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Abstract

Extending our earlier work on Lax-type shocks of systems of conservation laws, we
establish existence and stability of curved multidimensional shock fronts in the vanishing
viscosity limit for general Lax- or undercompressive-type shock waves of nonconserva-
tive hyperbolic systems with parabolic regularization. The hyperbolic equations may
be of variable multiplicity and the parabolic regularization may be of “real”, or par-
tially parabolic, type. We prove an existence result for inviscid nonconservative shocks
that extends to multidimensional shocks a one-dimensional result of X. Lin proved by
quite different methods. In addition, we construct families of smooth viscous shocks
converging to a given inviscid shock as viscosity goes to zero, thereby justifying the
small viscosity limit for multidimensional nonconservative shocks.

In our previous work on shocks we made use of conservative form especially in
parts of the low frequency analysis. Thus, most of the new analysis of this paper is
concentrated in this area. By adopting the more general nonconservative viewpoint,
we are able to shed new light on both the viscous and inviscid theory. For example,
we can now provide a clearer geometric motivation for the low frequency analysis in
the viscous case. Also, we show that one may, in the treatment of inviscid stability of
nonclassical and/or nonconservative shocks, remove an apparently restrictive technical
assumption made by Mokrane and Coulombel in their work on, respectively, shock-
type nonconservative boundary problems and conservative undercompressive shocks.
Another advantage of the nonconservative perspective is that Lax and undercompressive
shocks can be treated by exactly the same analysis.
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1 Introduction

In this paper we develop a theory of multidimensional inviscid and viscous shocks
without assuming conservative form for the underlying inviscid system. One motivation,
of course, is to provide a theory of multidimensional nonconservative shocks. Another
motivation is less obvious: by dropping the assumption of conservative form it turns out
that we are able to treat both Lax shocks and undercompressive shocks by ezactly the same
analysis. Under the appropriate spectral stability conditions, the construction of curved
inviscid shocks, and the proof that such shocks can be obtained as vanishing viscosity limits
of viscous shocks, can be accomplished by an analysis that does not distinguish between Lax
and undercompressive shocks.! We regard classical (i.e., conservative Lax) shocks as special

'We do not treat overcompressive shocks, which possess neither a well-defined inviscid limit nor theory.
See [F1, F2, FL, ZS, Z1] for further discussion.



cases of nonclassical shocks and conservative shocks as special cases of nonconservative ones.
Recall that systems in nonconservative form arise in models of deformation of elastic-plastic
solids [TC], two-phase flow [SW, SGR, Se|, spray dynamics [RS], and other applications.

In our previous work on shocks [GMWZ1]-[GMWZ4] we made use of conservative form
especially in parts of the low frequency analysis. Thus, most of the new analysis of this paper
is concentrated in this area. The nonconservative viewpoint provides a clearer geometric
motivation for the low frequency analysis and leads, for example, to a simpler construction
of high order approximate solutions. In passing, we simplify also the nonclassical inviscid
theory, removing a technical assumption of [Mo, Cou|; see Remark 1.19. As we did for
viscous boundary problems involving a given fixed boundary in [GMWZ5], we allow the
underlying inviscid system to have characteristics of variable multiplicity; thus, our analysis
is applicable, for example, to (Lax or undercompressive) MHD shocks.

When d = 1, let us recall the result of [BB] which applies to the vanishing viscosity
approach of 1D quasilinear strictly hyperbolic systems (including non conservative ones), in
a context which extends the usual one of “entropy weak solutions” of the conservative case.
This result is stronger than the ones derived here in that it is for “unprepared data” (i.e., it
states that viscous solutions for any nearby data converge to the inviscid solution) whereas
ours are for “prepared data” (viscous solutions for some nearby data converge to the inviscid
solution), is global in time (hence accommodates interaction of shock fronts), and is framed
in a weaker norm (B.V. vs. H®). On the other hand, the “Glimm-type” analysis of [BB]
based on approximate decoupling of scalar modes uses strongly the assumptions of small
variation of the background solution (hence small shock amplitude), Laplacian viscosity,
strict hyperbolicity, and a single space dimension, whereas one of the main motivations for
our approach is to remove such restrictions.

The approach we have used in [GMWZ2, GMWZ3, GMWZ4]| to construct families of
smooth, exact, viscous shocks converging to a given curved inviscid shock in the vanishing
viscosity limit has four main steps.

The first step is to construct viscous profiles for planar shocks; this amounts to solving
an ODE with prescribed endstates at +00. These exact solutions to the viscous problem
describe the fast, shock layer, transition between two constant states.

The second step is to linearize the full, parabolic (or partially parabolic) problem about
a profile solution and define appropriate spectral stability determinants or Evans functions
for this linearized problem. Suitable nonvanishing conditions for these determinants give
necessary (and sometimes sufficient) conditions for linear and nonlinear stability. We define
two sorts of Evans functions, standard and modified; the first exhibits the usual translational
degeneracy at zero frequency, while the second is typically nonvanishing at zero frequency.
Part of this step is to clarify the connection between the two Evans functions (see Theorem
5.15, for example).

The third step is to compute the standard Evans function for a given profile and check
whether the nonvanishing conditions are actually satisfied. This can be done numerically
([HZ], e.g.) and sometimes even analytically ([PZ, FS]).

The final step is to construct approximate, curved viscous shock solutions and then
prove the linear and nonlinear stability of those solutions, assuming the Evans condition
is satisfied. This step involves understanding the link between the viscous Evans function,
the Lopatinski determinant that governs stability of the inviscid hyperbolic problem, and



the transversality properties of profiles (see Theorem 5.2, for example). It also involves
the construction of Kreiss-type symmetrizers and the proof of “maximal” estimates for the
linearized parabolic problem.

Most of the work of this paper is concerned with the second and fourth steps. For some
of the problems we consider, step one has not been done yet. For example, we are not aware
of any viscous profile constructions for nonconservative, undercompressive shocks (except
in some trivial cases). For such shocks the present paper reduces the full nonlinear stability
problem to the construction of profiles and the verification of the Evans hypothesis.

In other problems step one has been done, but not step three. For example, viscous
profiles have been constructed for nonconservative, Lax shocks ([S, Sa], for example), and for
some conservative, undercompressive shocks ([AMPZ, AMPZ2, IMP, Sh, SSh1, SSh2]), but
the Evans hypothesis has not yet been carefully verified. In these cases our paper reduces
the full nonlinear stability problem to the verification of the Evans hypothesis. In some
problems, such as the Navier-Stokes regularization of Euler shocks studied in [GMWZ4], all
four steps are now complete.

Finally, let us clarify the relation of section 2 of this paper to the first step. If one starts
with a single transversal profile for a given planar shock, the generalized Rankine-Hugoniot
condition identifies “nearby” shocks for which profiles must also exist.

1.1 Inviscid C-shocks

We begin by defining a notion of inviscid shock that is more general than the standard
concept of nonconservative shock (used, e.g., in [Lin] and recalled below). Consider an
N x N system on R*1

d
(1.1) ZAj(u)aju =

Jj=0

The system is said to be conservative when A;(u) = f]’(u) for RN-valued functions f;. This
requirement is dropped in the following assumptions.

The Assumptions 1.1 and 1.8 stated below are in force throughout the paper. The other
Assumptions are made in a given Theorem, Proposition, etc., only if stated explicitly there.

Assumption 1.1. (H0) The Aj(u) are C*° functions from a connected open set U* C RY
to RN*N | For all w € U* the matriz Ag(u) is invertible.
(H1)(Hyperbolicity near endstates) Let

(1.2) Aj = Ay A and A(u,€) : Zgj

For ux in connected open sets Uy C U* and & € R\ {0}, the eigenvalues of A(u,§) are
real.

For (s,h) € RY let

d—
(1.3) Ag(u, s,h) := Ag(u) — sAp(u Z ;(u) and Ay = Agl.Ad.



Given q = (uy,u_,s,h) € Uy x U_ x R?, let R_(q) (resp. L. (q)) denote the number of
negative (resp. positive) eigenvalues of Ay(u,s,h) (resp. Ag(u_,s,h)).

Assumption 1.2. Let k be an integer such that 0 < k < N + 1. We are given a connected
N +d — k dimensional C* submanifold

CCU xU_ xR

such that for all ¢ = (uy,u_,s,h) € C, Ag(ux,s,h) is invertible. R_ and L, are now
independent of ¢ € C and we suppose R_ + Ly = N +1—k. We’ll refer to C as a shock
manifold and k as the undercompressive index.

Definition 1.3. Let t = xy and y = (z1,...,24-1). For T > 0 an inviscid C-shock on
[0,T] x R? is a triple of functions

(14) (U+(t,y, xd)au*(taya xd)vw(tay))

taking values in RN x RN x R, with 1 € C1([0,T] x R¥Y) and u+ of class C* in +(x —
Y(t,y)) > 0 respectively, and satisfying

d
Y Aj(us)djus =0 in + (zg - b(t,y)) > 0
j=0

(s (t,y, (8 y)), u— (85,9 (t,y), dy(t,y)) € C for (t,y) € [0,T] x R

When k = 0 the C-shock is said to be of Lax type; otherwise it is called undercompressive.

(1.5)

The problem (1.5) can be regarded as a transmission problem with a free interface for
the unknowns (1.4). To each point (u4,u—,s,h) € C we can associate the planar C-shock

(1.6) (ug,u—, st + hy).

With slight abuse we’ll sometimes refer to the point (uy,u_, s, h) itself as a planar C-shock.
Later we will often use the notation (p, s, h) := (p+,p—, s, h) for planar C-shocks.

Making the change of variable Z := x —1(t, y) we see that the problem (1.5) is equivalent
to the transmission problem with flat interface

S9
—

) (a) Aj(ut)Ojus + Ag(us,dp)Oqur =0in 2 >0

<.
I
o

(b) (ug(t,y,0),u_(t,y,0),d(t,y)) €C for (t,y) €[0,T] x R
We shall also refer to solutions of (u4,u—,) of (1.7) as inviscid C-shocks.

Definition 1.4. Given a shock manifold C as in Assumption 1.2 and q € C, a local defining
function for C near q is a C™ function x : O — RNTE where O ¢ R*N*4 is an open
neighborhood of q, such that Vyx(q) has full rank N + k and

(1.8) CNO={(ps+,p-,s,h): x =0}



Remark 1.5. 1. The point of introducing inviscid C-shocks is to separate out the part of the
construction of nonconservative inviscid shocks that can be done without reference to vis-
cosity. We are mainly interested in the special cases where C represents the set of endstates
u4, speeds s, and directions h for which there exists an associated viscous connection, and
where the defining function y is derived from an associated Melnikov separation function
(see Section 1.2).

2. In section 4.1 we define a spectral stability condition for the problem (1.7), the
uniform Lopatinski condition, which generalizes the classical uniform stability condition of
Majda [Mal]. We show that the validity of the condition at a point ¢ € C depends only
on the inviscid operator in (1.1) and the manifold C; in particular, it is independent of the
choice of local defining function for C.

3. Observe that it follows immediately from Assumption 1.2 and Definition 1.3 that
C-shocks are always noncharacteristic.

In section 7 we prove the following existence theorem for inviscid C-shocks using results
of [MZ2, Mo, Cou, Ma2] and this paper. The theorem assumes the existence of a K -family
of smooth inviscid symmetrizers for the linearization of the interior problem (1.7)(a) (see

Remark 1.7.) In the following statement we set @i ={(y,zq) : £x4 > 0} and let

(1.9) H S(Ri) ={ue H, foc(ﬁdi) : u is constant outside some compact subset of @i}.

We define H® spaces on other unbounded domains similarly.

Theorem 1.6. Suppose the inviscid operator satisfies Assumption 1.1 and, for a given
integer k with 0 < k < N — 1, let C be an N + d — k dimensional C-shock manifold as in
Assumption 1.2.

1. Consider a planar shock ¢ = (p+,p—,s,h) € C. Suppose that the uniform Lopatinski
condition is satisfied at q¢ and that a K-family of smooth inviscid symmetrizers exists on
a neighborhood of q in Uy x U_ x R, Then for any finite Ty > O there exist nonplanar
C-shocks (1.4) on [0,Tp] x RY that are near (py,p_, st + hy) in C* norm.

2. Let s > % +1 and suppose that for ul(y,z4) € Hsﬂ(ﬁi), YO(y) € HST2(RITY),
there exists an R-valued function o(y) € H*TH(RY) such that

(1.10) (u?r(y, 0),u" (y,0),0(y), Vyi/JO(y)) eC forye R,

and the uniform Lopatinski condition holds at all points (1.10). Suppose also that ul.(y, zq),
o(y), and °(y) determine shock front initial data compatible to order s—1 (Definition 7.1).
Then there exists a time Ty > 0 and functions

u:l:(tayvxd) € Hs([oaTO] X @i)a w(tv y) S HS+1([O7TO] X Rd_l)
satisfying (1.7) on [0, Tp] x @i with initial data

(1.11) utli=o = ud, Plio = ¢°.

Remark 1.7. 1. K-families of smooth inviscid symmetrizers are defined in [MZ2], Defn.
4.9, and sufficient conditions on the symbol of the linearized system are given there ([MZ2],



Theorems 3.4 and 5.6) for the existence of such families. These conditions are satisfied, for
example whenever the eigenvalues of A(uy,&) (as in (1.2)) are real and semisimple with
constant multiplicity for u+ € Us C U*, € € R?\ {0}. This is the case with Euler shocks
[Mal]. In addition, inviscid K-families exist in some cases where characteristics of variable
multiplicity are allowed; for example, in Friedrichs symmetrizable hyperbolic systems where
all real characteristic roots are either geometrically regular or totally nonglancing ([MZ2],
Theorem 5.6). Examples of this sort are provided by both fast and slow inviscid MHD shocks
under generically satisfied conditions on the size of the magnetic field ([MZ2], Appendix A.)

The requirement that all real characteristic roots are geometrically regular is shown in
[MZ2], Theorem 3.4 to be equivalent to Majda’s block structure condition [Mal]. Note also
that the sufficient conditions described above for the existence of inviscid K-families apply
equally well to nonconservative problems.

The construction of a K-family of inviscid symmetrizers X is an intermediate step in
the construction of a Kreiss symmetrizer that is independent of the boundary (or transmis-
sion) condition. When the uniform Lopatinski condition is satisfied, a Kreiss symmetrizer
is obtained from a K-family by taking K sufficiently large ([MZ2], Prop. 4.10).

1.2 Inviscid Cz-shocks

We will be especially interested in the case where the shock manifold C is derived from a
viscosity. Consider the N x N viscous system on R4*!

d
(1.12) > Aj(uf)0;(uf) — & Z u®)Opus) = 0,
j=0

Jik=1

where € > 0 and the A; satisfy Assumption 1.1. Set

d
(1.13) B, = Ay'Bji and B(u,&) := > Bji(u)g;ép-

G k=1
Assumption 1.8. (H2) (Artificial Viscosity) The Bjj, are C™ functions on U* valued in
RNXN - There is a positive constant ¢ such that for all u € U* and & € R? the eigenvalues
p of B(u,§) satisfy Ru > cl¢]*.

(H3) (Strict dissipativity near endstates) There is a positive constant ¢ such that for all

u €Uy and & € R? the eigenvalues pu of iA(u, €) + B(u, &) satisfy Ry > c[€]?.

Remark 1.9. In order to treat Navier-Stokes or viscous MHD shocks, for example, we
must of course allow partially parabolic (or real) viscosities. The case of real viscosities in-
volves substantial additional difficulties which have already been addressed in [GMWZ4] for
conservative Lax shocks. These difficulties are confined to the high frequency analysis and
are unaffected by the distinctions conservative/nonconservative or Lax/undercompressive.
The exposition is lighter for artificial viscosity; we discuss the changes needed to handle
real viscosities in an appendix.

We can look for exact travelling wave solutions to (1.12) of the form

rqg — st — hy
— |

(1.14) ut(t,y, xq) = w <



Setting v = v(s,h) := (—=s,—hi,...,—hg_1,1) we note that

d d
(1.15) Ag(u, s, h) = Z Aj(u)vj and define By 4(u, s, h) := Z Bj i (u)vjvy.
j=0 k=1

Then u® is a solution of the parabolic problem (1.12) if and only if w(z) is a solution of the
profile equation

(1.16) Ag(w, s,h)0,w — 0, (Bgqa(w, s,h)0,w) =0 on —oo <z < oo.

Given q = (uy,u_, s, h) € R2V*T4 the solution w(z) is said to be a viscous profile associated
to ¢ when in addition to (1.16) we have
(1.17) lim w(z) = us,
z—+00
and we write w(z) = W(z,q).
We are mainly interested in problems where Assumption 1.2 is replaced by the following
stronger assumption.

Assumption 1.10. For a fized k we are given a shock manifold C as in Assumption 1.2
together with a C* function W (z, q) from RxC toU* such that for all ¢ = (u4,u—,s,h) €C,
Wi(z,q) satisfies (1.16) and (1.17); that is, for all ¢ € C, W(z,q) is a viscous profile
associated to q.

Definition 1.11. When the points of a shock manifold C are associated to viscous profiles
W (z,q) corresponding to a particular viscosity

d

(1.18) B(u) = 05(Bjx(u)dku)
k=1

as in Assumption 1.10, we’ll write C = Cp and refer to the associated shocks (Definition
1.3) as inviscid Cp-shocks. We call the condition

(1.19) (us(t,y,0),u_(t,y,0),dv(t,y)) € Cg for (t,y) € [0,T] x R*!
the generalized Rankine-Hugoniot (GRH) condition determined by B.

Remark 1.12. 1. The definition of inviscid Cz-shock given above is the same as the notion
of nonconservative shock associated to a viscosity B used, for example, in [Lin|. In that
paper Lin proves the existence of (what we call) one-dimensional inviscid Cp-shocks by
methods that are quite different from those we use to prove Theorem 1.6.

2. Tt follows from (H2), (H3) that for ¢ = (u4,u—, s, h) € C, the matrix

Bcicll(u%w S, h)Ad(UJr’ 5, h)

has no eigenvalues on the imaginary axis. The number of eigenvalues with negative real part
is the same as for Ag(u+, s, h), namely R_. The analogous statement holds for u_ with L



replacing R_ ([Mel], Lemma 5.1.3). Consequently, for ¢ in a compact subset of C, standard
ODE theory (e.g., [Mel], Lemma 5.3.3) implies that the associated profiles W (z, q) satisfy

(1.20) 8. W (z,q)| < Ce " for some § > 0.

3. Planar Lax-type shock profiles may be constructed by center manifold reduction using
the method of Schechter [S]. Both artificial and real viscosities are treated there. Small-
amplitude undercompressive profiles might be constructible by a combination of the meth-
ods of Schecter [S] and the bifurcation analysis used in [AMPZ] to construct such profiles in
the conservative case.? Constructions using fixed-point arguments are given in Sainsaulieu
[Sa] for the Lax case. Starting with a single transversal profile associated to a planar shock
q= (g+,13_, s,h) € R2N+d e show in Proposition 2.8 how to construct a Cg-manifold near

|

4. In [Mo] Mokrane studies strictly hyperbolic nonconservative boundary problems in-
volving an additional front-like unknown 1), together with boundary conditions that are
uniformly stable in the sense of Majda. This class of problems includes the case of con-
servative Lax shocks. Although Mokrane makes no reference to undercompressive shocks
and although his class does not strictly include what we call inviscid C-shocks (since his
boundary conditions are not fully nonlinear in V), the estimates and methods contained
in his proofs allow for the treatment of undercompressives in cases where block structure
in the sense of Kreiss/Majda can be attained. In particular his discussion of the adjoint
problem is fully adequate to yield existence of inviscid undercompressive shocks.

5. An interesting example of (conservative) undercompressive shocks arises in the study
of isothermal phase transitions in a van der Waals fluid. Here the underlying hyperbolic
problem is the system of isothermal Euler equations with the van der Waals pressure law

RT 1
(1.21) p(p) = P(v) = -2, V= a>0b>0

In [B] Benzoni-Gavage proves the existence of planar phase transitions admissible in the
sense of Slemrod’s viscosity-capillarity criterion [S]. These phase transitions are undercom-
pressive shock solutions to the Euler equations (d = 2 or 3) with undercompressive index
k = 1, and they satisfy the uniform Lopatinski condition. They provide an example of
C-shocks where the shock manifold C comes from a viscosity-capillarity regularization term
rather than a viscosity regularization term as in the case of Cp shocks.

1.3 Viscous Cg-shocks
If we introduce an unknown front x4 = ¥°(¢,y) and change variables
(1.22) Tq = ra —P°(t,y),
2Schecter’s analysis requires both strict hyperbolicity and genuine nonlinearity of the associated hyper-
bolic system. As pointed out in [AMPZ], at least one of these must fail in the undercompressive case

by examination of characteristic speeds, leading to a more complicated, codimension-three bifurcation as
compared to the codimension-one bifurcation of the Lax case.




the problem (1.12) can be rewritten

d—1 d
(1.23) Aj(u)0juf + Ag(uf, dy)0z,u" — e > Dj(Bjp(u”)Dpuf) = 0 on R,
j=0 gk=1

where D; = 0; — (0;4°)03,, for j = 1,...,d — 1 and Dy = 03,. The introduction of
the wviscous front ¢° allows us as in [GW, GMWZ3] to reformulate (1.22) as a parabolic
transmission problem:

d—1 d
(1 24) Z A] (Ua)ajus —+ Ad(us’ dﬂ)a)ajdue —¢ Z D](Bj7k(U6)Dku6) —0on Ri+1,
' =0 k=1

[UE] = 0, [35;du€] =0on jd =0.

We can regard ¢ as an additional unknown, and then we are forced to add an extra
transmission condition as in (6.1) to obtain a well-posed problem [GMWZ3].
Henceforth we drop the tildes appearing in (1.24).

Definition 1.13. Let (uy(t,y,xq),u—(t,y,zq),1(t,y)) be an inviscid Cg-shock satisfying
the hyperbolic transmission problem (1.7). A viscous Cg-shock is a family of exact solutions
(us,v°) of (1.24) such that

ug — ug in L2,,([0,T] x RY)
(1.25) us — uy in L3S ([0,T] x RY)
W — b in Lig,([0,T] x R™Y)

loc

as € — 0. When the inviscid shock is planar, the associated viscous shock is called a planar
viscous Cg-shock.

Example 1.14. Let ¢ = (p+,p—, s, h) € Cg be a planar inviscid Cg-shock. Then the family

T4
Ui(t, Y, I’d) =W (?7 Q> ’:I:deO

Ve (t,y) = st + hy

is a planar viscous Cg-shock satisfying (1.25).

(1.26)

We are interested in the existence of nonplanar viscous Cp shocks. In section 4.2 we
recall the definition of the standard Evans function Dg(q, f, p). For q € Cp this is a spectral
stability function for the transmission problem obtained by linearizing (1.24) with respect
to u® about W (%4, q).

Definition 1.15. We say that the standard uniform Evans condition is satisfied at ¢ when
there exist positive constants ¢, pg such that

(a) |DS(Q7€7/))| > cp fOTéG gi, 0< P < po
(b) Ds(q,C,p) # 0 for p > 0.

Here?i ={¢C=(1,7,n) ERxRxR¥:|¢| =1,y >0}

(1.27)
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The next Theorem extends the main result of [GMWZ3], which applied to conservative
Lax shocks in cases where the hyperbolic characteristics were of constant multiplicity and the
viscosity was fully parabolic, to nonclassical (nonconservative, undercompressive) shocks.
The result works in certain cases where characteristics have variable multiplicities. The
extension to real viscosity is discussed in an appendix.

Theorem 1.16. Consider the viscous transmission problem (1.24) under the structural As-
sumptions 1.1 and 1.8, and let the shock manifold C = Cg be as in Assumption 1.10. Let
(ut(t,y,zq),u—(t,y,zq),Y(t,y)) be an inviscid Cg-shock satisfying the hyperbolic transmis-

sion problem (1.7) on [—Tp, To] X @i. Let

(128) Q(tvy) = (U+(t,y,0),U_(t,y,O),dQ,Z)(t,y)) € CB fOT all (tvy) € [_TO’TU] X Rdil

be constant outside a compact set. Suppose for all (t,y) that the standard uniform Evans
condition holds at q(t,y) and that a K-family of smooth viscous symmetrizers exists on a
neighborhood of q(t,y) in Uy x U_ x R%. Then provided (uy,u_,1)) is sufficiently smooth,
there exists a family of viscous Cg-shocks (u ,us ,v°) satisfying (1.25).

