lemma 5.1 implies D(C, p)
is analytic in { > 0,p > 0}. It is shown in [ZS] that D and D, are
continuously extendible to {# > 0,p > 0} and that

(5.8) D(¢, p) = CrA(S)p + olp)
as p — 0, for some C' # 0. Here x is nonvanishing if and only if the
stable/unstable manifolds for U} of the travelling wave ODE (2.4) are

transverse at the connection U°(z’,0). A(() is the Lopatinski-Kreiss-
Majda determinant for the ideal shock problem linearized at (UY, diy).
The shock is uniformly stable in the sense of Majda [M2, M3| precisely
when A({) # 0 for ¢ € SV,

4. The vanishing of D((,0) reflects the fact that at p = 0, the
equation (5.1) with F = 0 has the solution (¢(zy),0), where ¢(zy) =
0., U° (differentiate (2.4) twice). This solution is fast-decaying at both
+o0o. It will be convenient later to normalize

(5.9) Ul (xn, ¢, 0) = Uk (zn,(,0) = (¢(an),0).

5.1. Assumption on the viscous profile.
(H3) D(C, p) vanishes to precisely first order at p = 0 (where it must
vanish) for all ¢ € S?, and has no other zeros in S x R,.

In view of the above remarks D(é’ , p) vanishes to precisely first order
at p =0 if and only if both 8 # 0 and A(¢) # 0 on S¢.
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Remark 5.2. It has been shown recently in independent work by [FS]
and [PZ] that profiles for weak Lax shocks do satify (H3), under the
structural assumptions of symmetrizability plus strict convexity of the
characteristic associated with the shock. These assumptions are satis-
fied by several of the physically important systems.

5.2. Evans function for (SV). Parallel to (5.1) consider the follow-
ing 2m x 2m system on R, in which 2’ is viewed as a smoothly varying
parameter and

(5.10) B=(07)=eC = (e, e):
(5.11) 0,U — GU = 0, where
(5.12)

g(l'/,Z,ﬁ) = <]\20 io) s Wlth
M0<xluz7ﬁ) =
N-1 N—1
G+ 3 A i+ 3 B Z>] ,
1

B2, 2)w = (0, AN (U (2, 2), dibo(2))w) O L[O( ' 2),

OO<I/)_1

A2, 8) = C°(a')

N-—1
ANUO (2 2), dibo() +2 Y ol @5]].
1

We observe that (5.11) is the problem obtained if one “undoubles”
(3.27), freezes the tangential variable z’, Fourier-Laplace transforms
the tangential (0,/) derivatives, and rescales by setting z = ™, § = €(.
In addition we have evaluated the coefficients at the leading part of
(@,dV). For 8/ € RN, 4/ > 0 we obtain the exact analogue of Lemma
(5.1) by the same proof as before, where now the Evans function D =
D(2', 7). Remark 5.1 continues to apply, but in place of (5.8) we now

have (writing 8 = pf):
(5.13) D', B, p) = Cx(&) A, B)p + o(p)

as p — 0. Hypothesis (H3) takes the same form as before for (SV),
and Remark 5.2 still applies.

In particular, note that the transversality and uniform stability prop-
erties needed in the construction of the high order approximate solution
are implied by (H3).
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6. CONJUGATION TO A LIMITING PROBLEM

In the next few sections we focus mainly on conjugation and sym-
metrizer construction for (LT), since in that case we can work entirely
with Fourier multipliers and there is no need for a pseudodifferential
calculus. The constructions that we describe below for (LT) are in fact
essentially identical to the constructions at the principal symbol level
that are needed for (SV), where the variable 2’ in the coefficients is
simply frozen and carried along as a parameter. The symbols thereby
constructed are then quantized using a semiclassical or mixed (classical-
semiclassical) pseudodifferential calculus, and these operators serve as
the conjugators and symmetrizers. The quantization procedure is de-
scribed in section ().