Remark 1.17. K-families of smooth viscous symmetrizers are defined in [GMWZ5], Def-
inition 3.5. Under the structural assumptions of sections 1.1 and 1.2 (or section 1.1 and
Appendix A), such families always exist when the hyperbolic characteristics are real and
semisimple with constant multiplicity. This is the case for Euler shocks with artificial vis-
cosity or Navier-Stokes regularization [GMWZ3, GMWZ4].

More generally, the main result of [GMWZ5], Theorem 3.7, shows that viscous K-families
exist in either one of the following two situations, both of which allow variable multiplicities
and nonconservative form:

(a) all real characteristic roots satisfy a block structure condition ([GMWZ5], Defn. 4.9,
condition BS),

(b) the system is symmetric dissipative in the sense of Kawashima ([GMWZ5], Defn.
2.5) and real characteristic roots are either totally nonglancing [GMWZ5], Defn. 4.3) or
satisfy the above block structure condition.

The block structure condition just referred to is now more complicated than the one
in the inviscid case. In the inviscid case the condition is the same as Majda’s condition
[Mal] and is shown in [MZ2] to be equivalent to geometric regularity of the characteristic
root ([MZ2], Theorem 3.4). In the viscous case, in addition to geometric regularity one
must require that the viscous perturbation “respect” the decoupling between incoming and
outgoing modes ([GMWZ5], Defn. 4.9).

An example of situation (b) is that of fast Lax shocks for the equations of viscous
MHD ([GMWZ5], section 8). It is also shown in [GMWZ5] that smooth K-families do
not exist for slow shocks for the viscous MHD equations. In fact, viscous continuity (see
Defn. 4.22 below) is a necessary condition for the existence of smooth K-families of viscous
symmetrizers, and this condition is shown to fail for slow MHD shocks.

Fast Lax shocks with a small magnetic field are perturbations of acoustic, gas dynamical
shocks, so there is good reason to expect the standard Evans condition to be satisfied in
this case, at least for ideal gas laws.
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1.4 Overview of the main results

In most of the paper starting with section 2 we restrict our exposition to the case of
parabolic systems of the form

d
(1.29) > Aj(u)dju — elu =0 with Ag(u) = 1.
j=0

The general fully parabolic case where the Bj; are just required to satisfy Assumption
1.8 does, in fact, involve substantial additional difficulties in comparison with (1.29), but
these have already been dealt with in [MZ3, GMWZ5|. In particular, the reduction to
generalized block structure ([GMWZ5], Defn. 4.22) is much harder in the general case.
Since these additional difficulties are unrelated to the distinctions Lax/undercompressive or
conservative /nonconservative, we prefer to lighten the exposition and focus on the case of
Laplacian viscosity. For the part of the theory we are presenting here, only a straightforward
notational adjustment is needed for passage to the general fully parabolic case. In Appendix
A we discuss the further changes needed to treat real (partially parabolic) viscosities.

1.4.1 Constructing Cz and characterizing 7,Cs

With B(u) = Au now and starting with a single given transversal viscous profile w(z)
(Definition 2.14) associated to a planar shock ¢ = (Q+,]3_,0,0), we show in Proposition
2.8 how to construct a shock manifold Cz near ¢, thereby providing a local verification of
Assumption 1.10. Regarding the profile equation equivalently as a transmission problem

(a) (1 + |p|*)w" = Ag(w, s,h)w’ on 42z >0

1.30
(1.30) (b) [w] =0, [w;] =00nz=0

with unknowns (w4 (2), s, h), we first obtain in Proposition 2.2 a convenient parametrization
of all possible solutions of (1.30)(a) with endstates p+ for ¢ = (py,p—,s,h) near q. The

parametrization is given in terms of the functions ¢4 (z, p+, s, h,at) defined in (2.26). After
adding a third transmission condition to (1.30),

(1.31) s+wy-w, —w, - w=0onz=0,

chosen so that certain rank conditions (2.37) are satisfied, we construct Cg by a direct
application of the implicit function theorem. This yields local defining functions x(g) for
Cp. In an appendix we prove that the manifold Cz obtained by this process is independent
of the choice of the third transmission condition.

Just as membership in Cg defines the GRH condition, membership in 7;Cp defines the
linearized GRH condition at g. One has, of course, the obvious characterization of T;Cp in
terms of the implicitly defined function x as

(132) T(]CB = {(er’p*?éah) € R2N+d : X,(Q)(p+7p*7 Sah) = 0}

For the later analysis of the relationship between the standard and modified Evans functions
in the low frequency regime, it is important to have a more explicit description of T;Cp.
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Such a description can be obtained by considering the full linearization with respect to
(w, s, h) of (1.30), (1.31) at (W (z,q), s, h):

(a)Lo(z,q,0:)1 := —(1 + |h[*)w" + Ag(W, 5, L) + Oy Aq(W, s, h)wW' =

d—1 d—1
SA()(W)W/ + Z iLjAj(W)W/ +2 Z hjf'bjW” = ﬁo’l(z, q)(é, h)
(1.33) j=1 j=1
. [w]
(b)Ta(w, $,h) = [1,] =0onz=0

Using the fact that solutions of (1.33)(a) can be constructed from the derivatives Vs p 0. 0+,
in Proposition 3.12 we show
(1.34)
T,Cs =
{(p4,p—, 5, h) : there exists a solution (w,w_, s, h) of (1.33) with lirf Wy = Pg}.
Z— 00
The proof of (1.34) also involves the construction (Prop. 3.2) of smooth functions

R+(z,q,5,h), exponentially decaying to zero as z — +oo and linear in (S, h), such that if
we define

(1.35) v =1 — R(2,q, 5 h),
then (i, 3, h) satisfies (1.33) if and only if (v, $, h) satisfies
(a) Lo(z,q,0,) 0 =00n £22>0

(1.36) . [0] + [R(2, 4, 3, 1]
(0)y(q)(v, 8, h) :== | [0.] + [R2(2,q,8,h)] | =0o0n z=0.
Vy - W,

This reduces the study of the fully linearized profile problem to the study of the partially
linearized problem, but with a more complicated boundary condition. All solutions to
(1.36)(a) may be constructed by rewriting the problem as a 2N x 2N first order system as
in (3.14), and then conjugating to block form as in (3.27).

Next we describe a reduced transmission operator, I'g ,.q(g), constructed in a simple way
from the explicit operator I'y(q), with the property

(1.37) kerI'o rea(q) = T4Cs-

Let us denote by Sp(q) the space of solutions of (1.36)(a) that decay to 0 as z — oo and
by S(g) the space of bounded solutions of (1.36)(a). By Remark 3.5 we have

(1.38) dimSy(q) =N+1—Fk, dimS(q) =2N+ (N+1—k).
Consider for a moment the partial linearization with respect to w of (1.30) at W(z, q):

(a) Lo(z,q,0,)0 =0o0n +2z>0

(b) Tu(t) = <M) —0onz=0.

[0:]

(1.39)
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Transversality of W (z,q) and translation invariance imply that the restriction I'c|s, ;) has
a nontrivial kernel spanned by W,(z,q) (Prop. 2.12). Since W,(z,¢q) is near w, for ¢ near
q, we deduce immediately that

(1.40) Fp(q) == {Ts(q)(9,0,0) : © € Sp(q)} € R2N+!

has dimension N + 1 — k, since the third transmission condition “removes the kernel” of
Lclsy(g)- Choose an arbitrary N + k dimensional complementary subspace Fy r(q) such
that

(1.41) R*MH = Fy r(q) & Fr(q),

and let 7y = (q), mp(q) be the associated projections. Letting (z,p+) denote any solution
of (1.36)(a) satisfying lim, 1. © = p+, we have a well-defined map

(1.42) Torea(q) : RPN — Fy»(q) ¢ R2NVH
given by
(143) FO,red(Q)(p-i-vp—) ‘éa h) = ﬂ-H,'R(Q) (Fb(Q)(U(Z',pi), 57 h)) .

Transversality implies that I'g ,eq(¢) has full rank N +k even when restricted to the subspace
h =0 (Cor. 3.11). Finally, it is readily shown that ker Lorea(q) is equal to the right side
of (1.34), and this gives (1.37) (Prop. 3.12). We remark that the solutions ©(z,p+) can be
expressed explicitly in terms of block form coordinates (ug,up) (3.34).

1.4.2 Stability determinants

At the beginning of section 4 we return to the general context of C shocks and define the
Lopatinski and modified Lopatinski determinants, Drop(q,¢) and Drepm(g,¢). The corre-
sponding uniform (resp., modified uniform) Lopatinski condition at ¢ € C is the condition

that
(1.44) |DL0p(qa é)’ > ¢ (resp. ‘DLOP,m(qa(f” > c)

for some ¢ > 0 independent of € 54 = gi N {% > 0}. The determinant Dy, is the
one that naturally governs the stability of inviscid C shocks. The need to define Dropm
becomes apparent only later in the low frequency analysis of the modified Evans function.
Although the definition of Dy, itself is not independent of the choice of defining function
x for C, we show in Proposition 4.5 that the validity of the uniform Lopatinski condition
is independent of the choice of x, and thus depends just on the inviscid operator and C.
Moreover, we show (Prop. 4.8):

Proposition 1.18. Suppose the uniform Lopatinski condition holds at ¢ € C and x is any
defining function for C near q. Then

(a) Xp.s(q) has full rank N + k;

(b) if d > 2, x;,(q) has full rank N + k.
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Remark 1.19. This Proposition shows that it is not necessary, as in the treatments [Mo,
Coul, to introduce the full rank condition in part (b) as an extra hypothesis when d > 2.
For d = 1, the full rank condition is not necessary for other reasons, since the analysis may
be carried out by alternative methods that do not require it.? At the expense of further
effort, one may dispense with the rank condition altogether by defining a pseudodifferential
adjoint problem as in [GMWZ6]. (The rank condition is used only to cleverly define an
adjoint equation that is differential.)

We show that the uniform Lopatinski condition at g always implies the modified Lopatin-
ski condition at ¢, and in Proposition 4.7 we give geometric conditions under which the
converse holds. As a corollary of these results for C-shocks, in the case when C = Cg and
W (z,q) is the viscous profile associated to ¢ € Cp, we show that certain transversality
assumptions on W (z, ¢) imply the equivalence of the two Lopatinski conditions (Cor. 4.9).

Section 4 continues with the definition of the standard and modified Evans functions,
Ds(q, f ,p) and Dy, (q, f ,p), for viscous Cp shocks. We start with the rescaled transmission
problem

IS

-1

' M

d
(1.45) Aj(w)oju+ Ag(u, dip)du — ;a_aﬂm Y2u=0o0n +2z>0

<
Il
=)

u

0, [u;] =0onz=0

for which we have an exact solution given by a profile W (z, ¢) and front ¢ = st + hy. The
determinant Dj is defined by considering the (Fourier-Laplace transform of the) partial
linearization of (1.45) with respect to u about W (z, q),

£(27q7C782)U:f on +z ZO

(1.46) [u] = 0,[u.] =0o0n z=0,

while D,, is defined by considering the full linearization of (1.45) with respect to (u,1))
about (W (z,q), st + hy) and adding a third transmission condition:

‘C(Z?q’ Cv az)u - ¢£1(z> q, C) = f

(147) ] = 0, us] = 0, co(C)t +1.(0) - u* = 0.

Here £ and L; are given explicitly in (3.9) and co(¢) = i + + |n|?. Moreover, we suppose
q is near a basepoint ¢ and w(z) := W(z,q). It is important to note the correspondence
between the operators appearing in (1.47) and those (Lo and Lo,1) appearing in the fully
linearized profile transmission problem (1.33). Writing £1(2,¢,¢) = pL1(2,¢,¢,p) and

CO(C) = 1060(67:0)7 we have

£0(Z7 q, az) = [’(z7Q70782)7 [’0,1(27(])(1'% + &77’7/7) = £1(27Q7 Ca 0)7

(1.48) .
and i7 + 4 = ¢o(¢, 0).

3For example, one may (after doubling to obtain a problem on a half-space) replace the nonstandard
front variable v with a standard interior variable v := W¥;, where ¥ := e~ * is an extension to z > 0 of the
front variable 1 (defined only at z = 0), and add the corresponding artificial interior equation v, +v = 0, to
obtain a standard hyperbolic initial-boundary-value problem in (u,v) (no longer involving v), with linear
boundary condition biu + bav = by (no longer involving 1;), treatable by the techniques of [CP].
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Corresponding to the two Evans functions we have the standard (Defn. 4.12) and
modified (Defn. 4.20) uniform Evans conditions. The standard uniform Evans condition is
the one that is easier to verify analytically [PZ, FS] or numerically [B, HZ|. The vanishing
of Ds(q, f ,p) at p = 0 reflects the translational degeneracy of (1.39) pointed out earlier. On
the other hand the modified uniform Evans condition, which was introduced in [GMWZ3],
implies maximal L? estimates for the fully linearized problem (1.47) and is essential for our
construction of viscous Cg shocks. Thus, a key result of this paper, discussed below, is the
following theorem:

Theorem 1.20. Under Assumptions 1.1, 1.8, and 1.10, the standard uniform Evans con-
dition at q € Cp implies the modified uniform Evans condition at q.

This was proved for conservative problems with (hyperbolic) characteristics of constant
multiplicity in [GMWZ3], but a new argument is needed for nonconservative, variable mul-
tiplicity systems.

The third transmission condition in (1.47) yields a well-posed problem and, roughly
speaking, removes the translational degeneracy of (1.46) at p = 0. Parallel to the earlier
passage from (1.33) to (1.36), the fully linearized problem (1.47) is most easily studied by
reducing it to the partially linearized problem (1.46) with modified transmission conditions.
In Proposition 4.18 we recall from [GMWZ3] the construction of functions Ri(z,q,g: . P)
with the property that (u,) satisfies (1.47) if and only if (v, ¢) defined by

(1.49) ¢ = py, vy =uy — pRy

satisfy

L(z,q,(,0)ve = f+r on £2>0,
(1.50) [0(0)] + G[R(0)] =0 [8.0(0)] + ¢[0. R(0)] =0,
w,(0) - v (0) = 0.

Moreover, the functions Ri(z,q,é,h) appearing in (1.35) and the functions Ri(z,q,é,p)
can be chosen to satisfy

(1.51) Ra(2,0,i7 +4, i) = R(2,4,C,0),
as might be anticipated from (1.48).

Remark 1.21. Considering the equality (1.51), we see that the introduction of the functions
Ri(z,q,8, h) and their use in characterizing T,Cs can be viewed as a “missing step” that
helps to clarify and provide a geometric motivation for some of the low frequency analysis in
[GMWZ3]. This step was not needed there, and hence overlooked, because of the assumption
of conservative form.

At the end of section 4 we discuss conditions for the continuity of decaying eigenspaces
of the operators that define the linearized inviscid and viscous problems. Inviscid continu-
ity implies, for example, that the uniform Lopatinski condition must hold for ¢ € C near ¢
when it holds at ¢. Similarly viscous continuity implies that the standard uniform Evans
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condition holds for ¢ € C near ¢ when it holds at q. Moreover, when inviscid or viscous
continuity holds, sometimes a converse can be proved (as in the nonconservative Zumbrun-
Serre theorem, Theorem 5.2) or a proof can be substantially simplified (see Remark 5.16).
Viscous continuity (and thus inviscid continuity) always holds when the linearized hyper-
bolic problem has characteristics of constant multiplicity [MZ1]. A sufficient condition for
inviscid (resp., viscous) continuity at ¢ is the existence of a smooth K-family of inviscid
(resp., viscous) symmetrizers near q. In any given proposition we do not assume inviscid or
viscous continuity unless we explicitly say so.

The first main result of section 5 is the nonconservative Zumbrun-Serre theorem, The-
orem 5.2:

Theorem 1.22. Consider a shock profile w(z) = W(z,q), where ¢ = (p,0,0), and suppose
the low frequency standard Evans condition (1.27)(a) holds at q. Then w(z) is transversal
(Defn. 2.14) and the uniform Lopatinski condition holds at q. In fact, for 4 >0

(1.52) Dy(g,¢, p) = pa(q)Drop(g, C) + O5(p?),

where O4(p*) < Csp® and a(q) is a constant whose nonvanishing is equivalent to a-
transversality of w (Defn. 2.14).

This theorem does not assume the prior existence of a shock manifold Cz. However, the
transversality conclusion allows us to construct a unique Cg manifold near ¢ as in Proposition
2.8. The proof of Theorem 1.22 is quite different from the argument in the conservative
case [ZS] and relies heavily on the functions ¢4 (2, p+, s, h,a+) (2.26). One advantage of the
new argument is that it generalizes almost verbatim to the case of real viscosities.

Corollary 1.23. Even in situations, like that of slow MHD shocks, where viscous continuity
fails, the uniform Lopatinski condition is a mecessary condition for the standard uniform
FEvans condition to hold.

The remainder of section 5 is mainly concerned with obtaining block decompositions
of the modified and standard Evans functions for p small, Proposition 5.11 and Theorem
5.14. Roughly speaking, the blocks in the decomposition of the determinants correspond
to the H and P blocks in the conjugated form (3.20) of the linearized parabolic problem.
The block decompositions are useful for relating the standard and modified Evans to each
other and to the Lopatinski and modified Lopatinski determinants. Theorem 5.14 implies,
for example:

Theorem 1.24. Assume the profile W(z, q) is strongly transversal (Defn. 2.14). Then for
some pg >0

(1.53) Dy(q,¢, p) = pal(q,¢)Dim(q, ¢, p) + O(p%),

where the error is uniform foré € gi, 0 < p < poand a(q,C) is C* and bounded away
from zero for p small.

In combination with Theorem 1.22 and Proposition 1.18 this implies Theorem 1.20. A
result like Theorem 1.24 was proved in [GMWZ3] in the conservative, constant multiplicity
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case by giving a low frequency expansion of both Dy and D,, in terms of Dy,. If viscous
continuity fails, this much simpler type of argument does not work.

In Theorem 5.15 we summarize a number of the connections that hold between the
different Evans and Lopatinski determinants.

Section 6 is devoted to the construction of high order approximate solutions (which
converge as viscosity tends to zero to a given curved inviscid Cg shock) to the nonlinear
small viscosity transmission problem (6.1). The characterizations of transversality and of
T,Cp in terms of properties of the fully linearized profile problem given in Propositions 3.6
and 3.12 lead to a simpler and shorter construction of higher order profiles than was given
in [GW, GMWZ4]. In section 7 we complete the construction of curved inviscid C-shocks
(Theorem 1.6), and of families of curved viscous Cp-shocks converging to a given inviscid
Cp-shock as viscosity approaches zero (Theorem 1.16). In particular, Theorem 1.16 shows
that the approximate solutions constructed in section 6 are close to true exact solutions of
the parabolic transmission problem (6.1).

Finally, in Appendix A we explain the changes needed to handle the partially parabolic
case of real viscosities, and in Appendix B we prove the local uniqueness of Cg manifolds.

2 Generalized Rankine-Hugoniot condition

We let B(u) = Au now and set ¢ = (p+,£_, 0,0), where p, € Uy with Ag(p, ) invertible.

Suppose w(z) is a viscous profile associated to g. Our main task in this section is to
determine when and how we can construct a shock manifold Cg near g.

2.1 The connection problem as a transmission problem

Consider again the profile transmission problem (1.30):

(a) w” = (1+ |h[*) "t Ag(w, s,h)w’ on +2>0

1) (b) [w] =0, [w,] =0o0n z=0.

As in (2.1) we’ll often suppress + subscripts on unknowns. Set

(22 (4) = () o=y

and rewrite (2.1) as a 2N x 2N first-order system:

(2.3)
(a) <Z> — (8 ‘) (u{& h>) Cj) — ( ‘. (uj’S’ h)v> . where Gy(u, s, h) == b(h) Ag(u, s, h)
®) T z = GZD =0onz=0, [':R¥ _ R2V,
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We seek conditions on ¢ = (p4,p—, s, h) that will allow us to find solutions to (2.3) such
that

(2.4) lim wu(z) = pg.

z—+o0

Notation 2.1. Given a matrix G : CP — CP with no eigenvalues on the imaginary axis,
let EL(G) denote the invariant subspace of CP generated by the generalized eigenvectors of
G associated to eigenvalues p such that Ry > 0. We denote by L the corresponding
spectral projectors associated to the decomposition

(2.5) CP =E,(G) & E_(G).

When G is real (that is, when each entry of G is real), the 11+ are real and so we can also
regard the By (G) as real vector spaces. This gives a decomposition

(2.6) RP = E,(G) ® E_(G).

Note that the spaces appearing in (2.5) are just the complexifications of the corresponding
spaces in (2.6).

In the first step we ignore the transmission conditions and construct solutions ui to
the interior problems in £z > 0 such that (2.4) holds. We do this by regarding (2.3)(a) in
+2z > 0 as a perturbation, quadratic in (uyx — pg,vy), of

(2.7) (Z)/ - <Gd(P;S,h)U> '

Let II_(p4, s, h) be the projection on E_(G4(p4, s, h)) with respect to the decomposition
(2‘8) RY =E_(Ga(p+,s,h)) © E4(Ga(p+, s, b)),

and define IT; (p_, s, h) similarly. For p4 in relatively compact open neighborhoods wy C Uy
of p n and for |s, h| < €,, where €, is a small enough positive constant, we fix isomorphisms
linear in ay € Ex(Ga(p,,0,0)) and C* in (p4, s, h):

(2.9) ot (ps, s, hyax) 1 Ex(Ga(p,,0,0)) — Ex(Ga(p+, s, h)).

Proposition 2.2. (a) Let wy, €,, and ax be as just defined. There are positive constants
R and r such that for all px € wy, |s,h| < ey, and ax € Ex(Ga(p,,0,0)) with |ax| <7,
the equation (2.1)(a) has a unique solution uy = ®4(z,px, s, h,ar) satisfying
(1) lim uy =pg
z—Foo
(2.10) (1) Hx(p+, s, h)0,us(0) = ot (p+, s, h;as)
(#11) [|Ozut|| L1 (250) < R and [[0zut]|poo(£220) < R

The function ®4 is C* on {x£z > 0} x Qi, where

(2.11)
Qr ={(p+,s,h,ax) 1 px € wy,[s,h] < €y, and ax € EL(Ga(p,,0,0)) with |ax| <7}
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It satisfies
(212) (pi('z?piv S, hv ai) =p+ + eZGd(pi7S7h)G;1(piv S, h)a(piv S, h7 ai) + O(|ai|2)

uniformly with respect to (z,p+,s,h). Moreover, there exist positive constants 6 and Cg
such that for all £z > 0 and (p+, s, h,at) € Qi

(2.13) 0°

Z,p£,8,h,ax

(q)i(zapivsa ha ai) _pi) | < Cﬁe_(s‘Z|’ |/6’ <2

We will also denote by ®4(z,p+,s,h,as) the mazimal extension of 4 to £z < 0 as a
solution of (2.1)(a).

(b) Suppose uy is a solution of (2.1)(a)y, (2.10)(i)+ on [z1,+00) for some py € wy
and |s,h| < e,. Then for all zy > z1 large enough, we have

(214) U+(Z) = (I)Jr(Z_ZOvar’Saha a+) with Oé(p+,8,h; CL+) = H*(pwsvh)aqur(ZO)'
We may (and shall) always take zg > 0. The analogous statement holds for solutions u_
on (—oo, z2].

Proof. 1. The proof of part (a) (resp., (b)) is essentially the same as that of Prop. 5.3.5
(resp., Proposition 5.3.6) in [Mel], to which we refer for more detail. We provide a sketch
for the + case that describes the slight differences.
2. Let IT*(p4, s, h) denote the projection on the second summand in (2.8). Note there
is a @ > 0 such that
|e(2*y)Gd(p+75’h)H_(p+7 s,h)| < Ce*H(Z*y)j for z >y

2.15
(2.15) leGFUGalprs M+ (s h)| < Ce 7Y for 2 < y.

Define integral operators

+o0
(w)(2) = - / v(y)dy
(2.16) To(F)(z) =

z +oo
/ WGP ST (p, s ) F(y)dy — / elF Gl (py s, h) F(y)dy.
0 z

With F(u,v) := (Gg4(u, s,h) — G4(p+, s, h)) v we contruct (uy,d,uy) as a fixed point of the
map

(2.17) To (g, vp) = <p+ ¥ I(vy), eCaPrsh o (py s b as) + To(F(u, v)))
on
(2.18) Br = {(us,v4) : [Jlug = p1lloez0) + v+l Linpe < R}

For R and r small enough 7, is a contraction on Bpg.
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Uniqueness follows from the fixed point theorem. By construction the solution satisfies

v+l = O(lat|); thus, [luy — pillree = O([ay]). Since F(ut,vi) = O(Jug — pyllvy]) it
follows that

(2.19) o — GZGd(m’S’h)aJr(PJm s,h;a1)||pinpe = O(lat[?),
which in turn yields
(2.20) luy —py — G PMGI (py s, oy (D1, 5, hs ay)l|Le = O(lay[?).

Exponential decay as in (2.13) follows by a similar application of the fixed point theorem
in spaces e 9% L.

3.  To prove part (b) we note that if uy is a solution of (2.1)(a)4+, (2.10)(a);+ on
[21, +00), then for all zy > z; large enough there holds

(2.21) 1020 (| 11 (2 20) + 10:ug | o0 (2520) < R,
: IT_(py,s,h)duy(20) = ar(py, s, h;ay) for some [ay | <7,

where R and r are the constants determined in part (a). By translation invariance u.y (z+z)
satisfies (2.1)(a)4, (2.10)(a)+ on z > 0, and using part (a) we obtain

(2.22) ut(z+ 20) = Py (2,p4,8,h,ay) for z > 0.
O

Definition 2.3. Let Ri be the number of eigenvalues p of Ad(BJr,O,O) with £p > 0 (R

refers to the right endstate £+). Let Ly be the number of eigenvalues p of Aq(p_,0,0) with
+up > 0.

Definition 2.4. We shall only consider shocks satisfying R—+ L, = N+1—k, where N is
the dimension of the system (1.29) and k > 0 is defined to be the undercompressive index.
Thus,

(2.23) dim (E_(Ga(p+,s,h)) x EL(Ga(p—,s,h)) :=N_=R_+Ly=N+1—k.
When k = 0 the shock is called a Lax shock; when k > 0 it is called undercompressive.

Observe that if we take the given profile w(z) and define

(2.24) Cf) - (120((2;9 ’

then (Z) satisfies (2.3)(a)and (2.4) with (s, h) = (0,0) and py = p_ . Thus, by part (b) of

Prop. 2.2 there exist z = —zp < 0 and a4 such that

(I)+(z+§aﬂ+7070ag+)a z2>0
(I)*(Z 7§7£77070ag—)7 2<0

(2.25) w(z) = {
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Notation 2.5. 1. For ®4 as constructed in Prop. 2.2 it is convenient to define

O+ (2,p+,8,h,ax) = Pi(2+ 2,p4,5,h,a4),

(226) ¢+(Z>p+a Saha a+)7 220
¢(Z7p7 87 h? a) =
o—(z,p—,s,h,a_), z<0
2. Let
(2.27) E_(Ga(p,s,h)) :=E_(Ga(p+,s,h)) x E4(Ga(p—, s, h).

The following corollary of Proposition 2.2 will be used in the proofs of Propositions 2.12
and 3.10.

Corollary 2.6. For (ps,$,h,a+) € RN x R% x E+(Ga(p,,0,0)) we have

(2.28) Hm Vi, shas O+ (2, 0x, 8, hyax)(Px, $, by as) = pa.

z—ZF00

Decreasing r in the definition of Q4 (2.11) if necessary, we have for (p+, s, h,ay) € Q4 that
the map

_ Vi shas (2, D, 8, hyaz) (P, 8, h, dx)
(2.29) (P, 8, h,aq) — S
h
18 injective.

Proof. Consider the + case. The limit (2.28) follows directly from (2.13). Thus, if the
image of (p,$,h,a4) in (2.29) is 0 we find (p4, $,h) = 0. Since (2.12) implies

(230) va+¢+(_§>p+7 S, h? a+)d+ = Ggl(me S, h)Oé(p+, S, h; a) + O(|a+|)d+,

we conclude for r small enough that if the right side of (2.30) is 0, then a4 = 0. O

2.2 Extra transmission condition

For p i= (ps,p-) near p = (p,,p_). (s.h) near (0,0), and a := (as,a_) near a = (a,,a_),
define

(2.31)

_ ¢:|: (Ovp:l:a S, h7 :l:a') _ (Z)-F(Oa ) - d)— (07 ) 2N
¥(ps,ha) =T (¢i,z(07pi,8, h, ai)> B <¢+,z(0, ) = ¢- 2 (0, ')) (p.s,h,a) € R,

and note that since w(z) is a connection, we have

(2.32) (p,0,0,a) = 0.
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We shall add a nonhomogeneous boundary condition to the one in (2.3) in order to
remove the translational indeterminacy present in the shock case. Anticipating the later
low frequency analysis, we consider the augmented boundary condition

R 5i Uy — U—

(2.33) r si = vy —U_ on z = 0.
Parallel to (2.31) define
(2.34)

iI(I?? S’ h? a) =

¢i(07pi7 S, ha ai)
¢+(07 ) - ¢— (07 )
- z 07 y Sy ha a
R R 64.2(0,) — 6. (0, ) (p. 5, D, a) € RPN,
b s+ ¢+(0,-) - w,(0) — w(0) - w,(0)

Observe that
(2.35) ¥(p,0,0,a) = 0.

Remark 2.7. The function ¥ plays a role here similar to that of the extended Melnikov
separation function defined in [ZS] for the undercompressive conservative case. Namely, it
provides a convenient full rank (implicit) representation of the defining function x.

2.3 Rank conditions and the manifold Cpz

With ¢ = (p4+,p—, s, h) the next Proposition gives conditions under which there exist
connections W (z, q) near w(z) = W (z, q) satisfying (2.1) and
(2.36) lim W(z,q) = p+.
z—+00

Proposition 2.8 (Connections near a given one).
(1) Let w(z) be a connection corresponding to (p,s,h) = (p,0,0) and suppose that

(a)rank V,¥(p,0,0,a) = N_ = N +1 -k,

(2.37) N
(b)rank V,,¥(p,0,0,a) = 2N + 1.

Then in a neighborhood © C R*V x RY of (p,0,0) there is a smooth manifold Cg of di-
mension d + N — k and there are smooth mappings W (z,p, s, h) on {£z > 0} x Cg such
that (W, Wy ;) satisfies the profile equation (2.3), the endstate condition (2.4), and the
boundary condition

Wy
W:I: \Z
s

h

(2.38) r

=0onz=0.
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With q-= (p,s,h) = (erap*)Sah) € CB7 Zf we set

2 Wi = {220

then W (z,q) satisfies (2.1), (2.36).
The manifold Cg can be defined by a generalized Rankine-Hugoniot condition

(2.40) x(p,s,h) =0

for a smooth function x : O — RNT* such that rank x,(p,0,0) = N + k.
(2) The same conclusions hold if the second rank condition (2.37)(b) is replaced by

(2.41) rank Vo, s¥(p,0,0,a) = 2N + 1.
The only difference is that now we have rank x, s(p,0,0) = N + k.

Proof. There is a reordering (pa,pg) € RNFF » RN=F of the original (py,p_) coordinates
such that Vmpa\i(g 0,0,a) is an isomorphism. Applying the implicit function theorem to
U(p, s, h,a) = 0 yields functions Pa(pg, s, 1), a+(ps, s, h) and a manifold Cg parametrized
in the new coordinates by (pa(pgs,s,h),ps, s, h). Reordering again yields smooth functions
p+(pg, s, h) such that Cg is given in the original coordinates by

(2.42) C = {(p+(pg, s, h),p—(ps, s, h),s,h) : (pg, s, h) near (gﬁ,0,0)}.
We define

(243) W:I:(Z,p—l-(pﬁ, S, h)7p—<pﬁ7 S, h)v S, h) = (b:t(zap:t(pﬁv S, h)a S, h7a:|:(p,3a S, h))

A generalized RH condition is given by the defining equation for Cp in (p, s, h) space:

(2.44) X(p, 8,h) = pa — palpg, s, h) = 0.

The proof of part (2) is essentially the same.
O

Remark 2.9. 1. Using the condition (2.44) we formulate later a nonconservative analogue
of the curved inviscid shock problem and construct curved multidimensional nonconservative
shocks.

2. When k = 0, if in place of (2.37)(b) we assume

(2.45) rank Vg, U(p,0,0,a) = 2N + 1,
then we can prescribe (p_, s, h) and solve for p as in the conservative case.

We proceed to restate the hypotheses (2.37) equivalently in terms of rank conditions on
¥. We expect to be able to do this, since W is just designed to remove the translational
indeterminacy left by W. A first step is to relate such hypotheses to properties of solutions
of the linearized problem.
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Consider the linearization of (2.3)(a) with respect to (u,v) at (w,w’), (s,h) = (0,0).
Write this homogeneous 2N x 2N linearized system as

(2.46) c (Z) = (:j)/ ~G(2) (g) =0on +2z>0,

where

0 I
(2.47) 9(2) = (O(e—‘”Z') Ad(w)> '

The following conjugation lemma shows that solutions U := (4, ?) of (2.46) can be conju-
gated to solutions V' of the limiting constant-coefficient systems

0 I
(2.48) 0,V = g@(gi)V, where Qz(gi) = Zgrinoog(Z) = <0 Ad(pi)> )

Lemma 2.10 ([MZ3], Lemma 2.6). For§ > 0 as in (1.20), there exist 2N x 2N matrices
Yi(2) on £z > 0 and positive constants C, §' < & such that
(i) Ye and YL ! are C*® and bounded with bounded derivatives,

(ii) |Yi(2) — I| + |0:Ye(2)| < Ce ¥,
(iii) Yy satisfy

(2.49) 0.Yy =G(2)Y: — Y3 Gu(p, ) on £2 > 0.

Observe that U satisfies (2.46) on £z > 0 if and only if V' defined by U = YV satisfies
(2.48) on £z > 0.
Let Si denote the space of bounded solutions of (2.46) in £z > 0. We'll refer to

(2.50) S=8, xS

as the space of bounded solutions of (2.46). Similarly, let S denote the space of solutions
of (2.46) that decay to 0 as z — Foo and set Sy = S} x S°.

Proposition 2.11. (a) Let R_, Ly be as in Definition 2.3. The dimensions of Sy are
N+ R_ and N + L, respectively. Thus, dimS = 2N + (N +1 — k).
(b) The dimensions of SY. are R_ and Ly respectively. Thus, dimSy = N + 1 — k.

Proof. Using the conjugators Y. we can obtain the Proposition immediately by proving the
analogous statements for solutions V' = (v, v2) of the limiting problem (2.48). Solutions in
z > 0 are given by

(2.51) Vv, = <v1+) _ (U1+(0) + (4@ _ I)A;l(p+)vg+(0)) '

o eZAd(g+)1)2+(0)

Clearly, V is bounded in z > 0 if and only if v94(0) € E_(Ad(QJr)) (with v14(0) € RY
arbitrary), and V decays to 0 as z — 40 if and only if

(2.52) vo4(0) € E_(Ad(g+)) and v14(0) — A;1(13+)v2+(0) = 0.

The “—” case is similar.
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In the next Proposition we consider rank conditions on ¥ as in (2.31). With I" as in
(2.3) observe that

(2.53) (w', w")

satisfies the problem

(2.54) E(#)—Oon :tzZO,F(%E)—Oonz—O, lim o =0.
v V+ z—+o0

Proposition 2.12. (a)The condition

(2.55) rankV,¥(p,0,0,a) =N_ —-1=N —k

holds if and only if the problem (2.54) has a one dimensional kernel spanned by (2.53).
(b) The condition

(2.56) rankV,,¥(p,0,0,a) = 2N

holds if and only if for all g € R?N the problem

(2.57) C (Z) =0, T (ZI) =g

has a bounded solution.

Proof. Proposition 2.11 shows that the space of S of bounded solutions of LU = 0 has
dimension 2N + (N +1 — k), while Sy has dimension N 4+ 1 — k. Thus, Corollary 2.6 implies
that the map

.. vad)(zapaoaoug)d_’_vp(b(z’p’o’o’g)p )
2.58 : » ' N )
( ) (p a) - <Va¢z(z7p?0707a‘)a+VP¢Z(z’p’O’O’G)p

is an isomorphism of R?Y x E_(Gq(p,0,0)) onto S, and that

. Va¢(2;]27 O? O,Q)a
(2.59) a— <Va¢z(z,p,0,0,a)d

is an isomorphism onto Sp. It follows that the dimension of the space of solutions of (2.54)
is the dimension of

(2.60) {a € E_(Ga(p,0,0)) : Vo ¥(p,0,0,a)a = 0}.

This dimension is one if and only if rankV,¥(p,0,0,a) = N — k.
Similarly, the map U — I'U+(0) from S to R?N is onto if and only if

(2.61) va,qu(ﬂaoaoag)

has rank 2N.
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Proposition 2.13.

(a)rank Va\i’(g 0,0,a) = N +1—k < rank V,¥(p,0,0,a) = N — k
(b)rank V,,¥(p,0,0,a) = 2N + 1 < rank V,,¥(p,0,0,a) = 2N

(c)rank Vg, s¥(p,0,0,a) = 2N + 1 & rank V4, ,¥(p,0,0,a) = 2N.

Proof. 1. Using the isomorphism (2.59) we find an element @ € E_(Gy4(p, 0,0)) such that
(2.62) Va9(2,p,0,0,a)a = w,(z).
We always have
(2.63) a € kerV,¥(p,0,0,a).

2. Statement (a) is equivalent (suppressing evaluation at (p,0,0,a)) to
(2.64) dim kerV,¥ = 1 < dim kerV,¥ = 0.
Also observe from (2.34) that
(2.65) a € kerV,¥ < a € kerV,¥ and (Va¢, @) - w,(0) = 0.
Now, if dim kerV,¥ = 1, then kerV,V is spanned by a. But by (2.62)
(2.66) Va4 (0,p,0,0,a)a = w,(0),

so dim kerV,¥ = 0. .
Suppose dim kerV,¥ = 0. Then by (2.65) the linear functional defined on kerV,¥ by

(2.67) Ta= (Vad+ a) - w,(0)

satisfies dim ker 7" = 0. The rank of T is one, so dim kerV,¥ = 1. This proves (a).
3. Statement (b) is equivalent to

(2.68) dim kerV,,¥ = N + 1 — k & dim kerV, ,¥ = N — k.

Observe that ker V,,¥ C ker V,,¥ and

(2.69) (a,p) € kerV o, ¥ < (a,p) € kerV,, ¥ and (Vaoy @+ Vb p) - w,(0) = 0.
We have

(2.70) (a,0) € ker V,,% \ ker V,,, 0.

Suppose dim kerV, ,¥ = N+1—Fk and let a basis for that kernel be {(&,0),e1,...,en_k}.
Using (2.66) and (2.69) we obtain a basis for ker V,,¥ of the form {e; + s;(a,0) : i =
1,...,N — k} for appropriate s; € R.

Suppose dim kerV, ,% = N — k. By (2.69) the functional defined on kerV, ,¥ by

(2.71) S(a,p) = (Vad+ @+ Vpd+ p) - w.(0)

has rank one and kernel of dimension N — k. So kerV, ,¥ has dimension N + 1 — k.
The proof of (c) is similar to that of (b). O
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Definition 2.14. 1. When both of the rank conditions

(2.72) rankva\if(g, 0,0,a) = N +1—Fk (a— transversality)
. rankva,pysli!(;g, 0,0,a) =2N +1 ((a,p,s) — transversality)

are satisfied, we say the profile w(z) is transversal.
2. The profile w is said to be strongly transversal if both a-transversality and

(2.73) rankva,p\i/(]z, 0,0,a) =2N +1 ((a,p) — transversality)

are satisfied.

3. For q = (p,s,h) € C the profile W(z,q) is transversal (resp., strongly transversal)
if conditions (2.72) (resp., (a) and (b) of Prop. 2.13) hold with (p,0,0,a) replaced by
(p,s,h,a), where a = a(pg, s, h) is as in (2.43). B

Remark 2.15. 1. Transversality (resp., strong transversality) of w implies transversality
(resp., strong transversality) of W (z, q) for ¢ near q.

2. Geometric transversality. Consider the first-order system (2.3) as a system on
R for the moment. Let W, W, s be the stable and center-stable manifolds of the rest point
(p e 0), and let W, W,, be the unstable and center-unstable manifolds of the rest point
(p_,0). Then a-transversality corresponds to the statement Wy h W, at (w(0),w,(0)),
while the combination of a-transversality and (a,p)-transversality (which we call strong
transversality) corresponds to Wes  Wey at (w(0), w,(0)).

Next consider the system obtained by augmenting (2.3) with the equation s’ = 0,
and let W2 (resp., W2,) be the center-stable (resp., center-unstable) manifold of the
rest point (;9+,0,0) (resp., (p_,0,0)) for the augmented system. Then the combination
of a-transversality and (a,p,s)-transversality (which we call transversality) corresponds to
W h W, at (w(0),w,(0),0).

3. One could apply the implicit function theorem directly to the equation

U(p, s, h,a) =0

using the rank conditions on V,¥ and V,,¥ in Prop. 2.13. But then instead of obtaining
a function p,(pg, s, h) as in (2.44), we’d obtain a function p,(pg, s, h, a;), where a; is one of
the @ components. This is not the form a generalized RH condition should have, since a;
does not correspond to any of the unknowns in the inviscid hyperbolic problem; so we use
the extra boundary condition of ¥ instead.

3 Linearized GRH derived from transmission conditions

In this section we derive more explicit characterizations of T,Cs and the linearized GRH
conditions that are useful in the later low frequency analysis of the standard and modified
Evans functions.
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3.1 Linearized hyperbolic problem

Suppose we are given a shock manifold C as in Assumption 1.2 and a planar shock
q=(p P 0,0) € C. To construct a curved nonconservative shock as a perturbation of ¢,
we solve the transmission problem

d—1
(3.1) > Aj(w)dju + Ag(u, dy)dqu = 0
: pa
X (u, dip

)=0onzs=0

where u is near p, di is near 0, and x(p, s, h) (2.44) is the defining function for C near ¢.
To solve this nonlinear problem we need to solve linearized problems at ¢ = (p, s, h)
near q. The (fully) linearized problem at ¢ = (p4,p—,s,h) is

U
—_

(32) (a) A;(p)0jiu+ Aq(p,s,h)0qu = fon £x4>0

<.
Il
o

(b)X,(pa S, h)(uvd’@b) =gonxzg=0.

The p in (3.2)(a) should be understood as p+, while that in (3.2)(b) should be understood as
(p+,p—). Similar notation is sometimes used below. When g = 0, the boundary condition
in (3.2) is the requirement

(3.3) (i1, d)) € T,C.

In the low frequency analysis of viscous stability determinants in the case when C = Cg,
we’ll sometimes require a more explicit form of the linearized boundary condition, namely,

(34) FO,red(Q) (U’v d@ =0,

where I'g ycq(q) is defined in (3.44). We construct I'g ,.4(q) by considering the full lineariza-
tion with respect to w, s, and h of the profile transmission problem for w(z), where w = w4
on +z > 0.

Ag(w, s,h)w’ = (1+ |p[*)w” in £2>0
(3.5) []

I (w,w,, s, h) = [w,] =0onz=0.
Stwy -w, —w, w
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3.2 Linearized parabolic problem and transversality

Let us write W (z, q) for the profile on R given by (2.39); thus w(z) = W(z, ). The full
linearization of (3.5) at (W (z,q), s, h) is

(a)Lo(2,q,0:)1 := —(1 + [h*)w" + Ag(W, 5, )i + D Ag(W, s, h)o W' =

d—1 d—1
SAWYW' + > hi Aj(W)W' +2> " hihW" = Lo1(2,q)(3, 1)
(3.6) j=1 j=1
‘ []
(O)o(w, 1wy, $, h) == [1,] =0onz=0

Before studying (3.6) and in order to avoid later repetitions, it is desirable at this point
to consider the full linearization of the interior parabolic problem in (1.24)

d— d
(3.7) Aj(u)0ju + Aq(u, dip)0,u — ZO—OJ@ZJ@ Yu=0o0on £2>0
i=0 j=1

)_l

.

about the exact solution given by a profile W(z,¢) and front ¢» = st + hy. The Laplace-
Fourier transform in (¢, y) of that linearization is

(3.8) L(2,4,¢,0:)i = $L1(2,4,() = f in £z >0.

Here ¢ = (1,7v,n) where v > 0 and, with W’ = W,(z, ¢), the operators £ and £; are given
explicitly by

(3.9)
d—1
ﬁ(za q,¢, az)u = _(1 + |h|2)uzz + Ad(W7 S, h) +2 Z hj“?j Uy + 8w-Ad(VVa S, h)ﬂW/—l-
j=1
d-1
Ag(W) (it + ) u+ZA Yin;t + |n|*a,
7j=1
d-1 d—1
L1(2,q,C) = AgW)W' (it +~) 4+ Y Aj(W)W'in; + 2 Z hjin,W" + |n|*W"’.
j=1 Jj=1

It is important in the sequel to know the relationship between the operators Lo and Lo
appearing in (3.6) and the operators £ and £; in (3.9). Introducing polar coordinates

(3.10) =l p=Icl, ¢ = (#,5,1) € 81 = 97N {5 >0}, 5 =N {7 = 0}
and writing £1(z,¢,¢) = pL1(z,q,¢, p) we clearly have

(311) ‘CO(Za Q782) = E(Z, q, Oa 82) and ‘CO,I(Za Q)(Z’f- + ’%Zﬁ) = El(Z, q, CA?O)
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3.2.1 Conjugation to limiting and block diagonal systems

In order to understand the behavior of solutions to (3.6) and (3.8), it is helpful first to
rewrite the partially linearized problem

(3.12) L(z,q,¢,0:)u=f

as a first order system and then conjugate it to simpler forms. Here we’ll also establish
notation that will be used in the rest of the paper. Recall ¢ = (p4,p—, s, h), where py € wy
and |s, h| < e, for wy, €, as in Prop. 2.2. Set

(3.13) Q:=wi xw_ x{(s,h):]s,h] < ey}

With U := (u,1,)" we can rewrite (3.12) as a 2N x 2N first order system

(3.14) 0.U =G(z,¢,Q)U+Fon £z2>0,
where
(3.15)
t 2\ —1 0 1 )
F=(0,-b(0)), b(h) = (1+[h5)7", G = ( ) with
Ga1 Gao
d—1
G21(2,¢, Q)i = b(h) | DwAa(W, s, h)uW' + Ag(W) (it + y)i+ Y A;j(W)ini + |n[*i
j=1
d—1
Ga2(2,¢,¢) = b(h) | Aa(W,s,h) +2  hjin;
j=1

Recalling that W (z,q) — p+ as z — +oo, we define limiting systems G (g, ) by replacing
W by p+ and W’ by 0 in (3.15):

(3.16) G(e.0) = (G?@?q, 0 Gf(]q,o) '

The following conjugation lemma is a version of Lemma 2.10 with parameters.

Lemma 3.1 ([MZ3], Lemma 2.6). For all go € Q and (p € Rfd = RN {y > 0} there

is a neighborhood Q2 of (qo,Cp) in Q X @fd and there are matrices Y1 defined and C* on
{£z > 0} x Q such that:

i) Yi and (Y1)™! are uniformly bounded and for 6 > 0 as in (1.20) there are positive
constants Cy, 0' < § such that for (q,() € Q:

‘82‘7%4 (Yi(z, q,¢) — Id)| < Coae ™ on £2>0 for all o
i1) Yy and Y_ satisfy

6zyi(zaQ7 C) = G(Z’Q7 C)Yi(za(b () - Yi(27QaC)Gi(qaC) on £2z2>0.
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Observe that U satisfies (3.14) if and only if V' defined by Uy = Y3 V4 satisfies
(3.17) 0.V =G+(¢,0)V+Y 'Fon +2>0.

As in [GMWZ3] for p = |(| small we perform an additional conjugation of (3.17) to block
diagonal (or “HP”) form using

UH+,

3.18 Vi = As(q,
.19 o= a0 (1)
where A4 is C°° and

_ (I @GB!
(3.19) o= (5 ).
This transforms (3.17) to

UH+ H(q,() 0 ><UHﬁ:) 1yl

3.20 8. - LAY I Fon 42 >0,
(3.20) (UPi) ( 0 Pi(q,C)) \upx o =2
where

Py(q,¢) = GZ(q,0) + O(p)
H(q,¢) = —(GE)7'GE + 0(p*) =
(3.21) i1
— Ad(px,5,h) 7" [ Ao(p2) (it +7) + > Aj(p)ing | +O(p?).
j=1
3.2.2 Other characterizations of transversality.