Return now to the 4m x 4m doubled boundary problem (3.10) and
consider the limiting matrix

(6.1)

N . "o g (Ooa)\afl/) 0
G(OO7 )\’g ) N INhHHJerO G(ZL‘N7)\7£ ) B ( ' 0 —g_(OO, Aafﬂ)) 7
where

[ An(UY) I
Gi(oo, A, m) = (M(:I:OO, NEY 0)
It is already clear from Lemma 5.1 that the spectral properties of

G(00, A\, £") play an important role in the analysis. We summarize
them here:

Proposition 6.1 (Spectral properties of G(co, A, £"), [Z],[ZS]).
1. When p > 0 and v > 0, G(oo, A, &") has 2m eigenvalues counted
with multiplicities in Ry > 0 and 2m eigenvalues in Rp < 0.

2. G(0,0,0) has 0 as a semisimple eigenvalue of multiplicity 2m.
The nonvanishing eigenvalues (fast modes) are those of An(UY) (k
positive, m — k negative) and —An(U°) (1 positive, m — | negative).

3. Consider the multiple zero eigenvalue of G(oo,é, 0) (polar coor-
dinates). For 4 > § > 0, this eigenvalue splits for p > 0 small into
k+1=m—1 slow decaying modes

(6.2) p = csp+ O(p®) where Res < 0
and (m — k) + (m —1) =m+ 1 slow growing modes (Res > 0).

Here “decaying” and “growing” refer to the corresponding exponen-
tial solutions e**~Nv.

Proof. We focus on G, (00, A, {"); a parallel argument handles —G_ (00, A, £").
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Statement (1) follows from the proof of Lemma 5.1 and (2) is clear
An(U?) 1)

0 0/

(3) Consider the characteristic equation in polar coordinates (drop
the hats)

since G4 (00,0,0) =

N-1

(63) [ =P’ — AN (UD) —ip Y AjUDE — pAlo =0,
1

and posit the expansions

(6.4) p=cp+0(p*), v=r+0(p)
Compare terms of order p to obtain
N—-1

(cAn(UY) +i Z A;(UNE +N)r =0, or
(6.5) !
AN(U_?_)T =0.

N-1
¢+ (z > AU + A) Ay(U)™

Thus, ¢ is an eigenvalue of — (i 3.1 " A;(U2)&4+N) Ax(U?) 71, which by
hyperbolicity has no center subspace for v > 0. So the stable/unstable
roots fc < 0/Fe > 0 separate to first order in p. They may be counted
by setting £’ = 0, and using the fact that Ax(UY) has k positive
eigenvalues. 0

The conjugation argument is based on the following lemma [MZ]:

Lemma 6.1. Let Q = {(\,¢") : [\, &"| < C,y > 0}. There is a matrix
Wi(zn, N, &") defined and smooth on [0,00) X Q such that
(a) W= is uniformly bounded and there is a 6 > 0 such that

(6.6) W(zn, A ") =1+ 0(e” ).
(b) W satisfies (suppressing some parameters)
(6.7) Oy W = Glay)W(xy) — W(xy)G(0).
Sketch of proof. The right side of (6.7) can be written
LW + AGW

where £ is the constant coefficient operator adG(oco) = [G(0), | and
AG is left multiplication by G' — G(00) = O(e~%*V). Eigenvalues of £
are differences of eigenvalues of G(o0, A, £").

Clearly, the identity matrix is an eigenvector of £ associated to the
eigenvalue 0 and a solution of the limiting problem corresponding to
(6.7). Since 0 is an eigenvalue of high multiplicity for p = 0 which
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splits for p > 0 in a manner consistent with Proposition 6.1, real parts
of eigenvalues cross as parameters are varied. Thus, the classical con-
traction mapping argument used to find solutions of variable coeffi-
cient ODEs asymptotically near solutions of limiting constant coeffi-
cient ODEs (e.g., [Co|) does not apply. Nevertheless, the Gap Lemma
[GZ] allows one to take advantage of the exponential convergence of
G to G(o0) to adapt the classical argument to prove the existence of
solutions depending smoothly on parameters and satisfying (6.6), as
long as the eigenvalues of £ remain separated by a line Ry = —x for
some k € (0,0]. This is true locally.