Next we give characterizations of transversality that are useful in formulating the reduced
transmission conditions. The first step is to rewrite the fully linearized profile problem (3.6)
in a form with modified transmission conditions and where £y 1 no longer appears.

Proposition 3.2. There exist C* functions R4(z,q, $, h) valued in RY and satisfying

(CL) ‘CO(Z? q, aZ)R(Zv q, 57 h) = [’0,1(27 Q)(Sa h) on £z Z 0

b) R+ z,q,é,h is linear in §7h
(3.22) ©) ( ) . ( )

(C) wz(o) ' R:I:(Oa q,S, h) = =S

(d) V. iR+ = O(e™°#y for some 6 > 0.
Proof. 1. We first construct Rq(z,q, s, h) such that
(3.23) Lo(z,q,0.)R1(2,¢,8,h) = Lo1(2,q)(3,h) on +2 >0,
by setting

. d_l .
(324) R1(27Q7‘é7h) = RlO(qu)S+ZR1j(Z)Q)hj7
j=1
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where the Rq; are C°, exponentially decaying as z — 400, and satisfy

Lo(z,q,0.)RE = Ag(W)W' on 42 >0

3.25
(3.25) Lo(z.q.0:RE = A; (W)W + 2, W".

Functions Ry as above may be constructed, for example, by rewriting the equations (3.25)
as first order systems and then conjugating by 7+ (z, ¢,0), where

(3.26) Ti(2,q,Q) =Yz (2,4, ()A+(q,¢)
(recall (3.11), Lemma 3.1, and (3.18)). This yields easily solvable systems of the form
(3:27) 0. (3) = (0 pnoy) (25 + e
with Fji+ exponentially decaying, where
(3.28) ( Rk > (2,q9) =T+(z,q,0) <uHi> (z,q) on +z>0.
9:Rak upy

2. Since

(3.29) Lo(z,q,0:)W=(2,q) = 0,

we can arrange the transmission condition (3.22)(c) by setting

(3.30) R(2, 4,8 h) == Ri(z,q,%,h) — (wZ((L);g)l(%VZ’(;: Z)) + S) W.(z,q).

O

Remark 3.3. Although R is initially defined only for '(S, h) € R?, it is important for later
applications to note that it extends immediately to ($,h) € C? (for example, see (3.44) and

(4.1)).
An immediate consequence of Proposition 3.2 is:

Corollary 3.4. Define
(3.31) b =1 — R(z,q,5,h).
Then (1,3, h) satisfies (3.6) if and only if (0,5, h) satisfies

(a) Lo(z,q,0.)0 =0 0n +2z>0

(3.32) . [6] + [R(z, 4, 3, h]
(b) I'3(q)(0,92,5,h) == | [0,] + [R.(2,q,8,h)] | =0 on z=0.

i)-‘r CW,
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Let us write T'(z,q, () in (3.26) as (suppressing =+)

(3.33) 70.0 = (1 722 ()

Remark 3.5. By conjugation to (3.27) with Fy = 0 we see that solutions of (3.32)(a) can
be written as

(3.34) 0(2) = Ti1(z, q,0)ug + Tiz(z,q,0)e* @O up on + 2 > 0,

where ug+ € RY, upy € RY, and T114(2,4,0) — I as z — +o0. A solution v is bounded if
and only if upy € E+(P4(q,0)). Thus, the space of bounded solutions S(g) of (3.32)(a) has
dimension 2N + (N + 1 — k) and the space Sp(q) of solutions tending to zero as z — £00
has dimension R_ + Ly =N +1—k.

A small modification of the proof of Prop. 2.12 (replace ¥ by \i/) now yields:

Proposition 3.6. The property of a-transversality holds for W(z,q) (Definition 2.14) if
and only if there are no nontrivial solutions of (3.32) which tend to zero as z — +oo when
(5,h) = 0. Similarly, (a,p)-transversality holds if and only if for all g € R®N*1 the problem
(3.35) (a) Lo(z, q', ('9'2)7') =0on £2>0

() I's(q)(v,7,,0,0) :=g on z=0

has a bounded solution.

We can use (3.34) to write the boundary condition (3.32)(b) as

(3.36) Fo,H(q)uH =+ Fo’p(q)uP + FR(S, h) = Fg(q)(?}, @Z, S, h) = 0,
where
(3.37)
|:T11 (0, q, O)UH:| |:T12(0, q, O)UP:|
Lou(q)un = 151(0,¢,0)un , To,p(@)up = T52(0,9,0)up ;
(T114(0,¢,0)upy) - w,(0) (T12+(0,¢,0)upy) - w,(0)
[ [R(0,q.5,0)
and I'r (5,h) := | [R.(0,q, $,h)]
0

With (3.34) and (3.36) we obtain directly the following rephrasing of Prop. 3.6:
Proposition 3.7. With Py+(q) := P(q,0) = b(h)A4(p+,s,h), a-transversality holds for
W (z,q) if and only if
(3.38) ker Lo, p(q) N (E—(Po+(q)) x E4(FPo-(q))) = {0},
while (a,p)-transversality means that the rank of the matrix
(3:39)  (Tou(q):Tor(q),Tr) : R*Y x (E_(Por(q)) x B4 (Po-(g))) x RY — R*N*!

is 2N + 1 when (5,h) = 0.
FEquivalent characterizations of a-transversality and (a,p)-transversality are obtained by
replacing each space appearing in (3.38) or (3.39) by its complexification.

In making the last assertion of the Proposition we used the observations made in Nota-
tion 2.1 together with the extension of R to (3,h) € C%.
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3.3 Reduced transmission conditions and 7;Cp

The reduced boundary operator constructed in this section will play a key role in the
later stability analyses.
If a~-transversality holds there is a decomposition

(3.40) C*N*! = Frr(q) ©Fp(q),
where
(3.41) Fp(q) = To,r(q) (E—(Pot(q)) x E+(Po—-(q)))

has dimension N +1—k and Fg (q) is an arbitrary complementary subspace (necessarily of
dimension N +k). Denote by 7y (¢) and mp(g) the projections associated to this splitting.

Remark 3.8 (More careful choice of Fy z(gq)). Henceforth, we’ll work with a choice of
Fur(g) € C*¥+1 made as follows. Using the remarks made in Notation 2.1 and the fact that
[y p(q) is a real matrix, we first choose an N + k dimensional subspace Fy (q) C R2V+!
such that

(3.42) RN = Fy r(q) @ Fp(g).
We then take Fz % (g) in (3.40) to be the complexification of Fpy z(g) € R2VFL,

For ¢ as in (3.34) we can eliminate up from the boundary conditions (3.36). That is to
say, (um,up, s, h) satisfies (3.36) if and only if

(3.43) Tored(q)(um, $,h) =0, and up = Rp(q)(un, 3, h)
where

(3.44) Lorea(q) (urr, 3, 1) := 711 (q) (To.r (@ + Tr(5. 1))
and

(3.45) Rp(q)(ur, 5, ) = ~Tg b(@)mp(a) (Ton(@un +Tr(5,h))

Remark 3.9. 1. Using Remark 3.8 we see that I'g ;¢4(¢) can be regarded as a map defined
between complex spaces

(3.46) F07red(q) : C2N X (Cd — FHJQ(Q) C C2N+1
or as a map between real spaces
(3.47) Torea(q) : R*Y x RY — Fy»(q) ¢ RPVHL

The choice should be clear from the context. For example, in statements like (3.49) below,
we take I'g req(g) as in (3.47).

2. In view of Proposition 3.7, if a-transversality holds for W (z, ¢), then (a,p)-transversality
means that the map

(3.48) C*N 3 ug — Torealq)(un,0,0) € C*NH!
has rank N + k. The same holds for the map (3.47).
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The next step is to show that transversality of W(z, ¢q) implies
(3.49) kerI'o rea(q) = T4Cs-
For this we need

Proposition 3.10. For q € Cg consider the set S(q) of solutions (wy,w_, s, h) of the fully
linearized interior equation on £z > 0, (3.6)(a), for which Wy are bounded as z — Foo.

We have
(3.50) dim S(q) =2N+d+ (N+1—k)
and
¢ (2,0, a;p4, 8, Dy ap)
(3.51) S(q) = ¢/—(2’q’“;z—"§’h’d—) L (p, 8, hya) € RPN x RY x E_(Ga(p,0,0)) o,
h
where, for example,
(@) (2,0, @ Py, 5,1, a4) = Vi, s hay 64 (2, 01, 8, hyar)(py, 8, h,ay) and

(b) Lim ¢\ (2,q,a;p4,5 h,at) = py,

z—+00

(3.52)

and a = a(pg, s, h) is as in (2.43).
Proof. Corollary 2.6 shows that the map

(b/-t,-(za q, a;p-l-a é7 }:Lv CL+)
. ; S
(353) (55, h, ) — | 9= @GP0
h
is injective. The functions ¢4 (z, p+, s, h, ay) satisfy the interior (nonlinear) profile equation
in (3.5), and differentiation with V,, s, shows that the column vector on the right in
(3.53) gives a bounded solution of (3.6)(a). On the other hand any bounded solution 1 of
(3.6)(a) can be written w = v +R(2, g, 5, h), where © is in the 2N + (N +1 — k) dimensional
space of bounded solutions to the problem with ($,h) = 0. This implies (3.50) (first) and
then (3.51).
]

As a corollary we obtain the following analogues of Propositions 3.6 and 3.7.

Corollary 3.11. (1) The condition

(3.54) rankV, , sV (p, s, h,a) = 2N + 1
holds if and only if for all g € R2N*1 the problem

Lo(z,q,0:)w = Lo1(2,9)($,0) on £2>0

3.55
(3.55) Fo(w,w,, $,0) =g on z=0 (I'y as in (3.6))
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has a solution (w, $) with w bounded.
(2) The condition (3.54) means that the rank of the matriz

(3.56) (To,1(q), To,p(q), Tr) : C* x (E_(Po+(q)) x E4(Po—(g))) x C* — C2N+1

is 2N 4+ 1 when, (5,h) = (5,0).
(3) If a-transversality holds for W(z,q), then (a,p,s)-transversality means that the map

(357) (CN xC> (UH’ S) - F()’Ted(Q)(UH, S, 0) € (C2N+1
has rank N + k.

Proof. Let ¢' = ¢'(z,p,s,h,a;p, s, h, @) be given by the first two components of the column
vector in (3.51). Part (1) then follows directly from Prop. 3.10 and the observation that

(3.58) Lo(¢, s 8, h) = VipsnayU(p, s, h,a)(p, 3, b, a).
Let I's(¢q) be as in (3.32) and note that for

(3.59) o =1w—R(z,q,5h)

as in (3.31), we have

(3.60) Dy (i, s, §,h) = g < T3(q) (0,9, %, h) = g.

After rewriting I'3(q) as in (3.36), we deduce part (2) from part (1). Part (3) then follows
directly from part (2) and the definition of I'g ;cq(q).
O

Proposition 3.12. (1) Assume W (z,q) is strongly transversal. Then we have

(3.61)
(a)kerT'g red(q) = T4Cn
(b)T,Cs =

{(p+,p-, 3, h) . there exists a solution (W4, w_, s,h) of (3.6) with linIEl Wy = pa}.

(2) The same conclusions hold if we assume just that W (z,q) is transversal.

Proof. 1. We show that both sets in (3.61)(a) are equal to the set on the right in (3.61)(b).
Assume that W (z,q) is strongly transversal; the proof in the other case is essentially the

same.
2. Suppose (ug, 8, h) € ker T rea(q). By (3.43)-(3.45) there exists
(3.62) up € E_(Poy(q)) x E4(Po—(q))

such that vy as in (3.34) satisfies (3.32) with

(3.63) lirjgl Vg = UH+.
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But then
(3.64) W =19+ R(z,q,$h)
satisfies (3.6) with

(3.65) linIEl Wt = UR+.

Conversely, if (ug, $, ) is such that there exists u satisfying (3.6) and (3.65), then © as
in (3.64) satisfies (3.32) and (3.63). So there exists up as in (3.62) such that v is given by
(3.34) and (3.36) holds. Apply 7 =(q) to (3.36) to obtain (ug, §, h) € ker T ea(q).

3. Recall from (2.44) that Cg is given as the graph of

(3.66) Pa = Pa(pg, s, h),
so its tangent space at (p, s, h) is given by the graph of
(3.67) Pa =V (py,.1)Pa(Dgs 5, 1) (B3, $, h).
For \il(p, s,h,a) as in (2.34), the equation ¥ = 0 also yielded the relation
(3.68) a = a(pg, s, h),
whose linearization at (pg, s, h) is
(3.69) a =V (py.5m(Ps, 5, 1) (Pa, $, h).

We can also differentiate the equation \if(p, s, h,a) = 0 in all variables to obtain the linearized
form

(3.70) Vipshay PP, s, h,a)(p, 5,h,a) =0,
Observe that since the rank conditions hold
(3.71) (p, 5, h, ) satisfies (3.70) < both (3.67) and (3.69) hold.

Suppose now that (p,3,h) € T,Cs. Then (3.67) holds. If we take @ as in (3.69), then
(3.70) holds and implies that for these choices of (p,$,h,a) the column vector in (3.51)
satisfies (3.6). From (3.52)(b) we see that (p,$,h) is an element of the set on the right in
(3.61)(b).

Conversely, suppose (p, $, h) is such that there exists a solution (w4, w_, §, h) as on the
right in (3.61)(b). By Prop. 3.10 this solution must have the form of the column vector in
(3.51) for some a. Since this solution satisfies the boundary conditions in (3.6), this means
that (3.70) holds, which implies (3.67).

O

Corollary 3.13. Assume w(z) is either transversal or strongly transversal. For q € Cp
near q the linearized hyperbolic transmission problem at q ((3.2) with f =0, g = 0) can
now be written

T
D

Ai(p)0iu+ Ag(p,s,h)0qu =0
(3.72) ()0 a(p,5,h)0q

<
Il
o

FO,T@d(Q) (Ql, dw) =0 onxg=0.
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4 Stability determinants

4.1 Lopatinski determinants

In this section we define and study the relationship between two stability determi-

~

nants, the Lopatinski determinant, Dr,,(q,(¢), and the modified Lopatinski determinant,
Dropm(q, g: ), for the linearized hyperbolic problem (3.2). Later we’ll see how these arise in
low frequency expansions of, respectively, the standard and modified Evans functions. But
for now we study them in the context of inviscid C shocks, where C is a shock manifold as

in Assumption 1.2

4.1.1 C shocks

Dropping dots and some hats, we write the Laplace-Fourier transform of (3.2), with f =0,
g=20, as

d—1
(a) Ao(p)(iT +4)u + Z Aj(p)inju+ Aq(p,s,h)0qu =01in x4 >0
j=1

(b) f‘x(% CA) (U+, U—, w) =0,

where T'\ (¢, ¢) : C2N*+1 — CN+* is defined by

(4.1)

(4.2) Ty (¢, ) (s, u, ) = X, (@Qug + X (@)u— + X5(q) (i7 + )¢ + x4 (@),

Definition 4.1. 1. For ) € C, ux € CN, and { € 5S4 =8N {5 >0} we set

U

1
Hou(q,¢) = —Aa(ps, s, 0) 7" [ Aolpa) (it +4) + > Aj(ps)in;

(4.3) 1

<.
Il

E—(Ho(g,()) := E—(Ho+(g, () x E+(Ho—(q,¢)),

~

where, as usual, E_(Ho1(q,()) denotes the generalized eigenspace of Hoy(q,() associated
to eigenvalues p with Ry < 0.
2. The Lopatinski determinant for the problem (4.1) is the (N+k)x (N+k) determinant

(4.4) Dirop(,€) 1= det (3 (@)E—(Ho(a ), Xo(a) 67 +7) + Xi ()i

The first N +k—1 columns of the matrixz in (4.4) are computed using an orthonormal basis

~

Of E— (HO(Q7 C))
We’ll say that the uniform Lopatinski condition holds at ¢ € C when

(4.5) 3¢ > 0 such that |Drop(q,C)| > ¢ for all ¢ € St

Definition 4.2. 1. When E and F are subspaces of CP with dim E+dim F = D, det(E, F)
denotes the determinant formed by taking orthonormal bases in E and F. Up to a sign this
determinant is independent of the choice of bases. Determinants of nonsquare matrices are

defined to be 0.
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2. We define the modified Lopatinski determinant for the hyperbolic problem (4.1)

(4.6) Diopml(a;€) = det (B (Ho(g,{)) x C.ker [y (4,0)) .

The modified uniform Lopatinski condition holds at ¢ € C when there is a ¢ > 0 such that
‘DLop,m((LC)‘ >c f07" all C € Si

Remark 4.3. 1. Hyperbolicity (H1) implies that for all (e Si
(4.7) dimE_(Hoy(¢,{)) = N — R, dimE(Hy (¢,{)) =N — L,

for R_, Ly as in Defn. 2.3. Thus, the determinant in (4.6) is a (2N + 1) x (2N + 1)
determinant when dimkerT',(¢,{) = N +1 — k.

2. The spaces Ex(Ho+(q,()) define C* vector bundles over s4.

3. The uniform Lopatinski condition allows one to construct Kreiss symmetrizers and
prove maximal estimates for the linearized inviscid problem (3.2); see section 7.

/. Both determinants have been defined only for ¢ € S4. The function Dropm(g,-) has
a continuous extension to any subset of ?i where E_(Hy(q, ¢ )) is continuous and fx(q, ¢ )

L . . : —d
maintains full rank, while Dr,,(q,-) has a continuous extension to any subset of S where
E_(Hy(q,()) is continuous.

Suppose that y1 and xo are local defining functions (Defn. 1.4) for C near q. Since

~

(4.8) ker X} (q) = T,C = ker x4(q) = ker 'y, (¢,¢) = ker I'y, (¢, ¢),

we see that Dropm(q, é), and hence the validity of the modified uniform Lopatinski con-
dition, is independent of the choice of local defining function. The determinant Dpp(q, ¢ )
is clearly not independent of the choice of local defining function, but we will show that
the uniform Lopatinski condition is. In the proof we use the following general fact about
determinants.

Proposition 4.4. Let M be a p X ¢ matriz, p # q, E a ¢ X p matriz, and denote by ker M
a matriz whose columns form an orthonormal basis of the kernel of M. Then we have

(4.9) det ME = ¢(M)det (E ker M),

where ¢(M) # 0 if M has full rank and is otherwise defined to be 0.
If p>q orifp <q and M is not full rank, the matriz (E ker M) on the right is not
square and its determinant is then defined to be zero.

Proof. 1. When p > q or when p < g and M is not full rank, both determinants are zero.
2. Assume then that p < g and M has full rank p, so the determinant on the right in
(4.9) is ¢ x g. In this case M M* is invertible and

-1
(4.10) <(keﬁWM)*> = (M*(MM*)™' kerM).

Note that (ker M)* is a (¢ — p) X ¢ matrix.
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3. We have

(4.11) <(keyM)*) (B kerM) = ((ke%\f)*E I(q_p)ox@_p)) ’

o (4.9) holds with

M
(4.12) c(M) = det <(ker M)*> ,
which is nonzero when M has full rank by part 2. O

Proposition 4.5. (a) The uniform Lopatinski condition is independent of the choice of
local defining function used to compute Drop(g, ().

(b) The uniform Lopatinski condition at q implies the modified uniform Lopatinski con-
dition at q.

Proof. 1. Let x1 and x2 be local defining functions for C near ¢, and let Dy, ,, denote the
corresponding determinants (4.4). Suppose there exists ¢ > 0 such that

(4.13) 1Drop (¢,€)| > ¢ for ¢ € S<.

Then Ty, (g, ¢) (and thus also T\, (g, ¢) by (4.8)) has full rank N + k for { € S4. Applying
Prop. 4.4 with

(4.14) M :=T,(¢,¢) and E :=E_(Hy(q,¢)) x C,
we obtain
(415) DLOP,Xi (q7 6) = Ci(Q7 &)DLOp,m(q7 é)? Z = 17 2

where ¢;(g,¢) # 0 and is continuous near (¢,¢). (More precisely, E is a (2N +1) x (N + k)
matrix whose columns form a basis of the given space.) R
2. To complete the proof of part (a) it suffices to show that I'y, (¢, ¢) cannot drop rank

at a point fo with 49 = 0, for then ¢(q, f ) must be continuous and nonvanishing on gi.
When E_(Ho(q,¢)) extends continuously to ?i, so does Dropy,(g,+), and (4.13) implies

that T'y, (¢, -) has full rank on E(j_.
In the general case the Lopatinski determinants are not defined for 4 = 0, but we can

substitute compactness of Grassmannians for compactness of gi. If fxl(q, f ) drops rank
at (p, then

(4.16) det(T'y, (¢, o) Eo) = 0

for any Ej in the set of limit points of E_(Hy(q, C})) x C as éj — (o with 4; > 0. But then
we must have

DLOp,x1 (Qa CAJ) —0

for some sequence fj with 4; > 0, a contradiction.
3. Part (b) follows directly from (4.15) and the fact that ¢;(g,¢) is continuous and

C 1 —d
nonvanishing on S . O
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Remark 4.6. (a)AA similar argument fails for the reverse implication in part (b) above,
because although I'y (¢, (;) — I'y(g, o), we don’t have

ker fx(q, CA]) — ker fx(Qa éo)

when f‘X(q, -) drops rank at Go.

(b) Observe that if x is a local defining for C near ¢ and if xj, ;(¢) (or, alternatively,
Xp(q)) has full rank N + k, then the same is true for any other defining function near g.
This is relevant to the next Proposition.

Proposition 4.7. Let x be a local defining function for C near q.
(a) Suppose x,(q) has full rank N + k. Then

~ ~ ~

(417) DLOp(Qa C) = C(Qa C)DLop,m(Q7 C)a 1= 17 2

with ¢(q, 5) continuous and nonvanishing on gi. Consequently, the modified uniform Lopatin-
ski condition at q implies the uniform Lopatinski condition at q. R
(b)Suppose x;, ;(q) has full rank N + k and d = 1. Then (4.17) holds with c(q,()

continuous and nonvanishing on gi. Again, the modified uniform Lopatinski condition at
q implies the uniform Lopatinski condition at q.

Proof. 1. If x;,(q) has full rank, then fx (q, ¢ ) maintains full rank even when restricted to
the subspace 1 = 0; hence it maintains full rank for ¢ € gi. Thus, (4.17) holds with ¢(q, ¢ )

. . <d
continuous and nonvanishing on S, .
2. Since X}, 5(¢) has full rank, when d = 1 it follows that T\ (q,7,%) must have full rank
for ¢ € gi. The result then follows as in part (a).
O

Proposition 4.8. Suppose the uniform Lopatinski condition holds at q € C.
(a) Then xj, 5(q) has full rank N + k for any local defining function x.
(b) If d > 2, then x,(q) has full rank N + k.

Proof. 1. (a) This follows immediately from (4.5) by taking 1 = 0.
2. (b) If x,(¢) does not have full rank, we claim

(4.18) dimkerfx(q,f) > N +2 — k for some ( € gi.

By part (a) we can choose coordinates (pa,pg) € RN ~1F x RNT1=F such that x, ,(q) is
nonsingular; write u = (uq,ug) € C2N. If Xp(q) does not have full rank, it must have rank
N — 1+ k, so the map

(4.19) u — Xp(@)u = X, (@)ua + Xy, (@)ug

has an NV + 1 — k dimensional kernel. This yields an N + 1 — k dimensional subspace
S(q) C kerI'y (g, ¢) independent of ¢, namely,

S(q) = {(w,¥) = (u,0) : u € ker x,(¢)} =
)71

(4.20) {(tasus,0) : (ua,0) = —(xp, +(q)

Xgﬁ(q)u[;, ug € CNTI7FY,
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3. To finish we show that for certain é , there are elements of ker f‘x(q, 5 ) that have
nonzero 1) components.
Consider the d vectors in R¥:

If these vectors are linearly dependent over R, there clearly exist 7, 7 such that for é =
(7/\-7 07 ﬁ)?

(4.22) (0,0,1) € kerT', (g, ).

On the other hand if the vectors (4.21) are linearly independent over R, and thus over C,
the range of the map

(4.23) (C.¥) = Xo(@) (7 +A)0 + X3 (@i
must have nontrivial intersection in CN** with the N — 1 + k dimensional range of the map
(4.24) (Uas Ug) = Xp, (Q)Ua + Xp, (@)ug-

This is because d > 2. In view of (4.2) this means that in any case, for some (, there are
elements of ker fx(q, ¢) that have nonzero 1) components. Since S(¢) C ker f‘X(q, () as well,
this implies (4.18).

4. If the set of bad directions ¢ where (4.18) holds includes a point (o € Sjir, then
Drop(q, (o) = 0 since I' (g, (o) does not have full rank. So suppose all bad directions (g
satisfy 49 = 0. Use compactness of Grassmannians as before to obtain an N + k dimensional
limit point Fy of E_(Hy(q, C})) x C as CA]- — (o with 4; > 0. We then obtain a sequence

Drop,x (g, CA]) -

just as in the proof of Proposition 4.5. 0

4.1.2 C(Cp shocks

Suppose now that C = Cp and that W(z,q) is a viscous profile corresponding to the
planar shock ¢ € Cz. We have seen that for any local defining function x, if W(z,q) is
transversal, then x;, ((¢) has full rank N + &, and if W(z,q) is strongly transversal, then
Xp(q) has full rank. Thus, we obtain the following immediate corollaries of Propositions
4.5, 4.7, and 4.8.

Corollary 4.9. Assume W (z,q) is transversal.

(a) When d = 1, the uniform Lopatinski condition holds at q if and only if the modified
uniform Lopatinski condition holds at q.

(b) Ford > 1 the uniform Lopatinski condition at q implies the modified uniform Lopatin-
ski condition at q.

(c) Suppose W (z,q) is strongly transversal. Then the modified uniform Lopatinski con-
dition at q implies the uniform Lopatinski condition at q.
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Corollary 4.10. When d > 2 and W (z,q) is transversal, if the uniform Lopatinski condi-
tion holds at q, then W (z,q) is strongly transversal.

These results are useful in the analysis of the viscous stability determinants or Evans
functions defined in the following sections; see Proposition 5.15.

Remark 4.11. (a) For ¢ € C, ux € CV, and (e gi, we define

(425) IAWO,T@CI(Q: é)(u-i-? u—, ¢) = FO,red(q) (uv (7‘% + ’3/)77/% “W)

If x is a local defining function for Cg near ¢, then Proposition 3.12 implies
(4.26) ker f‘o,red(q, ¢) = ker f‘x(q, ¢) for all ¢ € gi.

Thus, we can rewrite Drop, as

~

(4.27) Diopm(a;€) = det (E-(Ho(g,{)) x C,ker Popea(a;0))

This form of Dy, m appears naturally in the low frequency expansion of the modified Evans
function (see, e.g., Cor. 5.13).
(b) Since

) ) [R(0, q,i7 + 4,0)]¢
(428) FO,'I‘ed(q’ C)(’LL, sz)) = 7-‘-H,'R((]) FO,H(Q)U + [RZ(Ov q, 17+ rAY? ”7)]1/1 5
0

by considering (u4,u—, 1) = (0,0, 1), we see that the uniform Lopatinski condition implies

[R(0, q, i7 + 4, )]

; _=d
(4.29) <[RZ(07 7.0 + ’%M)]) # 0 for all ¢ € 5.

This is immediate for ¢ € S’i. It is true for ¢ € gi as well, since f‘o,md(q, ¢ ) cannot drop
rank at points with 4 = 0 by (4.26) and the argument used in the proof of Prop. 4.5.

4.2 The standard Evans function

In this section and the next we consider ¢ € Cg and define the Evans functions that
turn out to govern such nonlinear stability questions as the small viscosity limit of curved
viscous shocks (i.e., convergence of viscous to inviscid shocks as viscosity goes to zero) and
the long time stability of planar viscous shocks.

For the partially linearized operator £ as in (3.9) consider

L(z,4,¢,0.)u= fon £z>0

(4.30) [u] =0,[u] =0o0n z=0.

44



With U := (u,u,) we can as in (3.14) rewrite (4.30) when f = 0 as a 2N x 2N first-order
problem:

(a) 0,U = G(z,q,()U on £z >0,

(4.31) (b)) Ty(Uy,U-) =0o0n z =0,

where T'y : C?N x C?V — C?¥ is given by

(4.32) I (U, U_) = <[ [Zu?o])o .

For f € gi, p > 0, let Ei(q,é,p) denote the set of initial data, Uy (0), of bounded
solutions of (4.31)(a) on £z > 0. Below we show that the spaces E+(q,C,p) are C*™ in
(¢,¢, p) and satisfy

(4.33) dim E1(q,¢,p) = N for € gi, p>0.

Definition 4.12. 1. The standard Evans function is defined for ( € gi and p > 0 by the
AN X AN determinant

(4.34) D,(q,¢,p) = det (E_(q,$.p) x By (q,C, p), ker T ).

2. The profile W(z,q) satisfies the standard low frequency Evans condition at ¢ if and
only if for some positive constants ¢ and pg:

(4.35) Ds(a,¢,p) = ep for E € 5% and 0 < p < po.

3. The profile W (z,q) satisfies the standard uniform Evans condition at ¢ if and only
if in addition to (4.35) we have Dg(q, gt,p) £0 for (e gi and p > 0.

Defining V3 by Uy = Y1 V4 as in (3.17), we transform (4.31) to
(4.36) 0,V =G41(¢,()V on £z >0, f’(q,é,p)(V+,V_) =0onz=0,

where T'(q, ¢, p)(Vy,V_) := Dy(Y,Vy,Y_V_). The argument of [MZ3], Lemma 2.5, shows

that for é € ?i, p > 0, each of G4 (q,() has N eigenvalues counted with their multiplicities
in R > 0 and N eigenvalues in Ry < 0. Together with the properties of Y1(0, ¢q, (), this
implies (4.33) and the smooth dependence of E4(q, Z, p) on (g, ¢, ).

Next we give an alternative form of Dg(q, ¢, p) for low frequencies. For p small conjuga-
tion of (4.36) to HP form (3.20) using

(4.37) Vi =Ax(q,0) (“Hi>

up+

transforms it to

(139) - () = (0 o) ()

fH(QvC)UH + f‘p(q, Qup =0o0n z =0,
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where

T11(07Q7C)UH} = [Tm(O,q, C)UP}

(439) fH(Qa C)’LLH = |:T21 (0’ q, C)’LLH FP(q’ C)UP - T22 (07 q, g)UP

(compare (3.37)).
Remark 4.13. 1. We note that for ¢ = (py,p—,s,h), ¢ = (Byﬂdovo)’ Py+(q) asin (3.7),

and Hox(q, () as in (4.3), we have

(a) Hi(q,¢) = pH(q,C, p), Hi(q,¢,p) = Hox(q,() + O(p)

(4.40)
(0) P+(q,¢) = Pox(q) + O(p).

2. For p > 0 small let us set

(@)E—(H(q,¢)) == E—(H+(¢,¢)) x E+(H-(q,¢)) € C*V

(4.41) R o
(DE—(P(4,C)) = E_(P+(q, ) x E4(P_(q,¢))  C2V.

3. For Hi(q, é,p) as in (4.40), (e gi, and p > 0 small we clearly have

(4.42) E_(H(q,¢)) =E_(H(q,(, p))-

Proposition 4.14. 1. The spaces appearing in (4.41)(a) have dimensions N — 1 + k,
N — R_, and N — L4, respectively.

2. The spaces appearing in (4.41)(b) have dimensions N +1 —k, R_, and L, respec-
tively.

3. Analogously, one can define spaces E4(H(q,()) and E4(P(q,¢)) of dimensions N +
1—k and N — 1+ k respectively.

4. The spaces in (4.41) are C™ in (q,CA?p) for e gi and p > 0 small.
Proof. The dimensions of E+(P4+(q,()) follow directly from Defn. 2.3 and the fact that
(4.43) Pi(q,¢) = b(h)Aa(p+, s, h) + O(p) (3.21).
The dimensions of E+(H4(q,()) then follow immediately from

(4.44) dimE_(G4(q,¢)) = N, dimE;(G_(q,()) = N.

The C*° dependence of the spaces on (g, é ,p) follows from the absence of pure imaginary

eigenvalues of Hy(q,() and Py(q,() for (e gi, p > 0.
O

Remark 4.15. Using the properties of the conjugators T+ and (4.38), we see that up to

a C* factor bounded away from 0, the standard Evans function is given for é € gi and
p > 0 small by the 4N x 4N determinant:

(4.45) Di(q.C, p) i= det (E—(H(g,Q)) x E—(P(q, ). ker [ir.p(4,) )
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where f‘H’p :C?N x C2N — C?V is given by

(4.46) Cr.p(q, Q) (um, up) :=Tu(q, Qum +Tpg,)up.

The operators

(4.47) Ti(z,q,¢) == Yi(2,¢,0)A+(q, ()

map solutions of (4.38) to solutions of (4.31). For p > 0 choose smooth bases

(448) {u:I‘—:[,j(Qa é? p)}? {u;k(% C)}

of E7(H(q,¢)) and E~(P(q,()), respectively, and set

. + 2H1(9,0) % F
+ _ (s ) _ e ug (4, € p)
S] (zaQa Cvp) - <azé]i> - Ti(Z,q, C) ( JIJ >

(4.49) N

4 0
Fki(za%C) — (8{?7“;:) =T4(2,q,¢) (ezPi(q,C)u;j(q(D ’

The set of functions {Sj,j =1,...,N-R_}U {F,:, k=1,...,R_} is a basis for the space
of solutions to (4.31)(a) which decay to zero, when p > 0, as z — +o00. We refer to the Sj,

F,j as slow modes and fast modes respectively. Similar statements apply to the Sj_, F,
where now j=1,....N—Lyand k=1,...,L;.

Remark 4.16. 1. Define the 2N x 2N determinant (suppressing evaluation at (0, g, {‘ ,0))
(4.50) Dy(q,C, p) i=det (ST S, F™ Fy).

Performing a few row and column operations shows that D, is equal, up to a sign, to the
4N x 4N determinant

+ ot s F
(4.51) det (S T 00 E fu)
0 0 S, F, én fn

where, with {e,,n = 1,..., N} a basis for C, we've set &, = <e§) , fo = (O> But

€n
the determinant in (4.51) is just Dy(q, ¢, p) (4.34), so the low frequency standard Evans
condition can equivalently be expressed in terms of Ds.
2. For 4 > 0 the functions uﬁyj(q,c,p) can be chosen to extend smoothly to [0, po),

since Hy +(q, ¢ ) (4.40) has no pure imaginary eigenvalues when 4 > 0. Hence the same is
true for the Evans functions D and . Note also that the uij (¢,¢,0) span E+(Ho+ (g, ().

3. a-transversality is equivalent to the condition that the kernel of

(4.52) Tp(q,0) : E_(P(q,0)) — C>N
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be of dimension one. We know that (c4(gq),c—(q)) is in the kernel, where

(4.53) (csto) = 75000 (725%).

SO Ds(q,é,p) must vanish to at least first order at p = 0 when 4 > 0. When the low
frequency Evans condition holds, D, vanishes to precisely first order at p = 0, so weak
transversality holds.

4.3 The modified Evans function

The translational degeneracy in the partially linearized problem represented by the
nontrivial kernel of (4.52) is a serious obstacle to proving robust L? estimates. Thus, we
are led as in [GMWZ3] to consider the fully linearized parabolic problem with an extra
transmission condition

[’(27 q, Ca 8Z)U - Q;Z)‘Cl('% q, C) = f

(4.54) [u] =0, [u.] =0, w,(0) - ut +co(¢)y = 0.

The operators the operators £ and £ are given explicitly in (3.9) and co(¢) = it + v+ |n|?.
The choice of the third transmission condition here is related to the choice in (3.5) and
(3.6); again, it serves to remove the translational degeneracy. In this section we define a
modified Evans function for (4.54) which turns out to be bounded away from zero for p > 0
small when the standard low frequency Evans condition (4.35) holds.

Setting

~ ~

(4.55) L1(2,4,¢) = pLi(z,4,¢,p), co(C) = péo(C,p), &= pb

we can rewrite (4.54):

E(Z7Q7C7az)u - ¢£1(qu7éap) = f on +z Z 0,

(4.56) A
[u] =0, [uz] =0, Mz(o) ut 4 éO(C,p)¢ =0.

Let ]E(q, f,p) denote the space of triples (U ,Uy",¢) € C*N x C?N x C with USE =
(u(jf, v(jf), such that the solutions u™* of

Eui—gbﬁl:Oon +2>0, ui(O):uoi, azui(()):z;g[

are bounded at infinity. Let ker f(q, f,p) denote the set of (U, , Uy, ¢) € C?N x C?2N x C
such that

(4.57) Uy =Us,  w.(0)-ut(0) +é(l, p)gp = 0.

Definition 4.17. The modified Evans function is the (4N + 1) x (4N + 1) determinant

(4.58) D(q,¢, p) = det (E(q, ¢,p) ker (g, fap)) :
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Parallel to what we did in Proposition 3.2 and Corollary 3.4 for the linearized profile
equations, in the next Proposition we recast (4.56) in an equivalent form where the operator
L1 no longer appears. For this we need a good extension of W, (z, ¢) to nonzero frequencies.

We recall that

(4.59) Wi(z,q,0) :== (Wa(2,q), W.2(2,q)) on £2>0
satisfies
(4.60) oW =G(z,¢,00Won £2z>0, [sWL,W_)=0o0nz=0.

We can smoothly extend Wy to || small as solutions of
(4.61) IOW =G(z,q,()Won £2>0

by setting, for Ty as in (4.47),

(4.62) Wi(2.4,¢) = Tx(2,4,¢) (ezpi(quWj?(q,C)Ci(Q)) ‘

Here 74 (g, ¢) are, respectively, the projections of CY onto E_(Py(q,()), E4+(P-(q,¢)) (along
Et(P+(q,¢)), E_(P-(q,¢)) respectively), and c4+(q) are elements of E+(P4(g,0)) defined
by (4.62) at ¢ = 0.

Proposition 4.18. For ( € gi and 0 < p < pg small, there exist C* functions Ry (z,q,()
on +z > 0, exponentially decaying to zero as z — +o0o, and satisfying:
{c(z,q,c,azm = Li(2,¢,¢) on £z>0,

(4.63) w,(0)- Ri(0,¢,¢) = —co(¢) := —(itr+~v+ n>), R*(2,¢,0)=0.

Define Ra(2.4,¢, p) by

(4.64) R(z,q.¢) = pR+(2,4,¢,p).
The functions Ry (z,q,() can be constructed so that

(4.65) Re(z,q,i7 +4,i0) == Ri(2,q,(,0)

is linear in (7 4+ 4,1n). It then makes sense to consider Ry (z,q, 3, h) for (s, h) e R4, and
these functions have all the properties of the functions constructed in Proposition 3.2. In
particular, we have

Proof. The proof is quite similar to that of Proposition 3.2. In particular, the first N-
dimensional component of Wy(z,q,() (4.62) plays the role of W,(z,¢) in the earlier proof.
We construct

d—1

(467) R(Zv q, C) = SO(Zv q, C)(ZT + /7) + Z Sj(za q, C)inj,
j=1
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where the S]j-[ are C'™ functions chosen to satisfy:
L(z,q,¢, 0, )Sg[:AO(W)W’ on £z>0
(4.68) L(z,q,¢,0, ) =A,W)W' +20,W" —in,W', j=1,...,d— 1.
fz( ) : Soi(ovq’ C) = _17 Mz(o) : S;t(OanC) =)

The interior forcing terms are exponentially decaying, so exponentially decaying functions
S; with these properties are readily constructed by using the conjugators T% to reduce to
HP form (4.38) (see [GMWZ3], Lemma 3.14 for details). The functions

d—1
(4.69) R(z,q.4,h) = So(2,q,0)s + Y _ S;(2,4,0)h
j=1
then have all the properties of the functions constructed in Proposition 3.2. O

Remark 4.19. Henceforth, we’ll use the functions R(z, ¢, 5, h) as in (4.69) in place of the
functions constructed in Proposition 3.2.

With B™ as in (4.64), for 0 < p < pg the problem (4.56) is equivalent to

ut =0t + qu
(4.70) L(z,q,¢,0)vF = fF on £2>0, v
[v(0)] + ¢[R(0)] =0 [0.v(0)] + ¢[0. R(0)] =0,

w,(0)-vT(0) =0.
As before let E+(q,(, p) be the set of VE = (vF,vF) € C*V such that the solutions of
(4.71) LvE =0o0n +2>0, vE(0) = vF, 9,0(0) = vi
are bounded at +o00. Then,

E(q,(,p) = J(E- xE4 x C)

where

J(q,¢,p): (V7, V', ¢)— (VT +¢R7, VT +¢RY, )
with N N
R*(C,p) = "(R™(0),0.R™(0)).
Moreover, kerI' = JG' with
G'(q,¢,p) = {(V,VH,¢) eCN xCN xC:VF -V~ =¢(R —R"), -V =0}
where ¢ = '(w,(0),0). Therefore, the Evans function of the problem (4.70)

(4.72) Dun(q, ¢, p) := det (E_ x B, x (C,G’) ,0<p<po
satisfies:

1 ~ . . ~ .
(4.73) 5|D(q,C,p)| < |Dm(q,¢, p)| < C|D(q,¢,p)| for 0 < p < po.
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Definition 4.20. 1. The profile W(z, q) satisfies the modified low frequency Evans condi-
tion at g when there exist positive constants ¢ and py such that

= ;=
(4.74) |D(q,¢,p)| > ¢ for 0 < p<po, CES,.

Equivalently, one can replace D by D,, in (4.74).
2. The profile W(z,q) satisfies the modified uniform Evans condition at ¢ when in

addition to (4.74) we have D(q,(,p) # 0 for C € gi, p>0.

3. Henceforth, it will be convenient to define Dy (q, é,p) = [)(q,C,p) m p > po and to
drop the notation D.

Remark 4.21. Observe that no transversality assumptions are needed to define the stan-
dard and modified Evans functions.

4.4 Inviscid and viscous continuity

In view of the noncompactness of Sf‘ﬁ the question arises as to whether or not the stability
conditions defined in the last few sections must necessarily hold near g if they hold at ¢q. To
address this and also for later use we give the following definition:

Definition 4.22. (a) We say inviscid continuity holds at gy € C when the vector bundle
E_(Ho(q, 5)) has a continuous extension from Si to gjl_ for q near qo.
(b)We say viscous continuity holds at qo € C when the vector bundle E_(H (q, ¢, p)) has

a continuous extension from gi x (0,00) to gjl_ x [0,00) for q near qo.

Remark 4.23. 1. Inviscid continuity holds for both fast and slow shocks in inviscid MHD
and more generally, for Friedrichs symmetrizable systems for which all characteristic roots of
the linearized operator are either geometrically regular or totally nonglancing (Theorem 5.6,
[MZ2]). More generally still, inviscid continuity is a necessary condition for the existence
of a smooth K-family of inviscid symmetrizers.

2. The above structural conditions on the hyperbolic part are not enough to guarantee
viscous continuity; for example, viscous continuity can fail when there is viscous coupling
between incoming and outgoing crossing eigenvalues (Proposition 6.5, [GMWZ5]). The
existence of a smooth K-family of viscous symmetrizers implies viscous continuity. Viscous
continuity holds for fast (i.e., extreme) shocks in viscous MHD, but not for slow shocks.

3. Since Hy(q, ¢ )= H(q, C, 0), viscous continuity implies inviscid continuity.

4. Viscous continuity holds when the hyperbolic problem has characteristics of constant
multiplicity [MZ1].

5. When d = 1 variable multiplicities are impossible, so we always have viscous conti-
nuity.

Remark 4.24. 1. If both the uniform Lopatinski condition and inviscid continuity hold
at ¢, then it is clear by compactness of gi and continuity that the uniform Lopatinski
condition holds for ¢ near ¢. Similarly, if the low frequency standard Evans condition and
viscous continuity hold at é, then the standard low frequency Evans condition holds for ¢
near q.
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2. The determinants Drp(q, ¢ ) and Dropm(q, () were defined for ¢ belonging to some
shock manifold C (or Cg). The same definition makes sense for all ¢ in a small R2V+4
neighborhood of C. Similarly, if ¢ = (p4,p—,s,h) € Cg and (v, u’_,s',n') € R2N+4 is suf-

ficiently small, the definitions of D,(q, ¢, p) and Dy, (q, ¢, p) make sense if the linearizations
are computed at

(4.75) (Wi(z,q) + 1y, s+ s h+h)

instead of at (W (z,q),s,h). This extension is important for obtaining estimates in the
linearized problems that arise in the iteration schemes used to prove the nonlinear stability
theorems.

5 Low frequency analysis of the Evans functions

First, we present an important technical lemma that is needed for the low frequency analysis
of the standard Evans function; in particular, it is used in the proofs of Theorems 5.2 and
5.14.

For W4 (z,¢q,() as constructed in 4.62, let us define the variations of the profile at p = 0:

(51) Zﬂ:(27Q7 &)O) = 8p|p:0W:|:(Z7Q7<)7 Z:I: = (Zj:7Z:2t) € (CQN'

The lemma permits us to replace Z1i(z,q, é, 0) by —R(z,q, ¢, 0) in some computations.

Lemma 5.1 (Variation of the extended W, at p = 0). (1) For Z% as in (5.1) and R
as in (4.70) we have

~

(52) Zi(za q, 57 O) + R:t(za q, 67 0) = TlZ:t(Za q, O)ezpi (q70)uP,Z,i(q7 C)

for some up .+ (q, () e E+(P+(q,0)).
(2) For ZL as in (5.1) and ¢+ as in Prop. 3.10 we have

(53) Zi(za q, CA? 0) + vs,hqsi(zapia S, ha ai)(mﬁ + ﬁ/; Z'f]) = Vai¢i(zvpiv S, h> ai)azi(qv C)

for some a,+(q, é) € E+(P+(q,0)).

Proof. 1. Noting that Ri(z, ¢, é, 0) = 0p|p=0R+(2,4,(), we apply 9,|,—0 to the equation
(recall (4.63))

(54) E(Z,Q,C,az)Ri = ;Cl(Z,C], C)
to find (for Lo(z,q,0,) = L(z,4,0,0;) as in (3.6))

d—1 d—1
(5:5) Lo(6,0:) R (,q,C,0) = A(W)W'(i7 +4) + S A;(W)Wiiy +25 hyi, W".
j=1 j=1
2. Applying 0,|,—0 to
(5.6) L(2,4,¢,0:)Wi(2,4,¢) =0
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and using (4.59), we find —Z1 (2,4, ¢, 0) satisfies the same equation:

d—1 d—1
(5.7) —Lo(2,q,0.)2L(2,4.C,0) = Ag(W)W'(it +4) + > _ A;(W)W'isy; + 2> hyii; W".
j=1 =1

For each ¢ the sum Zi(z,q, ¢, 0)+R(zq, ¢, 0) is thus a solution of Ly(z, g, d,)0 = 0 which
decays exponentially to zero as z — £o0; hence it must be given by the right side of (5.2)

for some up +(q,() € Ex(P+(g,0)) (recall (3.34)).
3. Similarly, arguing as in the proof of Prop. 3.10, we see that the image of
vs,h¢i(zapiv S, h7 ai)(l'f- + ’3/’ ,”A’)

under Ly(z, q, 0,) is again equal to the right side of (5.7). So Proposition 3.10 implies (5.3).
0

5.1 Nonconservative Zumbrun-Serre Theorem

In the next Theorem we show that the standard low frequency Evans condition (4.35)
implies transversality and the uniform Lopatinski condition. Moreover, if one assumes
viscous continuity (Defn. 4.22), then the converse holds. Here we’ll use the functions
U(p, s, h,a) defined in (2.34) as well as Proposition 2.8. In particular, we’ll use the fact that
transversality of w allows one to define x and the manifold Cp given by x(p, s, h) = 0.

Theorem 5.2. (a). Consider the shock profile w(z) = W(z,q), where ¢ = (p,0,0), and
suppose the low frequency standard Evans condition holds at q. That is, suppose there are
positive constants ¢ and py such that

(5.8) Ds(g,C,p)| = |det (S S F" Fo)[>cp

for all ¢ € gi and 0 < p < po. Then w(z) is transversal (Defn. 2.14) and the uniform
Lopatinski condition (4.5) holds at q. In fact, for 4 >0

(5.9) Ds(g.¢, p) = pB(q) Drop(g, C) + O5(p?),

where O@(pz) < C@p2 and 3(q) is a constant whose nonvanishing is equivalent to a-transversality
of w.
(b). Assume w(z) is transversal. If E=(H(q,(,p)) has a continuous extension from

§i x (0, po) to gi x [0, po) for some pyg > 0, then
(5.10) Ds(g, ¢, p) = pB(@) Drop(a; €) + o(p),

with an error term that is uniform forf € ?i. Thus, if the uniform Lopatinski condition
also holds, then the low frequency standard Evans condition holds.