O

The substitution U = WV transforms the equation (3.10) into the
constant coefficient problem

V., — G(oo,\, &NV = W™'F

(6.8) _ ,
[0,X\)YV =0o0nzy =0,

where T'(zx, A, ")V = TW(zy, \,&")V. Thus, estimates for (6.8) im-
ply estimates for (3.10).
We'll refer to W as the MZ conjugator [MZ].

7. BLOCK STRUCTURE

Recall from Remark 5.1 the notation ¢ = (¢,~) = pC. The first
step in the construction of symmetrizers is to conjugate G(o0, () to a
block form that clearly separates the fast blocks (P () below) from the
slow block Hg(C, p), and further decomposes %H 5(C, p) into subblocks

corresponding to eigenvalues with real parts bounded away from or
near 0.

Proposition 7.1 (Block structure). For allé with j > 0 there is a

neighborhood w of (é, 0) in SN xR, and there are C* matrices T(C, p)
on w such that T~'G(c0)T has the following block diagonal structure

P(Q) 0 0
(7.1) T7'G(oc)T=| 0 P_(¢) 0 = Gp(0).
0 0 Hg(Cp)

Here the eigenvalues of Py (resp. P_) belong to a compact set in
Ry >0 (resp. Ru < 0) and in addition
1

(Pr+P)>cl and —RP_>cl onw

for some ¢ > 0.
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We have Hg(C, p) = pHp(C, p) with
Q. - 0

(7.3) Hp(Cp)= |+ . 1 ](Gp)
0 - Q,
The blocks Qy are v, X v, matrices which satisfy one of the following
conditions:

i) RQk(C, p) is positive definite.

ii) RQk(C, p) is negative definite.

wi) v, =1, RQi(C, p) =0 when ¥ = p =0, and 05(RQx)0,(RQy) >
0.

w) v, > 1, Qu(C, p) has purely imaginary coefficients when 4 = p =
0, there is u, € R such that

e 10
(7.4) Quéoy=i| " Mo (1) ,
Hi

and the lower left corner a of Qy satisfies 05(Ra)0,(Ra) > 0.

Sketch of proof. There is a C* invertible matrix 77(¢) defined on a
neighborhood of ¢ = 0 such that 7] 'G(c0)T; has the block diagonal
form

Pr 0 0 0

0 Hrp 0 O

1 o
(7.5) RECONE O

0O 0 0 Hg
where Hg, Hy, Pg, and Py are C'*° functions of ( satisfying
Hp(0) = 0, Hy(0) = 0, Pa(0) = Ax(UY), P(0) = —An(U?)
(7.6) Hr(C) = —M (400, )AN(UY) " + O([¢])
Hp () = M(~00, ) An(U2) ™ + O(I¢*),

and
I —AyU9! 0 0
0 I 0 0
0 0 0 1

The eigenvalues of Pr(¢) and Pp(() satisfy |Ru| > C > 0 on some
neighborhood of ¢ = 0.
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Another conjugation by a constant coefficient matrix yields a matrix
with the same blocks in the new order (Pg, P, Hr, Hy). Next, using
projectors

1 PR 0 -1
(7 PO =5 [lev- (00 p )
for appropriate contours C C C, one reduces (Pg, Pr) to (Py, P_).

The blocks Hr and Hj are conjugated separately to block struc-
ture after localization to w. Thus, there is a k¢ such that the blocks
Q1y...,Qp, In Hp correspond to Hp, while blocks Qry41,...,Q)p cor-
respond to Hy. One first uses projectors as above to separate out
blocks corresponding to eigenvalues with (respectively) positive, nega-
tive, or zero real parts. A further change of basis in cases (iii),(iv) puts
Qx(C,0) in Jordan form. Changing basis again using Ralston’s Lemma
[Ra] makes @, pure imaginary in cases (iii),(iv) when 4 = p = 0. Ob-
serve that (by hyperbolicity) blocks satisfying conditions (iii) or (iv)
only arise when 4 = 0.