Proof. 1. Part (a): Reduce to d,D;(q, é, 0). We can suppose Ffr(z,g, ¢) and Fr, (2,4,0)
are given respectively by W, (z,¢,¢) and W_(z,¢q,() (4.62), so that

(5.11) fi(2,¢,0) =w,(2) on z > 0; f; (2,¢,0) =w,(z) on z <0.
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Set Zi(z,g,CA,O) = (24,0,24), where

(512) Z+(Z7Q7 éa 0) = 8P|,0:0f1—"_(27 q, 0)7 Z— (Zu q, 57 O) = ap‘pzofg+(z7ga O)
Next, fix 4 > 0 and subtract the F;" column from the F 74 column to obtain

(5.13)
Ds@,é, p) = pdet (SF(0,4,C.0) Sy FF(0.0,0) F, (Z- = 2:)(0,4,4.0)) + (s,
= pD3(g,4) + O3(p?).

where now m = 1,..., Ly —1. It remains to analyze D}(q, ¢). Observe that the assumption
(5.8) implies

(5.14) D% (g, )| > c for all { € S9.

2. Rewrite in terms of U. Recall

_ [ O+ — -
(5.15) U(p,s,h,a) = <¢+7Z B ¢_’Z> (0,p, s, h,a)
For Lo(z,q,0) as in (3.6) we have
(5.16)
Lo(z,q, 8Z)sj(z,g,é',0) =0 and Erfoosﬂ (z, q,( 0) = Jﬁ,j(ﬂ’ ¢,0) € E_(Ho4(g,0)),

£0(27Qaaz)fl+(zaQ7O) :Oand hm fl (27q70) 207
4 4 2o 4
so Proposition 3.10 implies

S;F(Zaga 5’0) = vp+¢+(27£+a 07 O,Q_,'_)’LLJ}FLJ-(Q, éa ) + va+¢+(z p+a 0 0 a+)a]+( CA)

(5.17) 7 .
fl (z7g7 0) = vd+¢+<27£+707 07Q+)al+(g)

for some a;4 (g, ¢) and aj4+(q) in E_(Py;(g)). Analogous statements apply to the s, and
fm

In addition, Lemma 5.1 implies
(518) Z+(Z, 9q, 57 0) + vs,h¢+(27£+7 07 Oa Q-l—)(mc + /?a Zﬁ) = VCL+¢+(Z7B+’ 07 07 Q—i—)dZJr(g? 5)

for some a4 (g, () eE_ (Po+(g)). Again, there is an analogue for z_.
We claim that, up to a sign,

(5.19)
D3(g,¢) =
det (Vp+\11(g, g)u};j Vp-¥(q, g)ul_{’k Var (g, a)a Va V(q,a)am— Vp¥(q,a)(iT + 7, 177)) .

Here we have used (5.17), (5.18) and, for example, the observation that
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(5.20) Vo, ( ff) (0,9,.0,0,0,) = Vos W(g,a).

Observe that (5.14) implies the linear independence of the N — k columns of (5.19) indexed
by [ and m (which is equivalent to a-transversality of w). In deriving (5.19) we have used
those N columns to eliminate the evaluations at z = 0 of fast decaying terms like the one
on the right in (5.18).

Taking 7 = 0 in (5.19) and using (5.14) again, we conclude rankV, , ;¥(p,0,0,a) = 2N,
and thus (a,p,s)-transversality holds for w. ;

3. Row and column operations. Next we determine row and column operations
that reduce (5.19) to the required block form. We show that after some preparation, these
turn out to be the same operations needed to compute x/(p,0,0) starting from ¥'(p, 0,0, a).

Consider first the (2N + 1) x (N +1 — k) matrix B

~ ~ w, (O) *oox _wz(o)
(521) (Va+‘l’(ﬂv Q)dl+(ﬂ) Va—ql(ga Q)dm_ (Q)) = wzz(o) * X 7Mzz(0)
w,(0)-w,(0) * 0 0

(recall (5.11)). By a linear change of coordinates in E_ (P
on the left in (5.21) is simply

(5.22) (Var¥(g,a) Va-¥(g,0)).

The 2N x (N — k) submatrix of (5.19) given by the columns indexed by ! and m then
becomes

(523) \I’&((LQ) = (Va+\1’(g, Q) v&_\p(ga Q)) ) where a_ = (al—v sy a(L+*1)*)'

—

q)) we arrange so that the matrix

Now, a-transversality implies that the equation \Il(p,s h,a) = 0 defines a function
a(p, s, h) near (p,0,0) such that for some choices ! (resp. \112) of N+1—Fk (resp. N +k)

components of ¥ we have
Ul (p, s, h,alp,s h))) < 0 )
5.24 U (p, s, . alp, s, _ .
o2 Gt i) = (s
In view of (5.21) we can (and do) take the last component of ¥ to be the last component

of W,
Now differentiate both sides of (5.24) at (p,0,0) to obtain:

0 0 0 0 \Iflsh + Ul (ap, as, an)
(5.25) = ? .
Xp,s,h Xp Xs Xh T psh T U2 (ay, as, ap)
If we start with the (2N + 1) x (2N +d+ N + 1 — k) matrix W, ; , o(p, 0,0, a), then (5.25)
provides column operations that transform this matrix (after row switches) to

(5.26) (L0 ‘?i>.

Xp Xs Xn VY2
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Inspection of (5.21) shows that the transformation to (5.26) can (mostly) be performed
without the help of the last column of \ilp,s,hya(p, 0,0,a). More precisely, if we start with
the 2N x (2N +d + N — k) submatrix W, ; 4(p, 0,0, a), there are column operations that
reduce it after some row switches to the submatrix of (5.26) given by

(5.27) (0 0 0 \11}1)’

Xp Xs Xn P2

where W2 = W2 and W} is the upper left (N — k) x (N — k) block of W
Since (after the earlier change of coordinates in E_(FPy(g))) Y5 appears as a submatrix of
(5.19), we conclude that by adding appropriate combinations, which now involve coefficients

that depend on ¢, of the columns in (5.23) to the other columns of (5.19), we can reduce
(5.19) to the form

(5.28) 0 v 0 >

(Xp+(q)u4]}7j Xp—(Qug e O3 Xsn(Q) (@7 + 7, i)

after row switches. With (5.13) this completes the proof of (5.9), and shows that (3(q) is a
nonvanishing multiple of the (N — k) x (N — k) determinant det ¥ (p,0,0, a). -

To see that (3(q) # 0, note that are obvious column operations that we can perform on
(5.22) to reduce it to the form

w,(0) * 0
(5.29) w,,(0) * x 0 ,

and these have no effect on the 2N x (N — k) submatrix (5.23). Thus, the same column
operations reduce \Ifé(g, 0,0,a), whose determinant is nonzero by a-transversality, to

(5.30) <\I(I)é w,(0) (-]wz(0)> '

4. Part (b). The hypothesis on w allows us to define x and write down Dpr,p,. The
Ui,j (g ¢,p) in (4.49) now extend continuously to gi x [0, po), so (5.13) holds with Os(p?)

replaced by an error o(p) that is uniform for Ce gi. Repetition of parts 2 and 3 of this
proof yields (5.10).
O

Combining Theorem 5.2 and Corollary 4.10 we obtain the immediate corollary:

Corollary 5.3. When d > 2, the low frequency standard Evans condition at q implies
strong transversality of w:

rankV,¥(p,0,0,a) = N +1—k
(5.31) =
rankV, ,¥(p,0,0,a) = 2N + 1.
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5.2 Low frequency analysis of the modified Evans function

First we rewrite the transmission problem from (4.70) (with f* = 0) as a 2N x 2N
first-order system on R. With V' = (v,v,) we obtain:

(5.32) .V =G(z,¢,O)Von £2>0, D(¢q,, p)(Vi,V_,¢) =0 on z = 0.
Conjugation to HP form using
(5.33) Vi=Ts(2,¢,0) <uHi > recall (3.26)
up+
transforms (5.32) to
P <UH:I:> _ <Hi(q,C) 0 ) <UH:|:>
(5.34)  \up+ 0 Pi(q,Q)) \uprs

FH,P,R(q’ é-v p) (UH7 up, QS) = FH(Q: C)UH + FP(q7 C)UP + FR(Qa 57 P)Qb =0onz= 05

where
(5.35)
[Tll(oa q, C)UH] [le(O, q C)UP]
I‘H (qa C)UH = T21(07 q, g)uH ) FP(qa C)U’P = T22 (07 q, C)uP )
(T11+4(0, ¢, Qun+) - w,(0) (T12+(0,¢,Q)upy) - w,(0)
) [R(0,4., p)]
and FR(q’C’p)¢ = [RZ(07Q7 C»P)] d)
0

Remark 5.4. For I'g as in (3.37) we have in view of (4.65)

[R(0, q,i7 + 4, i7)] )
(5.36) I (it +4,7) = | [R2(0,¢,i% +4,i9)] | =Tg(q.¢,0).
0

For I'p 1(q), I'o p(q) as in (3.36) we have
(5.37) Lo(q) =Tu(q,0), Topr(q) =Tpr(q,0),
where the operators on the right in (5.37) are as in (5.34).

The following Lemma is used, for example, in the proofs of Proposition 5.6 and Theorem
5.9.

Lemma 5.5 ([Mel], Lemma 6.2.4). Consider a subspace E C CP with dimE = D,
and let I' be a Dy x D matriz such that dim E 4+ dimker I' = D. If

(5.38) |det(E, kerT")| > ¢ > 0,
then
(5.39) le] < C|Te| for alle € E,

where C' = ¢ HI™*(TT*) 71|
Conversely, if (5.39) holds, then (5.38) is satisfied with ¢ = (C|T'])~P+.
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Proposition 5.6. If W(z, q) satisfies the modified low frequency FEvans condition at q € C,
then W (z,q) is transversal.

Proof. 1. a-transversality. For p > 0 let E_(H(q,¢)) and E_(P(q,()) be as defined in

(4.41). Note that the boundary operator I'y p (¢, (,p) in (5.34) maintains full rank on
CAN+L for p small since I'(q, ¢, p) in (5.32) does. Thus, by Lemma 5.5 the modified low

frequency Evans condition holds if and only if there exist positive constants C' and pg such
that for ¢ € Eiﬂ with 0 < [¢] < po
lurr| + [up| + |6 < C [Tr(g, Quar + Tr(g, Que + T (e, p)o

for upy € E*(H(qa C)), up € E*(P((L C))a ¢ e€C.

Take ug =0, ¢ = 0 and use the smoothness of E+(P4(q,()) at ( = 0 to conclude

(5.40)

(5.41) lup| < C|T'p(q,0)up| on E™(P(q,0)).

In view of Prop. 3.7 and (5.37), this implies a-transversality. R
2. (a,p,s)-transversality. Fix ¢ = (7,%,0) and set ¢ = p{. The estimate (5.40)
implies that for all h € C2N*+1 and all 0 < p < pg there is a (ug(q,¢),up(q, ), d) in

E_(H(q,¢)) x E_(P(q,¢)) x C c C*N*!
such that

FH,P,R(q7éap)(uH7uPa Qb) = h and |(UH(Qa C)’UP(Q7 <)7¢)| < C|h’

Thus, letting p — 0 and using compactness and continuity, we obtain an element (u};, up, ¢*)
C?N x E_(P(q,0)) x C such that

FH7PaR(q7 é:’ 0)(U*H7 u*P7 ¢*) = h/.

In view of the choice of ¢ and Corollary 3.11, this implies (a,p,s)-transversality.

5.2.1 Reduced modified Evans condition

The reduced modified Evans function, D,..4(q, é ,p) defined in this section is needed for the
block decompositions of the standard and modified Evans functions. Its definition requires
only a-transversality; when viscous continuity and strong transversality hold, D,.q provides

a continuous extension of Dr,(q, () to p > 0.
Suppose W(z, q) is a-transversal. Then the map

(5.42) ['p(q,0) : E_(P(q,0)) — Fp(q)

is an isomorphism which extends by continuity to a neighborhood of { = 0 (recall the
notation (3.41), (4.41)). Thus we get a smooth extension of the decomposition (3.40):

(5.43) C*N =Fyr(q) ®Fp(q,€), Fp(g,€) :=Tp(g,O)E_(P(q,0)).
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Denote by 75 (g, ¢) and mp(g, ¢) the associated projections, and define the reduced (trans-
formed) boundary operator by

(5.44) Crea(q,C, p)(um, ¢) == 1R (q,C) (FH((L Qum +T'g (g, éap)¢>

and the reduced (transformed) transmission problem

(5.45) dupg — H(q,Oug = fgon £2>0, Trealq,C, p)(um, ¢) =g on z = 0.
The reduced modified Evans function is

(5.46) Dyeala &, p) = det (E-(H(g,€)) x CkerPyea(a,C. )

Definition 5.7. The reduced modified Evans condition at q is satisfied when there exist
positive constants ¢ and py such that

2 2 =d

(5.47) |Drea(q, ¢, p)| > ¢ for (€ S1, 0<p < po.
Remark 5.8. 1. Using (5.36) we see that for 4 > 0

(5.48) Torea(q, ) (as in (4.25)) = Tyea(q, ¢, 0) (as in (5.44)).

2. In general the estimate

|UH| + |¢| < O|f‘red(qvéap)(uH7¢)|

(5.49) rd
for (up,¢) € E_(H(q,¢{)) x Cand ( € 5, 0 < p < po.

implies (5.47). By Lemma 5.5 the converse holds when the norm of

~ a ~ ~ —1
(5.50) (Fred(Qa ¢, ) Tea(a, €, p))

is uniformly bounded for é € gi and 0 < p < pgo. When d = 1 this is the case, for
example, when W (z,q) is transversal. When d > 2, this holds when W (z,q) is strongly
transversal. In each case the transversality hypothesis implies I',.¢4(q, ¢, p) has full rank for

y _od
¢e Sy, 0<p<po.
3. For Hy(q,(, p) as in (4.40), ¢ € gi, and p > 0 we clearly have

(5.51) Direa(q, ¢, p) = det (E_(ﬁ(q, ¢,p)) x C,ker Dypeq(q, ¢, p)) )

4. The function D,.q(q,-, ) extends continuously to any subset of gi x [0, po] where

E_(H(q,(,p)) is continuous and T'yeq(q, ¢, p) maintains full rank. When such a subset
includes a point (¢,0) with ¢ € S%, we have

~ ~

(5.52) Dropm(q;C) = Drea(q, €, 0).

(recall (4.40)(a)).

Note that E_(Hx(g,(,p)), which was defined on gi x (0, po], always has a smooth
extension to S¢ x [0, pol.
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Theorem 5.9. (a) If W(z,q) satisfies the modified low frequency Evans condition at q
(Defn. 4.20), then W (z,q) is transversal and the reduced modified Evans condition (Defn.
5.7) holds.

(b) The converse holds for d = 1. When d > 2, the converse holds if transversality of
W (z,q) is replaced by strong transversality.

Proof. 1. By Prop. 5.6 the modified low frequency Evans condition implies transversality.
Using the splitting (5.43) we see that the estimate (5.40) is equivalent to (suppress (g, ()
dependence):
junl + fup| + 18] < C (Frealwrr, )] + [Tpup + mp(Darus +Tgo))
forugp € E_(H(q,()), up € E_(P(¢,¢)), ¢ € C.

Since I'p is surjective from E_(P(q,()) onto Fp(q,(), for all uy € E_(H(q,¢)) and ¢ € C
there is up € E_(P(q,()) such that

(5.53)

I'pup = —mp(Trun + '),

o (5.53) implies (5.49).

2. Conversely, if the profile has the stated transversality property, the estimate (5.41)
holds and remains valid by continuity for ¢ in a neighborhood of zero. Using Remark 5.8
part 2, we deduce the estimate (5.49) and this implies (5.53). To see this note

lup| < Cl'pup| < [Tpup + mp(Lgug + )| + [7p(Lrum + Cr o)l

(5.54) :
< |Tpup + mp(Lyum + T @)| + Clrea(um, @)|.

O]

It is now a simple matter to prove a Zumbrun-Serre type result for the modified Evans
function associated to a nonconservative shock.

Theorem 5.10. 1. If the modified low frequency Evans condition holds, then the pro-
file W(z,q) is transversal and the hyperbolic problem (3.72) satisfies the modified uniform
Lopatinski condition.

2. Conversely, when d = 1 suppose W (z, q) is transversal and that the hyperbolic problem
(3.72) satisfies the modified uniform Lopatinski condition. Then the modified low frequency
Evans condition holds.

When d > 2 assume strong transversality of W(z,q), the modified uniform Lopatinski

condition, and continuous extendability of the vector bundle E_(H(q,(, p)) to gi x [0, po].
Then the modified low frequency Evans condition holds.

Proof. 1. Assuming the modified low frequency Evans condition, from Theorem 5.9 and its
proof, we deduce transversality of W(z, ¢q) and the estimate (5.49). If 4 > 0 every term in
(5.49) is continuous up to p = 0 (recall Remark 5.8, part 4), so estimate (5.49) implies,

555 ] + 161 < O veal. £, 0) (s o)

for (ugr, ¢) € E_(H(q,¢,0)) x C and ¢ € S%.
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From (4.40)(a) and (5.48), we see that (5.55) implies the modified uniform Lopatinski
condition.

2. By Remark 5.8 part 4, continuity of E_(Hx(q, ¢, p)) on gi x [0, po] (which is auto-
matic when d = 1) and the given transversality hypotheses imply that the reduced modified

Evans function D,..4(q, ¢, p) has a continuous extension to gi x [0, p1] for some p; > 0. The
modified uniform Lopatinski condition and (5.52) imply

(5.56) 1Dred(q,C,p)| > ¢ >0

for 6 € Si and p = 0. By continuity this extends first to é € gi and next to p € [0, p1]
for some p; > 0. Thus, the reduced modified Evans condition holds. An application of
Theorem 5.9 now yields the converse. O

5.3 Block decomposition of the modified Evans function

A block decomposition was not needed to prove the Zumbrun-Serre result for the mod-
ified Evans function, Theorem 5.10, but such decompositions are useful for understanding
the relation between the modified and standard Evans functions. In fact, together with The-
orem 5.2, they yield a proof that the low frequency standard Evans condition implies the
low frequency modified Evans condition (Proposition 5.15), a proof that requires neither
continuity of decaying eigenspaces (Defn. 4.22) nor constant multiplicities of hyperbolic
characteristics. This fact allows our results to be applied, for example, to viscous MHD,
even in the more difficult case of slow shocks.

In this subsection and the next we obtain block decompositions assuming strong transver-
sality of the profile W(z, ¢). The modified Evans function is Dy, (q, ¢, p) as in (4.72). We'll
use the notation

introduced in (5.34), as well as the notation
(558) fred(q7évp)7 DT€d(Q767p)7 and E—<H(q7 C)): E—(P(q7C))

as in (5.44), (5.46), and (4.41) respectively.
For small p we can use the conjugators Tt (z,q, () (4.47) to rewrite Dy, up to a nonva-
nishing factor as

(5:59)  Dula,Cp) = det (E-(H(q,0)) x E-(P(g,)) x C,ker Ty p(0,¢ )

where

(5.60) Ty pr(@.C,p) : CN x C*N x C — V!

is given as in (5.34) by

(5.61) Ty (a6 p)(um, up, ¢) :=Tu(q, Qun + Tp(q, Qup + Tr(q, ¢, p)o.
Clearly, the map in (5.60) is surjective, so

(5.62) dimkerT'; p (g, ¢, p) = 2N.
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Proposition 5.11. (a) Assume the profile W(z,q) is strongly transversal. Then for po
small enough, 0 < p < pg, and g: € ?i, the modified Evans determinant satisfies

(5.63) Din(4,¢, p) = B(q,¢) Drea(a; €, p),

where (3(q,-) is a nonvanishing smooth function on a neighborhood of the origin.
(b) When d =1 the same result holds if we just assume that W (z,q) is transversal.

Proof. As in the proof of [Mel], Theorem 6.4.1 (which gives an analogous result for Dirichlet
boundary layers), the key is to decompose the kernel of T gpR asin (5.60) in a suitable
way.

1. Define the map Ilg 4 by

(564) HH,¢(UH7UP7¢) = (UH7¢)7

and for p small set

(5:65)  C(q:,p) =i (kerTpy pp(a.Cp) N (C2Y x E_(P(q,)) x ©)) .
Observe that

(5.66) C(q,¢, p) = ker Lrea(q, ¢, p),

where

(5.67) [rea(q.C,p) : CN x C — Fyy r(q) (recall (5.43)).

Moreover, we have

(ur, up, ) € kerT'y pi(q,¢,p) N (C*N x E_(P(g,()) x C) &

(5.68) O R
(uHa ¢) € C(Q? Cv p) and up = K(Q? Ca p) (UH7 Cb),
where
(5:69)  K(q.C.p)(um @) = ~Trla. )" 7p(q.C) (Ta(g,Oun + +Tr(a.C.p)9)

This gives the parametrization

K(g,¢, p) :=kerT'y pg(g,¢, p) N (C*N x E_(P(q,¢)) x C) =

(5.70) R I
{(uwr, K(q, ¢, p)(um, ¢),¢) = (um, ¢) € C(q,¢, p)}-

2. (a,p)-transversality implies that the intersection in (5.68) is transversal for all ¢ and
hence of dimension N + 1 — k when p = 0 (use Prop. 3.7). Thus, C(q,¢,0) has dimension
N + 1 — k and by continuity, these properties persist for p > 0 small.

When d = 1, Corollary 3.11 and (4.65) imply the same can be said about ¢ when
(a,p)-transversality is replaced by the weaker assumption of (a,p,s)-transversality.

3. Note that

(5.71) C*N =E_(P(q,()) ® E+(P(q,0)),
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and consider the map
(5.72) w(%&ﬂ) ‘(ug,up— +upy,d) — upy

from ker 'y, p (g, C,p) € C2N x C2N x C to E4(P(q,¢)). The kernel of w is the subspace
of dimension N + 1 — k given by (5.70), so w is surjective. Thus, there is a map

(5.73) K'(q,¢,p) : B+ (P(q,¢)) = ker Ty p (4, ¢, p)
such that wK’ = I. Setting K'(¢,(, p) := K'(¢, ¢, p)E4 (P(g,¢)) we have
(5.74) kerT'y pr(a,¢,p) = K(q,C,p) @ K'(q,C, p).

4. We are now ready to obtain the block decomposition of D,,(q, ¢, p). Suppressing
evaluation at (g, (, p), we choose bases

(5.75)
{umjtj=1,.. N1k {uprtr=1,. N+1-k> {(VEL O)} =1, N+1—k, {WPmIm=1,.  N—1+k

of E_(H),E_(P),C, and E, (P), respectively. Using (5.74) and writing K’ = (K}, K*, K}),
we can compute D,, as the (4N + 1) x (4N + 1) determinant

. w00 gy Ky(wpm)
(5.76) Dpn(q,¢,p) =det [ 0 upr O K(vay,d) Kp(wpm)
0 0 1 & K/ (wpm)

The terms K (vg,,¢;) lie in the span of the upy, so we can eliminate them in the
determinant. Switching rows and columns, this shows that, up to a sign,

0 UH,Z

I ¢
= Dyea(q, €, p) det (upy wpm)

Dm(Qa éa /7) = det <u617j > det (up,k K})(wP,m))

(5.77)

where we’ve used wK’ = I for the last equality. This gives (5.63) with

(5.78) B(g,¢) = det (upy wpm)

up to a sign.
O

Remark 5.12. Note that for bases {um ;}j=1,.. N—1+k, {(VE1, &1) }i=1,... N+1-k Of E_(H (q,())
and C(q, ¢, p) as above, we have

Dred(Qv éa P) = det (uHJ UH’Z) ’

so under the assumptions of Proposition 5.11:
(5.79) Din(a,¢, p) = det (um; vma) 5(a,¢)

forgcegiand0<p§po.
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Using Remark 5.8 part 4, we obtain the following immediate corollary generalizing Prop.
3.13 of [GMWZ3] to the nonconservative case:

Corollary 5.13. Assume W (z,q) is strongly transversal and that the vector bundle E_(H (q, ¢, p))

has a continuous extension to §+ x [0, po]. Then, up to a sign,

(5.80) Din(q,¢,0) = B8(q,0)DLopm(4; C),

where B(q,0) # 0 is given by (5.78).
When d = 1, strong tranversality can be replaced by transversality in the above statement.

5.4 Block decomposition of the standard Evans function

The standard Evans function Dg(q, f , p) and the standard low frequency Evans condition
were defined in Definition 4.12. The main result of this subsection is the following theorem,
which we need in order to show that the low frequency standard Evans assumption implies
the low frequency modified Evans assumption. We shall work now with the alternative form
D(q,¢, p) defined in Remark 4.15, and we recall the notations Ty (4.32), T p (4.46).

Theorem 5.14. Assume the profile W(z, q) is strongly transversal. Then, up to a sign,

~ ~

(5.81) Dy(4.¢, p) = pB(q,¢) Dreala, C, p) + O(p?),

where (3 is given by (5.78) and, for some py > 0, the error is uniform forf € ?i, 0<p<po.
So in particular we have

~ ~

(5.82) Ds(q.C,p) = pDm(q, ¢, p) + O(p?)

with the same kind of error.

Observe that (5.82) follows immediately from (5.81) and Proposition 5.11. Before giving
the proof of (5.81), we need some preparation. The kernel of

(5.83) Tup(q,¢): CH x C?N — 2N

has dimension 2N, but in decomposing the kernel we now have to contend with the fact
that I'p(g, () degenerates on a one-dimensional subspace of E_(P(q,()) as ¢ — 0.
First, recall from (4.62) the extensions of (W,(z,q), W..(z,¢q)) to nonzero frequencies:

(a) Wj:(Z, q, C) = Ti(Z, q, C) (eZP:t(‘LO ’ >

(5.84) 7+(¢, Q)e+(q)

(b) FS(W+7 W—)(Oa q, O) =0.

For c4(q) as in (5.84) let

(5.85) E; (P(q,0)) := span <Zigg;> c C?N (s for singular)
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and let E_ (P(q,0)) (n for nonsingular) be any complementary subspace satisfying

(5.86) E_(P(q,0)) = E, (P(q,0)) ® E; (P(q,0)) c C*¥
with basis

(5.87) (2*8) ,i=1,....N—Fk.

Setting

(5.88)

(@ e (DY L _ (7@ Qdvi(a)) _
vps(q, Q) == <7T(q,C)C(q)> d vpni(g,Q) : ( ‘ ), 1,...,N —k,

we smoothly extend the decomposition (5.86) to small |(]:
(5.89) E_(P(q,¢)) = E; (P(q. Q) ® E (P(g,¢)) € C*,

where

(5.90)
E, (P(g,¢)) == span (vpni(q,¢), i=1,...,N — k) and E; (P(q,()) := span (vp;s(q,()) -

Assume now that W (z, ¢) is a-transversal. T'p(q, 0) vanishes by (5.84)(b) on E; (P(g,0)),
but is nonsingular (by a-transversality) on E; (P(g,0)). So we can write

(5.91) C*N =Fn(q) & Frs(q),
where
(5.92) F,, :=Tp(q,0)E, (P(q,0))

and Fy s(q) is any complementary (N + k dimensional) subspace. The decomposition ex-
tends smoothly to || small:

(5.93) C™N =Fo(¢.Q) ®Fms(q),  Fu(g.€) :==Tp(q,OE; (P(g,C)).

and we let m,(q, (), mH,s(q, () be the associated projections.

We can now define a new reduced boundary operator, I'.(q, (), that will serve as a
replacement for f‘red(q, ¢, p) in the proof of Theorem 5.14. Using the decomposition (5.89)
to write (with obvious notation)

(5.94) up =upy +ups,  up € E_(P(q,()),
we define

(5.95)  T[.(q,¢): C*N x E; (P(q,¢)) — Frs(g) and C*(q,¢) € C*N x E; (P(q,())
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by

Te(q, O un, upy) = 71,(0,C) (Cu(a, Quir +Tpa, OQurs ), €7(4,€) = kerTu(g, €).
Then, parallel to (5.70), we have the parametrization

Ki(q,¢) ==kerI'gy,p(q,¢) N (C* x E_(P(g,()))

.96
(5.96) = {(um, K«(q,Q)(um,ups) + ups) : (um,ups) € C*(q,Q)},
where

(5.97)
K, Q) ups) == =T e, Q) mnla, €) (T, Quir + Tola, Qurs ) € By (P(a,0)).

A key step inAthe proof of Theorem 5.14 will be to set up a correspondence between
C*(q,¢) and C(q, ¢, p). With this preparation we can now give the proof of Theorem 5.14.

Proof of Theorem 5.14.

First we decompose ker T ,p(g,¢) in a suitable way.

1. Strong transversality implies that for ¢ = 0 the intersection K. (g,¢) (5.96) is
transversal and thus of dimension N + 1 — k; hence, C*(¢q,0) has dimension N + 1 — k. By
continuity these properties persist for p > 0 small.

2. Again using (5.71), we consider the map

(5.98) wi(q, Q) : (um, up— +upy) — upy

from ker Trp(q,¢) € CN x C?N to Ey(P(q,¢)). The kernel of w.(q,() is the subspace of
kerI'y p(q,() of dimension N + 1 — k given by K. (g,() (5.96), so w, is surjective. Thus,
there is a map

(5.99) K{(q,¢) : E+(P(g,¢)) — ker T p(q, €)

such that w, K], = I. Setting K/ (¢, () := K.(¢,()E+(P(q,()) we have
(5.100) ker Ty p(q,¢) = Ku(g, Q) © Ki(, Q).

3. Suppressing evaluation at (¢, ¢, p) and recalling (4.45), we choose bases

(5.101)
{UH,j}jzl,...,Nfl+k; {UP,k}kzl,...,NJrlfk, {(VH,bVP,s,l)}l:l,...,NJrlfka {wP,m}mzl,...,NflJrk

of E_(H), E_(P),C*, and E (P), respectively. Using (5.100) and writing K’ = (K. KL p),

we can compute Dy as the 4N x 4N determinant

- upj 0 VH, K, H(vam)>
5.102 Dy(q,¢, p) = det ’ ’ '
( ) S(q g p) ( 0 uP,k: VP,s,l —|—K*(VH,Z,VP,3,Z) K;7P(wP,m)
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The terms vps; + Ky«(Va,,Vps,) lie in the span of the upy, so we can eliminate them
in the determinant. Switching rows and columns, this shows that, up to a sign,

~ A Ug; VH] 0 Ki H(me)
5.103)  Da(q.C,p) = det NP,
6103 Dulaidp) =dec (70 U500 i

> = det (UH,j VH,l) B(q,¢),

where we've used w, K = I for the last equality and f is as in (5.78). To finish we will
show

(5.104) det (um; viy) (¢,¢,p) = pDrea(a, ¢, p) + O(p%).

4. To set up a correspondence between C* and Citis helpful to write out the boundary
conditions more explicitly. We have

(um,ups) € C*(q,¢) & Fupy, € E, (P(g,()) such that

(5.105) |:T11UH:| n |:T].2UP,S:| n |:T12UP,n:| —0
Toruy Tooup,s Tooupy '

On the other hand

(ur, ) € C(q.C, p) & Fup € E_(P(q,()) such that

Thug Torup ¢R(0,4,¢, p) _
(5.106) (e) |:T21UH:| + |:T22UP:| * |:¢Rz(07Q7CAap):| =0 and

(0) (Thigun+) - w.(0) + (Thzupy) - w,(0) = 0.

To proceed further we make a more explicit choice of basis of C*(q, (). Strong transver-
sality allows us to choose near ¢ = 0 a smooth basis of C*(g, () of the form

(5.107) { (VH’lf)q’ O) b=1.. N = k} U { (55(@%) } ’

where vps(q,0) = (c4+(q), c—(q)). Moreover, with

(5'108) VP,n(q7 () = K*(Q: C)(VHv VP,S) and C(q) = (c+(Q)7C—(Q))7
we have

(5.109)
V(0.0 = (08 o) ertaan (Y = (). veaan =0,

VP,S(Qa C) + Vpn vps (Q7 0) (q

5. Starting with the basis of C*(q, () given by (5.107), we next derive from it a basis

for C(g,¢, p)-
Given (vpyy,0) as in (5.107), there exists vp,; € E, (P(q,¢)) such that part (a) of
(5.106) holds with ug = v, up = vpyy, and ¢ = 0. Using (5.84), (5.109) and setting

UH,Z(CL O\ _ VH,l(‘]a 9] _ _
(5.110) (vp’l<q7<)> = (VP,n,l(CLC)) +a(q,Q)V(g,¢), l=1,...,N —k,
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for an appropriate smooth scalar a(q, ¢), we see that both (a) and (b) of (5.106) are satisfied
with ug = VHl, Up = Vp], ¢ = 0. Thus,

(5.111) (vei(g,¢),0), l=1,...,N —k
are linearly independent elements of C (q,f /3) for p > 0 small.
To obtain the last basis element of C(q, (,0) we apply d,|,—0 to the equation
112 Toen] * o]+ [Temr] =0
With
(5.113) Vi (0,€) = Oplp=0vt (0, Q) vV (0,€) = Dl p=ovpin(d; C)

we obtain using (5.109) and Lemma 5.1

o |:B'(07 q, éj 0) :| + |:T12uP,z:| +
R.(0,q,¢,0) Tooup,

g
(5.114) Tuvy

T12Vjio’n] _0

T2 1 V?—I TQQ V?:,’ n

where up, + was defined in (5.2).
Observe that since we can use the basis of E, (P(g,()) given in (5.90) to write

N—k
(5.115) VPn q,¢ Z Cz VPnz q, C)
=1

with ¢;(¢g,0) = 0 for all ¢ (by (5.109)), we have Vﬁ;}n(q, ¢) € E; (P(q,0)).
In view of (5.114), by setting

UH,NJrlfk((LCA) o Vjﬁq(q’ é)
(5.116) (vP,N+1—k(Qv§:)> - (uP,z((L f) +V§:’,n(q C)) + Al C) (,0)

for an appropriate scalar (g, ), we can arrange so that both (a) and (b) of (5.106) are

satisfied at p = 0 with ug = ve N+1-k, UP = VP N+1—k, ¢ = —1. Thus, (Vﬁ(q, f), -1)t e

¢ (q, g: ,0). Choosing a smooth extension of this element,

Vi@ p)\ _p
(_HI’JFO(/)) € C(q,¢.p);

we see that a basis of C (q, f ,p) for p small is given by

(5117) {(UH,Z(()Q7C)> J=1,...,N- k} U { (I/_ﬁfiefg(’;)v } ’

where vy, I =1,...,N —k are as in (5.111).
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6. We can now finish the proof by showing (5.104). We work with the basis (5.107) of
C*(q,¢) and the associated basis (5.117) of C(g, ¢, p). From (5.110) we obtain

(5.118) v (¢, ) = v (g, () +O(p), I'=1,...,N — k,
and from (5.109), (5.113) we have
(5.119) v N+1-1(0,C) = v (4, C) = priy(a,C) + O(p%).

Using (5.118), (5.119), and Remark 5.12, we find

det (UH,] VH,Z) (‘L 67 10) = det (UH,j UHJ’(qv C) + O(p) pyﬁi’e(q’ é—’ ,0) + O(p2)>

(5.120) !
= pDred(Qz ¢ P) + O(p2)‘

5.5 Summary of low frequency results

The following theorem, which ties together the results of sections 5 and 6, is our main low
frequency stability result.

Theorem 5.15. (a) The low frequency standard Evans condition (4.35) implies the low
frequency modified Evans condition (4.74). The converse holds when d = 1.

(b) Assume the profile W (z, q) is strongly transversal. Then the low frequency standard
Evans condition is equivalent to the low frequency modified Evans condition.

(c) Assume the profile W (z,q) is strongly transversal and that viscous continuity holds.

Then for pg small enough, 0 < p < pg, and f € gi, we have

a

(@) Din(q,C, p) = B(q.0)Drop(q, €) + o(1)

(5.121) - . .
(b) Ds(q,¢,p) = pB(q,0)Drop(gq,C) + o(p),
where 3(q,0) is given by (5.78) and the errors are uniform for (C,p) € F‘i x [0, po]. Conse-
quently, under these assumptions the modified and standard low frequency Fvans conditions
are both equivalent to the uniform Lopatinski condition for the inviscid hyperbolic problem.
(d) The low frequency standard Evans condition implies transversality and the uniform
Lopatinski condition. When d > 2, the low frequency standard Evans condition implies
strong transversality.
(e) The low frequency modified Evans condition implies transversality and the modified
uniform Lopatinski condition.

Proof. 1. Parts (b) and (c). Part (b) follows immediately from Theorem 5.14. Part
(c) follows from the block decompositions of the modified and standard Evans functions,
Remark 5.8, part 4, and Proposition 4.7.

2. Part (a). When d > 2, it follows from Theorem 5.2 and Corollary 4.10 that the low
frequency standard Evans condition implies strong transversality. So we can apply (b) to
deduce the low frequency modified Evans condition. When d = 1, the low frequency stan-
dard Evans condition implies transversality and the uniform Lopatinski condition (Theorem
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5.2). Hence, the low frequency modified Evans condition follows from part 2 of Theorem
5.10.

The low frequency modified Evans condition implies the modified uniform Lopatinski
condition and transversality (Thm. 5.10). When d = 1 we can apply Prop. 4.9 to deduce
that the uniform Lopatinski condition holds, so the standard low frequency Evans condition
follows from part (b) of Theorem 5.2.

3. Part (d). This is contained in the statement of Theorem 5.2 and Corollary 5.3.

4. Part (e). This is contained in Theorem 5.10.

O

Remark 5.16. 1. The standard Evans condition is the one that is easier to verify numeri-
cally [B, HZ] or analytically [PZ, FS], while the modified Evans condition is the one needed
for the rigorous study of small viscosity limits. Thus the implication (a) in Theorem 5.15 is
especially important. The implication (d) allows us to construct curved inviscid Cg shocks
near a given planar shock when the low frequency standard Evans condition is satisfied (as
long as there exists a K-family of smooth inviscid symmetrizers). The next section shows
that implication (d) also permits the construction of high order approximate solutions to
the nonlinear parabolic transmission problem 6.1.

2. When viscous continuity holds, the implication in part (a) of Theorem 5.15 can be
proved without the use of the block decompositions given by Proposition 5.11 and Theorem
5.14. In fact, it follows immediately from Theorem 5.2, Corollary 5.3, and Theorem 5.10.
This type of argument was used in [GMWZ3] in the conservative setting.

6 Approximate viscous shocks

In this section we construct high order approximate solutions to the nonlinear small viscosity
transmission problem:

(6.1)

QL
—_

d
(a) E(u, dip) == Aj(u)dju + Aq(u, dp)0gu — € » (95 — 9;402)°u=0on 4> 0

=1

<.
I
o

(b) [u] =0, [Oqu] =0,
(c) Db — elytp + L(t,y) - u = Op° — eAyp® 4+ L(t,y) - U(t,y,0,0),

where t = xg, y = (21,...,24_1). Here we suppose that we are given an inviscid Cg-shock
(U°, %) on [Ty, To) x szzd satisfying

d—1
©2) ZAJ (U"0;U° + Aq(U°, dyp")04U° =0 on a4 >0
’ J=

(U (t Y, ) U9<t7y70)7d1/}0(t7 y)) € CB

In (6.1) we have set

(6.3)  £(t,y) == W:(0,q(t,y)), where q(t,y) := (U} (t,y,0),U%(t,y,0),dy°(t,y)) and
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W (z, q) is the profile associated to q. Moreover, we suppose that the inviscid shock satisfies
the hypotheses of Theorem 1.16, with the modifications that the standard uniform Evans
condition is replaced by the standard low frequency Evans condition (Definition 4.12), and
the existence of a K-family of smooth viscous symmetrizers is replaced by the existence of
a K-family of smooth inviscid symmetrizers.

The function 4 appearing in (6.1)(c) can be written as U°(t,y, x4, ©4) where

(64) uO(t, Y, Zd, Z) = Uo(tv Y, xd) + (W(Z7 Q(tv y)) - Uo(ta Y, 0)) )

We seek an approximate solution (u®,¢®) of the form

(65) Wl = 1/’0@7 y) =+ 61/}1(757 y) + e eMwM(t) y)a

(66) u® = (uO(t? Y, Zd, Z) + dj[l(t7 Y, Zd, Z) +oo+ 6MUM(t7 Y, Zd, Z)) |zzﬁa
where

(67) uj(ta y?'%'daz) = U](t7y7md> +V](t7y7 Z)

Here V? is already determined and is given by
(6.8) VO(t,y,2) = W(z,q(t,y)) — U°(t,y,0).

The Vi(t, y, z) are boundary layer profiles constructed to be exponentially decreasing to 0
as z — doo. For the moment we just assume enough regularity so that all the operations
involved in the construction make sense. A precise statement is given in Prop. 6.3.

6.1 Profile equations
We substitute (6.5), (6.6) into (6.1) and write the result as

M
(69) Zejfj(tvyvxd7z)|z:ﬂ +€MR67M(tay7xd)7
-1

where we separate F7 into slow and fast parts
(610) fj(tvyaxdwz) = Fj(tayaxd) +G3(t7yvz)a

and the G’ decrease exponentially to 0 as z — =o00.

The interior profile equations are obtained by setting the F7,G’ equal to zero. In
the following expressions for G/(t,y, z), the functions U’ (t,y, r4) and their derivatives are
evaluated at (t,y,0). Let Lo(z,q,0;) and Lo1(z, q) be the operators defined in (3.6) and set

d—1
(6.11) Lov := ZAj(UO)ajU +Ad(U0,d¢0)8dv.
=0
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We have

(6 12) F_l(t7y7$d) =0
’ Gl (ty,2) = —(1+ |dv°?)02U° + Ag(U°, dy®)d.uU°,
(6 13) Fo(t7y7$d) = LOUO

Go(ta Y, Z) = EO(Za Q(t7 y)a az)ul - ‘CO,l('Z’ Q(ta y))d¢1 - Qo(tv Y, Z)?

where Q¥ decays exponentially as z — foo and depends only on (U°, V° dy). For j > 1
we have
FI(t,y,zq) = LoU’ — PI=1(t,y, zq)

6.14 . ) . ,
( ) Gj(taya Z) = 'CO(Z7Q(tay)vaz)u]+l - £0,1(27Q(tay))d¢J+1 - Qj(t’yvz)v

where Q7 decays exponentially as z — 00 and P7, @7 depend only on (U*, V¥, dy*) for
k<j.

Similarly, we obtain the boundary profile equations in which (¢,y, x4, z) is evaluated at
(t,y,0,0):

(a) U] =0
(6.15) (5) %) =0
(c) O — L(t,y) - U® = Op° — L(t,y) - U,

(a) U] =0
(6.16) (b) ] = —[0:,U")]
(c) 3t¢1 - Ay¢0 +L(t,y) U = _Ayd}o?
and for j > 2
() W] =0
(6.17) (b) 2] = —[0:,07 7]

() Oy — Dy ™+ L(t,y) - U =0,

6.2 Solution of the profile equations

The solution of the profile equations given below assumes strong transversality and the
uniform Lopatinski condition, as well as the existence of a K-family of smooth inviscid
symmetrizers. Recall from Theorem 5.15 and Corollary 5.3 that when d > 2, the first two
conditions both follow from the low frequency standard Evans condition. Strong tranver-
sality can be replaced by transversality as explained in Remark 6.1.

1. The interior equations G=! = 0 and F° = 0 and the boundary equations (6.15) are
satisfied because of our assumptions about U°, 4° and W(z, q).
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2. Construction of (U',U',¢'). We construct the function U'(¢,y, x4, z) as in (6.7)
from the equations G° = 0, F'! = 0, and the boundary equations (6.16). &' will be a sum
of three parts

U'(t,y,q,2) = U + U} + UL, where

(6.18) X ' )
U (t,y,xq,2) = U (t,y, zq) + Vi (t,y, 2), k=a,b,c,

where we suppress £ subscripts.
First use the exponential decay of Q° to find an exponentially decaying solution V.1 (¢, y, 2)
to

L"O(ZuCJ(ta y)uaz)val - Qo(t,y,z) on =z Z 0

(6.19) 1
V, — 0as z — £o0,

and define U!(t,y,14) = 0. This is the same type of problem as (3.25), which we solved by
conjugating the corresponding first order system with 7% (z, g, 0).
Next, for U} fixed as above, use (a,p)-transversality (recall Prop. 3.6) to solve for
UL(t,y,0,z2) in
Lo(z,q(t,y), 00Ul =0on +2>0
Uy + U] =0
[841; + azZ/{bl] = _[a’td Uo]
Uty) - Uy +Uy) =0,

(6.20)

Using (3.34) we see that U} has limits as z — Fo00. Define

Ubl(t,y,O) = lim L{bl(t,y,(),z),
(6.21) zhoo
Vil (ty, 2) i= Uy (t,9,0,2) — Uy (t,9,0),

and let U} (t,y,z4) be any smooth extension of U} (¢,y,0) with compact support in zg.
Finally, for an appropriate choice of (U(t,y,0),%!) we need UL(t,y,0,14) to satisfy

‘CO(Za Q(t, y)a az)u(} = Eo,l(zv Q(t, y))dd)l
(6.22) U] =0, [0:.U] =0, Ot + £(t,y) - Uy =0

Zli)rfooblcl(t, y,0,2) = UL (t,y,0).
According to the characterization of T;Cp given in Proposition 3.12, this is possible if and
only if (UL(t,y,0),dy!) € Tyt,y)Cs- Thus, we first solve for (Uk(t,y,xq),") satisfying the
linearized inviscid problem
LoUl = P° — LoUl on +24>0
(Ucl (ta Y, 0)’ dd)l (t7 y)) € Tq(t,y)cB

This problem requires an initial condition in order to be well-posed. The right side in the
interior equation of (6.23) is initially defined just for t € [—Tp, Tp]. With a C*° cutoff that

(6.23)
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is identically one in ¢t > —T(/2, we can modify the right side to be zero in t < —Ty + 6, say.
Requiring (U}, 91) to be identically zero in t < —Ty + 6, we thereby obtain a problem for
(U}, 1) that is forward well-posed since (U°,4°) satisfies the uniform Lopatinski condition
and xj has full rank N +k (see the proof of Theorem 1.6 in section 7). Thus, there exists a
solution to (6.23) on [—%,TO]. This allows us to obtain Ul (t,y,0, z) satisfying (6.22) and
to define

(6.24) Vit y, 2) == U (t,y,0,2) — UL, y,0).

By construction the functions (U',U!, ') satisfy the equations G° = 0, F! = 0, and
the boundary conditions (6.16).

3. Contruction of (U/,U7,¥/), j > 2. In the same way, for j > 2 we use the
equations G/~ = 0, FJ = 0, and the boundary conditions (6.17) to determine the functions

U7, U7, 7).

Remark 6.1. It turns out that the profile construction can be carried out with only slight
changes (e.g., a nonhomogeneous boundary condition in (6.23)) assuming just transversal-
ity, the uniform Lopatinski condition, and the existence of a K-family of smooth inviscid
symmetrizers. In solving for L{bl(t, y,0, z) one uses the formulation of (a,p,s)-transversality
given in Corollary 3.11. The inviscid problem (6.23) can be solved in d > 1 without explicit
reliance on (a,p)-transversality using the approach described in [GMWZ6].

In the next Proposition we formulate a precise statement summarizing the construction
of this section. The regularity assertions in the Proposition are justified as in [GMWZ4],
Prop. 5.7, except that now we use the estimates of [Mo, Cou] in place of those of [Mal].
Regularity is expressed in terms of the following spaces:

Definition 6.2. 1. Let H® be the set of functions U(t,y,xq) on [~Tp, To) x R? such that
the restrictions Uy belong to H*([—Ty, Tp] X Kdi).

2. Let H® be the set of functions V(t,y,z) on [Ty, Tyl x R x R such that the
restrictions Vi belong to C° (R, H*(t,y)) and satisfy

(6.25) 05V (t,y, 2) | s (1) < Chose ! for all k
for some 6 > 0.

Proposition 6.3 (Approximate solutions). For given integers m >0 and M > 1 let

7 d+1
(6.26) so>m+§+2M+%.
Suppose the given inviscid shock (U°, %) has the properties assumed in Theorem 1.16, but
now require only the standard low frequency Evans condition and the existence of a K-
family of smooth inviscid symmetrizers. Assume U° € H®, UL (t,y,0) € H*(t,y), and
PO(t,y) € HOTL(t,y). Then one can construct (u®,1*) as in (6.5), (6.6)

(6.27) = (ty) + e (ty) + -+ MM (L y),
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(628) u® = (uo(t7 Y, Zd, Z) + Eul(t7 Y, Zd, Z) +ooet €MUM(ta Y, Xd, Z)) |Z:ﬁa

Let € denote the operator on the left side of (6.1)(a). The approzimate solution (u®,®)
satisfies

T _
Eu®,9?) = MRM (t,y, z4) on [—EO,TO] x RY
(6.29) [u'] =0; [Oqu®]=0o0onz4=0
atwa_eAywa + ﬁ(t7 y) -u®
= 0" — ey + £(t,y) - U°(t,1,0,0) on x4 =0.