The crucial sign condition in (iii) and (iv) allows one to construct
symmetrizers by a modification of the ansatz used in [K]: an extra
term is added to the kth block of the symmetrizer corresponding to
the extra p parameter. We'll discuss the sign condition later in the

case where blocks of type (iv) are at most of size 2 x 2.
U

Definition 7.1. Blocks satisfying condition (iv) in the above theorem
will be referred to as glancing blocks. These correspond to coalescing
eigenvalues.

8. NONDEGENERATE SYMMETRIZERS

Let T = WT, where W is the MZ conjugator and T is the conjugator
of G(o0) to block structure. Conjugation by 7 allows us to prove
estimates for (3.10) by proving estimates for

Ux - GB(OO7éap>U =F

(8.1) .
' (¢, p)U =0o0n xzy =0,

where I') = TWT.

Here we wish to illustrate the use of Kreiss symmetrizers to prove
estimates in a simpler situation where I'y is replaced by an artificial
boundary condition I', that satisfies the uniform Lopatinski condition
near a basepoint X = (, p).
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Definition 8.1. For 4 > 0, p > 0 let £.({,p) denote the space of
boundary values at xny = 0 of decaying solutions to the homogeneous
4m x 4m problem

(8.2) Upy — G(xn,C,p)U =0 on ay >0,

and define E:t(67p) by g:l:(é?ﬂ) = W(()? éa p)T(CA7p)E:|:(éa p)

By Proposition 6.1 the spaces Ey (C, p), which are simply the grow-
ing/decaying generalized eigenspaces of Gp(00,(, p) have dimension
2m and satisfy

(83) C'" = Ey((p) ® E_((, p).
The projections in (8.3) are not uniformly bounded near points Xy =
(¢,0) such that Hp(Xy) has one or more glancing blocks. The spaces

E. vary smoothly in {p > 0,4 > 0} and extend continuously to {p >
0,4 > 0 (see () for a special case and [Met1] for the general case).

Definition 8.2. A boundary operator Fa(é , p) depending continuously
on (¢, p) is said to satisfy the uniform Lopatinski condition at X =
(¢, p) € S4 x Ry if there exists C' > 0 such that

(8:4) Fa(X)u| = Clu
forue F_(X).

Now let Xy = (é, 0) and assume (8.4) at X = X,. The symmetrizer

for the problem
U, —Gg(co)U = F
85) 5(0)
'n-U=gonxy=0

is a 4m x 4m matrix constructed by blocks in a neighborhood of X

$:(0)
SO

(8.6) S, p) = S1(¢.p) :

Sp(C. p)

where the S, S; are C* functions of their arguments. We’'ll sometimes
write

(8.7) S = (SP SH> :

where each block is of size 2m.
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8.1. Decomposition of C*". The block form (7.1) of Gg(oco,(, p)
determines a partition of U € C*™ as U = (uy,u_,uy,...,u,). Denote
by «; the number of eigenvalues of (); with Ry < 0 for 4 > 0 (or
p > 0), and write

(8.8) uj = (-, ujy)
where u;_ consists of the first a;; components of u;.
Next set
UP+ = (U+,0,0,...,0)
Up_ = (0,u_,0,...,0
(8.9) P = )
UH+ = (07 Oa (0) ul—l—)u SRR (07 up+))
Un— = (0,0, (u1—,0), ..., (uy,—,0)),
and write
U= Up+ +Up_ +UH+ +Up_
(8.10) Vs =Up, + Un,
Up=Up, +Up_
Up=Ug, +Ug_.