We have

Ul (t,y,2q) € HOT2 i (t,y) € HOT2T (¢, y)

6.30 4 o
(6:30) Vi(t,y,z) € HO,

and RM (t,y,x4) satisfies

d+1
(6.31) () (3, By, eaxd)aRM‘LQ(t,y,:pd) < Cq forla) <m+ —

(b) |(at7 ayv Eamd)aRM|L°°(t,y,xd) < Coé fOT’ |Oé| <m.

Remark 6.4. Observe that Proposition 6.3 can be applied to give high order approximate
solutions even for slow MHD shocks.

7 Existence of nonclassical inviscid and viscous shocks

In this section we present the proofs of Theorems 1.6 and 1.16. The discussion will
be brief since the proofs mainly involve combining results proved in previous sections with
results proved elsewhere.

Proof of Theorem 1.6. We will show how the proofs given in [Mo, Cou, Ma2] can be adapted
to our case. We discuss the case d > 2. The case d = 1 can be treated using results of [LY],
for example.

Part 1. Let x be a local defining function for the shock manifold C, and suppose g € C
is a point where the uniform Lopatinski condition holds. The existence of a smooth K-
family of inviscid symmetrizers implies inviscid continuity, so from the uniform Lopatinski
condition at ¢ we deduce that there exists a ¢ > 0 such that

IXp(@)u + X5(q) (07 + )0 + x4 (Q)inp] > clu, )]
(7.1) .

for all u = (uy,u_) € E_(Hoy(q,()), p € C, { € S,
This implies

~

(7.2) b(a,C) = X4(a)(i7 +4) + xh(a)if # 0 for all ¢ € 57,
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so we may define II(q, é) : CN*F — CN*F | the smooth orthogonal projector onto b(q, CA)L

Setting

(7.3) M(q)u = xp(q)u

~

and applying II(g, ¢) to the boundary condition in (4.1) we obtain the projected boundary
condition (whose analogue in [Cou] is equation (17a)):

(7.4) (g, ()M (q)u = 0.

Moreover, we deduce from (7.1) the corresponding uniform Lopatinski condition for the
problem (4.1)(a) with the new boundary condition (7.4):

(7.5) (g, ()M (q)u| > clu| for all u € B (Ho(q, ().
Recall from Proposition 1.18 that
(7.6) M(q) = x,(q) has full rank N + &

as a consequence of the uniform Lopatinski condition. The analogue of (7.6) in the con-
servative case was stated as “Assumption 4” in [Cou|, and was used there to construct a
suitable adjoint boundary condition as a step in proving existence of solutions to the lin-
earized shock problem by a duality argument. We are now in a position to complete the
proof of the first part of Theorem 1.6 by repeating arguments used in [Mo, Cou] to establish
Theorem 5.2 of that paper.

Part 2. First we must define and construct shock front initial data compatible to order
s—1. Such data is constructed in Proposition 2.2 of [Ma2] in the conservative Lax case. To
carry out a similar construction here we need to use local defining functions, and in order to
patch together locally defined initial data, we must check that compatibility is independent
of the choice of local defining function.

One obtains local corner compatibility conditions as in [Ma2] by supposing (v, u_, 1))
is a smooth solution to the nonlinear problem

d—1
(a) Z Aj(ui)ajui + Ad(ui,dw)adui =0in 2 >0

(7.7) =0
(b) X(U+, U—, atwvayqyb) =0onzx= Oa

(C) ui(ovyvmd) = uo:t(y’xd)v 8751;[)(0’ y) = U(y)v ¢(07y) = ¢0(y),

computing relations between 97 14(0,y) and dFu(0,y,0) by differentiating (7.7)(b), and
using (7.7)(a) to express time derivatives of u in terms of space derivatives of u (and
derivatives of ¢ involving 87, j < k). The relations at ¢ = 0, z4 = 0 have the form

_ k _ k
(7.8)  OfFTM XL +x), (—Ao(ul) M AG)" 9 ul + X, (—Ao(u) M Ag)" OF Wb = Iy,

Tqg —

where derivatives of x are evaluated at (u’(y,0),c(y),d,9°(y)), and Ij is an explicitly
computable function involving no ¢ (resp. x4) derivatives of ¥ (resp. us) of order greater
than & (resp. k —1).
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Definition 7.1. A function (u?r(y,xd),u[l(y,a:d),a(y),lbo(y)) satisfying (1.10) is said to
determine compatible shock front initial data to order s — 1 when there exists a function
U(t,y) such that

(7.9) ¥(0,y) = ¢°(y), 9(0,y) = a(y)

and the relations (7.8) hold for 1 <k <s—1.

It is not immediately clear that the notion of compatibility is well-defined. To see that
it is, note that if x; and y2 are two local defining functions for C near ¢, we must have

(7.10) x2(q) = B(a)x1(q)

for some invertible (N + k) x (N + k) matrix B(g). Using (7.10) and a straightforward
induction on k, one shows that if ¢ (¢,y) and u%(y,z4) satisfy the relations (7.8) for 1 <
k < s—1 with x = x1, then these same functions satisfy the relations with y = xa.

Majda’s construction of compatible data relies on the observation that the uniform
Lopatinski condition implies one dimensional stability (Lemma 2.1 of [Ma2]). In our context
this is the statement that for ¢’ = (#/,4',7) := (0,1,0), the map

(7.11) P (q.¢) : E_(Ho(q, ') x € — RN

is invertible, which follows immediately from the uniform Lopatinski condition (7.1). This
allows us to carry out Majda’s construction of compatible initial data for nonclassical shocks.
The rest of the proof of part (2) of Theorem 1.6 can now be completed by following [Mo,
Coul.

O

Proof of Theorem 1.16. The theorem is proved by constructing exact solutions of the non-
linear transmission problem (6.1) which are close to an approximate solution (u®,®) as
constructed in Proposition 6.3. The key step is to obtain good estimates for solutions (v, ¢)
to the transmission problem obtained by linearizing (6.1) with respect to both u and v at

(u®, %)

E,(u, ¥ + £)(u?, ¥*)¢ = f on [~To, Tp] x RY
(7.12) [v] =0, [040] =0, 81 — eAydp+ £(t,y) -v =10 on 24 = 0,
v=0,¢=0, f=0int < —Tp/3.

The desired estimate is stated (in the conservative, Lax, constant multiplicity case) in
Theorem 7.2 of [GMWZ3]|. We can use the same argument to prove the identical estimate
in our context provided the linearized problem (7.12) satisfies the modified uniform Evans
condition. The modified uniform Evans condition then allows us to construct a Kreiss-type
symmetrizer for (7.12) from the K-family of smooth viscous symmetrizers by taking K large
enough.

By Theorem 5.15(a) of this paper, the low frequency standard Evans condition implies
the low frequency modified Evans condition. The fact that nonvanishing of Djs(q, ¢, p) for
p > 0 implies nonvanishing of D,,(q, ¢, p) for p > 0 can easily be proved just as in Proposition
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2.16 of [GMWZ3]. Observe that since (u®, di)*) differs from (W (%4, ¢(t,y)), dy") by an error
which is small in L for € and |z4| small (recall (6.4)-(6.6)), we need to deduce nonvanishing
of Dy, (q, 6 ,p) for ¢ near Cg but not in Cg; but this follows from viscous continuity.
With the linear estimate of Theorem 7.2 of [GMWZ3] in hand, the proof is completed
by the same fixed point argument used to prove Theorem 7.7 of [GMWZ3].
O

8 Appendix A: Extension to real viscosity

In this appendix we describe the changes needed to treat real viscosities. Consider the
N x N viscous system on R+ given by (1.12).

1. Structural assumptions. The assumptions made here in order to define and
treat the case of real, or partially parabolic, viscosities are all satisfied, for example, by
the compressible Navier-Stokes and viscous MHD equations. A detailed discussion of the
assumptions is given in [GMWZ4].

We again make Assumptions 1.1 and 1.2, but now add the following block form require-
ment:

Assumption 8.1. Possibly after a change of variables u and multiplying the system on

the left by an invertible constant coefficient matriz, there is N' € {1,..., N} and there are
coordinates u = (u*,u?) € RN=N x RN such that
At 0 0 0

Assumption 1.8 should now be replaced by

Assumption 8.2. (H2’)(Partial parabolicity.) The Bﬁ are C*° functions on U* valued in
RV XN" " There is ¢ > 0 such that for all u € U* and & € R? the eigenvalues 0f§22(u,§) =
—22 .
S5ke1 Byalu) satisfy R > cle].
(H5’)(Strict dissipativity.) There is ¢ > 0 such that for all w € U and § € RY the
eigenvalues p of iA(u, &) + B(u, &) satisfy

cl¢l?
(8.2) Ry > T

Assumption 8.3. For the low and medium frequency analysis it is enough to assume:
(H4)gm For all u € U* and all € € R4\ 0, le(u,g) = Z;l:l Z}l(u)gj has only real
etgenvalues.
For the high frequency analysis we must strengthen this to:

(H4)y, For allu € U* and & € R4\ 0 the eigenvalues on“(u, &) are real and semisimple
with constant multiplicities.

The profile equation in the case of a real viscosity B(u) can still be written as (1.16),
and profiles W (z, q) are defined and associated to points ¢ of a shock manifold Cg as before.

78



We discuss the local construction of Cp for real viscosities B(u) below. One difference is
that now we restrict the undercompressive index k to satisfy

(8.3) 0<k<N -1
In addition we now add the following assumption:

Assumption 8.4. Suppose we are given a shock manifold Cg. For the low and medium
frequency analysis it is enough to suppose:

(H5)¢m For any planar shock ¢ = (p4+,p—,s,h) € Cp with normal direction v =
v(s,h) = (—s,—h,1),

d
(8.4) det ZA}l(W(z,q))Vj # 0 for all z € RU {xo0}.
=0

For the high frequency analysis we must strengthen this to
(H5)p, For any q € Cg and z € RU {£o0} the polynomial in §

d

(8.5) det | Y AIN(W(2,0))¢;

=0
is hyperbolic in the direction v(s,h).

Remark 8.5. 1. With A4(u,s,h) = Zj‘l:o Aj(u)v; as before, let Ag = (Ag) ' Aq. By
Assumptions 8.3 and 8.4 the eigenvalues of jill(W(z, q), s, h) are real and nonzero. Let N}
be the number of positive eigenvalues of jclll(W(z, q),s,h). By connectedness this number
is independent of ¢ € Cp, z € RU {z+o0}.

2. If instead of a shock manifold we are given just a single transversal profile w(z)

associated to a planar shock ¢, then we make Assumption 8.4 with W (z,q) replaced by
w(z). As explained below this will allow us to construct a shock manifold near g.

2. Construction of ¢4 (z,pt,s, h,a+). With w = (w',w?) and w? := 9,w? the profile
transmission problem equivalent to (1.16) can be written

azwl _ —(A}ll)_lA}iQw?’
dw? = w3

0.(Bu) = (AP - AP () AT) 0?

[w] =0, [w?] =0onz=0,

(8.6)

where the matrices are evaluated at (w+(2), s, h). For ¢ = (p4,p—, s, h) one again looks for
profiles w = W(z, q), with endstates p+ and satisfying (8.6), near a given profile w = W (z, q)
where ¢ = (BJHBJ 0,0). In place of (2.7) we consider

wt / _(Aél)—lAclle3
(8.7) w? | = w? ,
w3 Gaquw?
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where
(8.8) Gq:= (B3~ (AT — AT (A TTAY)

and the matrices are now evaluated at (px,s,h). The interior problems (8.6) in £z > 0
are solved by considering them as perturbations, quadratic in (w+ — p+,w3), of (8.7). Gq
is clearly nonsingular and, in fact, strict dissipativity implies G4(p+, s, h) has no purely

imaginary eigenvalues ((GMWZ4], Lemma 3.39).

Definition 8.6. 1. Let r_ (resp. {y) denote the number of eigenvalues p of G4(p+,s,h)
(resp. Gq(p—,s,h)) with ®u < 0 (resp. Rp > 0).

2. Parallel to (2.8), (2.9) we define invariant subspaces Ex(Gq(p+,s,h)) € RN of
dimensions r_ (resp. {y) with corresponding projections I+ (p+, s, h) : RN — E+(p+,s,h),
and fix isomorphisms linear in ax € E;(Gd(yi, 0,0)):

(8.9) ot (pt, s, hyat) : Ex(Ga(p,,0,0)) = Ex(Ga(p+, s, h))

Functions ¢4 (z,p+, s, h,as) as in (2.26) satisfying~ the obvious analogue of Proposition
2.2 are now constructed just as before. The function ¥(p, s, h,a) corresponding to (2.34) is
given by

~ ¢+(O7 ) ¢—(07 ) ,
(8'10) \I/(p,s,h,a) = ¢+,z(07 ) ¢2— z( s ) (p,s,h,a) € RN+N +1
s+ ¢%4(0,-) - w2(0) — w*(0) - w3(0)

3. Linearization and HP form. The rescaled transmission problem corresponding
o (1.45) is now

d-1 d

Z Aj(u)0ju + Ag(u, dip)0, Z Dj(Bjr(u)Dyu) =0o0n £z >0
(8.11) =0 k=1

[u] =0, [0.u*] =0on z =0,

where D; := 0; — (0;4)0; for j =1,...,d —1 and Dy = 0,. Assuming we have an exact
solution of (8.11) given by a profile W(z,q) and front ¢) = st + hy, consider the partially
and fully linearized (Fourier-Laplace transformed) transmission problems

E(Z,q,C,az)’U,:f on +z>0

(812) [U] — 0’ [ui] =0onz= 0;
and
(313 e

[u] =0, [u2] =0, co(¢)y + w?(0) - uf =0onz=0,

where L(z,q,(,0,) and L1(z, ¢, () are written out explicitly in [GMWZ4], equations (3.14)
and (2.65) (in the latter case replace 0, f;(W) by A;(W)o,W, j=0,...,d—1).
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With U = (u,u?) we rewrite (8.12) as a first-order (N + N’) x (N + N’) transmission
problem

0. U —G(z,¢,Q)U =F

(8.14) [U] =0 on z =0,

where the components of G are written out in [GMWZ4], equation (3.36). As in (3.20),
(4.38) for |¢| small we conjugate (8.14) to HP form

up+\ _ (H+(q, Q) 0 UH+ ~
(8.15) O <UPi> N ( 0 Py (q, C)) <UPi) +F
fH(Qa C)UH + fP(Qv C)UP =0onz= 07

where, as before,

d—1
(8.16) Hi(g,¢) = —Aa(ps, 5, 0) 7" | Ao(p) (i +7) + Y Aj(px)ing | +O(p°),
j=1
but now the lower right N’ x N’ block is
(817) Pi(Q? C) = Gd(piasvh) +O(p)

for G4 as in (8.8).

Proposition 8.7 (Relations between indices). Consider the indices R—, Ly (as in
Assumption 1.2), r_, {1 (Defn. 8.6), N1 (Remark 8.5), and the undercompressive index
k. We have
(@) N'+ N{ =r_+(N—-R_)
(8.18) (b) N— N} =0, + (N —Ly)
(¢)r—+4y—N'=R_+L,—-N=1-k.

Proof. Part (c) follows by adding (a) and (b). To prove (a), let

Strict dissipativity (H3’) implies that for { # 0, G4 (g, ¢) has no eigenvalues on the imaginary
axis. For p small, we can count the eigenvalues p with Ry < 0 using (8.15) (recall (3.17),
(3.18)), and the number is clearly r_ + (N — R_). For p large one can show as in [GMWZ4],
Lemma 3.38 that this number is N’ + N1. This implies (a), and (b) is proved similarly. [

4. Transversality and the manifold Cz. With ¥ as defined in (8.10), we have now
in place of (2.37)

rankva\il(;g, 0,0,a) =r_+4, =N +1-k

(8.20) : ,
rankV,,¥(p,0,0,a) = N + N' + 1,
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as the conditions that define a-transverality and (a,p)-transversality respectively. To define
(a,p,s)-transversality we just replace Vg, by Vs in (8.20). The notions of transversality
and strong transversality may now be defined just as before (Defn. 2.14). Moreover, the
proof of Prop. 2.8 can now be repeated to yield an N + d — k dimensional shock manifold
Cp near ¢ when transversality holds. In place of Prop. 2.11 we now have

dimS, =N +r_, dimS_ =N +/;, dimS=2N + (N' +1—k)

8.21
(8.21) dimSY =r_, dimS? =¢,.

Sections 3-6, and Appendix B now extend in a straightforward way to the case of real
viscosity. In many cases only a change of index is needed (e.g., N’ in place of N), or u,
should be replaced by u? in a boundary condition. We’ll briefly indicate some of these
changes below.

5. Reduced transmission conditions. In place of (3.40) we have

(8.22) CNHN™H = Fpy (q) © Fr(g),
where
(8.23) dimFp(q) = N' +1—k, dimFyr(q) = N + k.

We still have
(8.24) Porea(@) (s, 3, h) = wrr(a) (Tor (@un +Tr(34))
but, of course, R is replaced by R? in the definition (3.37) of I'x.

6. Stability determinants. Using Proposition 8.7 we see that the spaces in (4.41)
now have dimensions

2 95 dimE_(H(q,()) =(N —-R_-)+ (N —L;) =N +k —1 as before,
(8.25) dimE_(P(q,¢)) =r_ + 4+ =N'+1—k,
s0 Dy(q,C, p) (4.50) is an (N + N’) x (N + N’) determinant. Similarly, D, (4.34) and D,
(4.45) are of size 2(N + N') x 2(N 4 N’). The modified Evans functions D (4.58) and D,
(4.72) are of size (2(N + N')+1) x (2(N + N') +1).

With ¥ as in (8.10), the proof of the nonconservative Zumbrun-Serre works without any
substantial change. Now, for example, the block W} in (5.27) is of size (N’ — k) x (N’ — k).

The spaces C and E, (P) that enter into the block decomposition of D, (see (5.75),(5.76))
are now respectively of dimensions N + 1 — k (as before) and N’ — 1 + k. Thus, (3(q,()
(5.78) is given by a 2N’ x 2N’ determinant.

The space C* that enters into the definition of D, (see (5.101), (5.102)) has dimension
N +1 — k as before.
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Theorem 5.15 summarizing the low frequency results can be repeated verbatim in the
case of real viscosity.

7. Viscous Cg-shocks. The construction of approximate viscous shocks in section 6
can be repeated with no significant changes. Theorem 1.16, giving the existence of a family
of viscous Cg-shocks converging to a given inviscid Cz-shock as ¢ — 0, remains true as stated
when we substitute the new structural Assumptions 8.1, 8.2, 8.3, and 8.4. The estimates
and iteration scheme of [GMWZ4] (in particular, the high frequency analysis, which is the
main difference between the fully and partially parabolic cases) can be repeated without
change to complete the proof of Theorem 1.16 for real viscosities. We recall that the high
frequency analysis of [GMWZ4] requires both hypotheses (H4)p, and (H5)p,.

9 Appendix B: Uniqueness of Cjz

Some choices were made in the definition of Cg, and it is not immediately clear that
Cp is independent of these choices. We show this now using properties of the functions
®(z,p, s, h,a) arising from translation invariance of the profile equation.

For example, recall the choice of z, which determines a, in (2.25). By the argument of
Prop. 2.2, part (b), —z > 0 should be large enough so that for all zyp > —z

10|11 (|2320) S By 00| Lo (2)>2) < R

9.1
&) Me(p,,0,0)0.(220)] < 1.

where R and r are the constants in (2.10).

Proposition 9.1. The manifold Cg defined in Proposition 2.8 is, in a sufficiently small
neighborhood of (p,0,0), independent of the choice of z as above.

There is also some freedom in the choice of the third component of ¥ (p, s, b, a) in (2.34);
for example, the s in the third component could be replaced by any smooth function g(s, h)
such that ¢(0,0) = 0.

Proposition 9.2. The manifold Cg defined in Proposition 2.8 is, in a sufficiently small
neighborhood of (p,0,0), independent of the choice of g(s,h) as above replacing s in the

third component of W(p,s,h,a). More generally, the same manifold Cg near (p,0,0) is

obtained for any choice of the third component of U, so long as the rank conditions assumed
in Prop. 2.8 hold and ¥(p,0,0,a) = 0.

We present the proof of Proposition 9.2. The proof of Proposition 9.1 is similar but
easier.

Proof of Proposition 9.2. 1. At first we take g(s, h) = s as in the definition (2.34) of U.
The proof of Prop. 2.8 provides us with functions

(92) p+(pﬂ787h)vp*(pﬁasah)va(pﬁasah)
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such that Cp consists of points of the form

(9'3) (p+(pﬁ,S,h),p_<pg,8,h),8,h),

where (pg, s, h) varies in a neighborhood N; determined by the implicit function theorem.
Define

(9.4) Cy = {(p+(pg, s, h),p—(ps,s,h),s, h,alpg, s, h) : (p3,s,h) € N1},
which is precisely the zero set near (p,0,0,a) for the equation
(9.5) U(p,s,h,a) =0.

Similarly, for ¥ as in (2.31) and using part 3 of Remark 2.15, we can use the implicit
function theorem to define the zero set near (p, 0,0, a) for the equation

(96) \Ij(pa S, h7 CL) = Oa
which we write
(97) C\I/ — {(p—i-(p'w S, ha al)vp—(p"/a S, h’a al)v S, h7 ai, a/(p"/a S, h’a (l]_) : (p'w S, h7 (L]_) S NQ}

Here we set a = (a1, d’) and take a; in Remark 2.15 to be a;.
Let m be the projection

(9.8) T(p+,p—, 8, h,a) = (p+,p—, s, h).
It suffices to show
(9.9) nCg = mCy near (p,0,0).
2. We clearly have
(9.10) Cg C Cy near (p,0,0,a), and thus 7Cy C mCy near (p,0,0),

simply because ¥ gives the first two components of 0.
3. A particular point

(911) P = (p+(p’yv S, ha al)?p*(p’ya S, hv (11), S, h> ai, a,(p’ya S, ha (11)
of Cy has the property that the function of z given by (recall (2.26))
(912) fP(Z) = ¢(zvp+(p’Y7 S, ha al)vp—(p"/a S, h’a al)v S, h7 ag, a/(p’ya S, ha (Il))

satisfies at z = 0 the first two parts of the boundary condition (2.33), but not necessarily
the third. In particular it defines a smooth solution of (1.16) on R.
For |g(s, h)| = |s| small enough, the function

(913) fP(Z + T) = ¢(Z + r7p+(p77 S7h7 a1)7p—<p’7787h7a1)737 h7a17a/<p’7787h7a1))
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will satisfy the third boundary condition at z = 0 for some translate r (here we suppress
the dependence of r on the other parameters). Thus, by translation invariance of (1.16),
fp(z + 1) is a smooth solution of (1.16) on R and satisfies the third boundary condition
at z = 0. In other words, it satisfies (2.1)(a), (2.4), and all three boundary conditions at
z = 0.

Now, for —z initially chosen large enough, the argument of (2.2) yields an a* near a
such that

(914> fP(Z + 7’) = ¢(Z7p+(p’w S, h7a1)7p—(p'y; S, h7 a1)7 S, h7 CL*).
But then
(915) P* = (er(p’y?Sahval)apf(p’yasaha al)asahaa*)

is a point near (p,0,0,a) satisfying U = 0.
Hence P* € Cy, and this implies that for P as in (9.11)

(9.16) P € nCy,.

Thus, mCy C 7Cg near (p,0,0), so we obtain (9.9).

4. The same argument applies if the third boundary condition (and hence \i/) is redefined
by replacing s with any smooth function g(s, h) satisfying ¢(0,0) = 0. Indeed, the argument
works for any choice of the third component of \if, so long as the rank conditions (2.37) hold
and ¥(p,0,0,a) = 0.

- O

The following description of Cz in terms of ¥ provided by the above proof is worth
emphasizing:

Corollary 9.3. Assume w is transversal (Defn. 2.14) and let Cp be the manifold defined
in Prop. 2.8. For Cy as in (9.7) and the projection 7 as in (2.14) we have

(9.17) Cp = nCy near (p,0,0).
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