Corresponding to (8.10) we have the decompositions

C' = Fp, ® Fp. @ Fy, ® Fy_, where

Fp, = {(uy,0,...,0) :uy € C" '} etc., and

Fy, = ®_Fp,,, where

Fu,_ =1{(0,0,0,...,(u;—,0),0,...) s uj_ € C*¥}, etc..

(8.11)

Proposition 6.1 shows these subspaces have dimensions

dimEp, =k+1=m—1
dmEp =(m—k)+(n—=0)=m+1
dimEy, =(m—k)+(m—-10)=m+1
dimFEyg =k+1l=m-—1.

(8.12)

8.2. Estimates. In the following discussion U = U(xy,(), (, ) de-
notes the inner product in C*”,

(8.13) (U(zn, (), Vizy, () = /OOO<U(SUN,C)7V($N,C)>CZ$N,
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and

[Ule = [U(zn, Q)| 12(2)

U] =1U(0,¢)]-

The S; are constructed so that S = S, with interior estimates
(Re SGp(c0)Up,Up) > C|Up[3

(Re SGp(00)Un,, Un,) = (v + p*)|Un,l3,

as well as boundary estimates

(8.14)

(8.15)

(a) (SUp,Up) > C|Up, |* — |Up_|?
(b) (SUw,,Un,) > C\Un,, |* — |Un, |?

both holding uniformly near the basepoint Xj.
Note that Sp can be taken to be simply

(8.17) Sp = (C[ - 1)

for some large C' > 0. The construction of Sy is discussed in section

Q-
Assuming I', satisfies the uniform Lopatinski condition at X, we
have

(8.18) U-* < CILU-* < C(ITU + UL )

at Xy and in fact uniformly near X, by continuity.
Using the previous two estimates we obtain

(8.16)

(SU,U) = ClUL|* = [U-|* = ClUL* + |[U-* = 2|U-[*
(8.19) > ClULP +|U-|* = C1(ITU* + [UL )
> Co|UL | + [U-] = C[TLU P,

provided C' was big enough.
From (8.15), (8.19), and the identity

(8.20)
—(SU(0) / (SULUYdzy = (2RSG U, U) + 2R(SF, U),
we obtain
(IUpl5+ (v + p)|Uk3) + U <
(8.21)

1
C||Fpl3+ ——|F 2)+CFaU2,
(1Felt + oz 1P ) + I
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uniformly near X,. Here we’ve used

(8.22)

(SF,U)| < (Cs|Fpl2 + 3[U[2) + ( Ful? +5(7+p2)IUH|§> .

)
(v + p?)
9. DEGENERATE SYMMETRIZERS

Return to the block structure problem (Gg(C, p), T'1(C, p)) (8.1), where
[y =TWT. It follows from (H3) that near any point X with p >0, I';
satisfies the uniform Lopatinski condition (8.4) (Prop. 7.1, [GMWZ1]).
Near p = 0 the condition fails “to first order”:

Proposition 9.1. For any R > 0 there is a constant C'r such that for
0<p<R,

(9.1) Ty U| > CrplU| for U € E_(, p).

Indeed, this follows by transport via WT of the corresponding state-
ment for (G(zn,(,p),T):

(9:2) ITU| > CrplU| for U € E_(C, p).

Sketch of proof. The reason for the degeneracy is clear if one recalls
part (4) of Remark 5.1. At p = 0 the problem (G(zn,(,p),I") on
xy > 0 is equivalent to (5.1). Setting Ui (zrn) = (¢+(zn),0) and
U(zy) = (UL, U*) on zy > 0, we have
Ui, — G(zy, (00U =0
(93) TN (INaga )
I'v*=0on zxy =0.

Moreover, U*(xy) = (U, UL )(zy,(,0) and

i o (U
00 WO.LATE™ (i ) oz € Fr

so we see that I'; degenerates on the one dimensional subspace Fp, _ (é .p) C
Fp_ spanned by the element in (9.4). In view of the first order vanishing

of D((, p) at p = 0 (H3), this is the only way 'y |, can degenerate. [

When H B(é ,p) in (7.3) has no glancing blocks then
(9.5) F . =Fp @ Fy =E_((,p)

near the basepoint Xj. If Q); is a glancing block, the special form (7.4)
of Q;(Xo) implies that Fy,_ C E_(Xy), but this is not necessarily true
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away from X,. But one can choose a continuous matrix T](é’ ,p) with
T;(Xo) = I such that

(9.6) Fy, .= ]}(é,p)FHj_ C E_(C, p) near X,.

Define Fy,, . similarly, extend the definitions to all j by letting T = I
if @; is not glancing, and set

p
(97) FH:{:,C - @FHji,c7
j=1
so that
(9.8) Fp. & Fy, . =E_(C,p).

With this preparation we can now state a more precise version of
Proposition 9.1, where we write U = Up, + Up_ +Up, . +Up_ .

Proposition 9.2. There exists a constant d > 0 such that for p suffi-
ciently small we have

(9.9) TWU_c| > 0(|Un_.| + p|Up_]).
uniformly near X.

We are now in a position to construct a degenerate symmetrizer for
the problem

UzN - GB<OO7 C)U =F

(9.10) MU=gonz=0,

where I') =T'WT.

As before we construct a symmetrizer S = S* of the form (8.6),(8.7)
for Gp(o0) working block by block. The main difference here is that
we take the Sp block to be degenerate

cl 0
where the two subblocks have sizes m — 1 and m + 1 respectively.

The construction of the Sy block proceeds just as before, except that
now in place of (8.16)(b) we need

(9.12) (SUn,,Un,) = C|Un,,..

2

2 - ‘Uij,c

uniformly near the basepoint Xy. Summing (9.12) gives

(9.13) (SUn, Un) 2 C|Un. .|* = |Un_I*
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Thus, we obtain interior estimates
(9 14) (Re SGB(OO)UP,UP) ZC|UP+|%+p2|UP7|§
' (Re SGp(00)Un, Un) > (v + p)|Unl3,

as well as boundary estimates

(SUp,Up) > C|Up, | = p*|Up_|?

(9.15) 2
(SUH,UH) > C|UH+C‘ - ’UH—,C

2
)

uniformly near Xj.
Now, Proposition 9.2 implies

(9.16)  [Un_.|*+p*|Up_|” < CINWU-o|* < C(NUP* + U o),

where U, . = Up, + Uy, .. Using (9.15) and (9.16) we obtain for p
small

(SU,U) 2 OlU o = (|Un_ > + p*|Up_ )

= ClU o + (|Un_ |+ p*|Up ) = 2(Un_ > + p*|Up_|*)
(9.17) > COU >+ |Un_ P+ p*|Up_ |2 = CL(IT U + Uy ?)

> Co|Uy o +|Un_ |* + p*|Up_|* = C1|T1UJ?

> C3(|UL 1> + [Un_|?) + p*|Up_ | = C1ITU?

provided C' was big enough.
In addition we have

((SE,U) < |(SFp,, Up )| + [(SFp, Up )| + [(SFu, Un )|
< (Cs|Fp, [5+ 0|Up, [3) + p*(Cs| Fp_[5 + 0|Up_[3)
Cs 2 2 2)
+ | ———<|Fuls +o(v+ U .
Plugging these estimates into the usual symmetrizer argument (recall

(8.20)), we obtain after absorbing terms in the usual way the key small
frequency estimate

(9.18)

(1Up, 5+ P*|Up_ |5 + (v + p*)|Unl3)
+ (UL + [Un_|? + p*|Up_?) <
1

(9.19)
c (\Fm% T PIF B+

uniformly near Xj.
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Assuming MU = 0 as in (8.1) we deduce immediately from (9.19)
our main estimate with F' as forcing

713
P*(y + p?)
In particular with pF' forcing we obtain

(9.20) \U)5<C

W@.
(v + p?)
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