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Three kinds of adic systems

stationary (odometers and substitution systems)

symbol-count (such as the Pascal)

ramified—by a random-walk reinforcement scheme (such as the
Euler and reverse Euler)
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0

0

0

0

0

1

1

1

1

1

0 1

May 2010 – p. 3/30



Adic (Bratteli-Vershik) transformations

0

0

0

0

0

1

1

1

1

1

0 1

Graded graph, edges just from each level to the next.

May 2010 – p. 3/30



Adic (Bratteli-Vershik) transformations

0

0

0

0

0

1

1

1

1

1

0 1

Graded graph, edges just from each level to the next.
Space of infinite paths is compact metric.

May 2010 – p. 3/30



Adic (Bratteli-Vershik) transformations

0

0

0

0

0

1

1

1

1

1

0 1

Graded graph, edges just from each level to the next.
Space of infinite paths is compact metric.
Label and order edges down to each vertex.

May 2010 – p. 3/30



Adic (Bratteli-Vershik) transformations
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Graded graph, edges just from each level to the next.
Space of infinite paths is compact metric.
Label and order edges down to each vertex.
Two paths x and y are comparable if they agree from some level on
downwards.
Tx = the smallest y > x (if there is one).
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Adics and odometers

Stationary Bratteli-Vershik systems ∼ odometers and substitution
symbolic dynamical systems (Vershik, Livshitz, Forrest,
Durand-Host-Skau)
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Adics and odometers

Stationary Bratteli-Vershik systems ∼ odometers and substitution
symbolic dynamical systems (Vershik, Livshitz, Forrest,
Durand-Host-Skau)
Adic is transverse to shift; translates in a self-similar tiling system, where
the shift changes scale.
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Pascal adic
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Pascal adic
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space of infinite downward paths X ∼= {0, 1}N

T (0p1q10∗) = 1q0p01∗, p, q ≥ 0
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Action of the Pascal adic
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Usefulness of adics

Bratteli-Vershik diagrams can be read as instructions for cutting and
stacking procedures used to define maps of the interval in traditional
ergodic theory.
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Usefulness of adics

Bratteli-Vershik diagrams can be read as instructions for cutting and
stacking procedures used to define maps of the interval in traditional
ergodic theory.

Every ergodic measure-preserving system is isomorphic to a
uniquely ergodic adic system (Vershik).

Giordano, Herman, Putnam, Skau, et al.: Minimal homeomorphisms
of the Cantor set are topologically conjugate to adic systems with
unique maximal and minimal paths.

The adic viewpoint leads to the introduction of C∗-theoretic objects
such as dimension group triples as complete invariants of topological
orbit equivalence.

It also leads to interesting examples, and the visual presentation can
help with combinatorial analysis.
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Pascal by Cutting and Stacking
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C-adic

a b

Keeps track of
symbol counts
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C-adic

a b

Keeps track of
symbol counts

Regardless of path
to vertex, same
symbol counts
vector

Each path in the C-
adic gives the history
from time 0 of the
random walk on the
labeled edge graph

a b

a b a b

a b a b a b

3 a’s 2 a’s, 1 b 1 a, 2 b’s 1 3 b’s
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Invariant measures for the Pascal adic

α β

α β α β

α β α β α β

These are the adic invariant, fully-supported ergodic probability
measures on the Pascal adic (Hewitt-Savage, de Finetti).
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Invariant measures for the Pascal adic

α β

α β α β

α β α β α β

These are the adic invariant, fully-supported ergodic probability
measures on the Pascal adic (Hewitt-Savage, de Finetti).

Cylinders are given measures by multiplying the weights on their
edges.

Total ergodicity is a strengthening. Weak mixing would be even
better, but depends on difficult number-theoretic questions.

The diagram defines the “CCR" C∗ algebra.
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Pascal as a subshift

Symbolic representation as all subwords of all the basic blocks seen in the
following diagram:

May 2010 – p. 11/30



Pascal as a subshift

Symbolic representation as all subwords of all the basic blocks seen in the
following diagram:

b a

b ba a

b b2a ba2 a

b b3a b2aba2 ba3 a

b b4a b3ab2aba2 b2aba2ba3 ba4 a

b b5a b4ab3ab2aba2 b3ab2aba2b2aba2ba3 b2aba2ba3ba4 ba5 a

. . . . . . . . . . . . . . .
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More Pascal dynamics–X. Méla

Topological weak mixing: no nonconstant eigenfunctions with a
residual set of continuity points (Keynes-Robertson condition)
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More Pascal dynamics–X. Méla

Topological weak mixing: no nonconstant eigenfunctions with a
residual set of continuity points (Keynes-Robertson condition)

Complexity: P (n) = # of words of length n ∼ n3/6

Limit law for entrance times to cylinder sets

Loosely Bernoulli (de la Rue and Janvresse; Frick for the Euler)
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Polynomially based Pascals

Generalizations by Sarah Bailey Frick
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Polynomially based Pascals

Generalizations by Sarah Bailey Frick
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Questions about the Pascal systems

Is the system weakly mixing with respect to each of its ergodic
invariant measures?
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Questions about the Pascal systems

Is the system weakly mixing with respect to each of its ergodic
invariant measures?

Conjecture: If k0 = 0 and kn+1 − kn ∈ {0, 1} for all n ≥ 0, and if z ∈ C

is such that zC(n,kn) → 1 as n → ∞, then z = 1.

Is the system of infinite rank for each µα?

Does it fail to have local rank 1?
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Questions continued

Local rank 1 would imply that there is a > 0 such that there are
infinitely many m for which there is an m-block B such that

µα(dm-δ-ball around B) >
a − δ

m
.
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Questions continued

Local rank 1 would imply that there is a > 0 such that there are
infinitely many m for which there is an m-block B such that

µα(dm-δ-ball around B) >
a − δ

m
.

Maybe there is δ > 0 such that for large n and k/n ≈ α, the dm-ball of
radius δ around the block B(n, k) consists only of B(n, k).

Maybe

C(n, kn)µα{x : d(x
C(n,kn)
1 , Bn,kn

) < δ} → 0 as
kn

n
→ α?

Is the maximal spectral type singular?

What are the joinings of µα and µβ?

Is the joint action of the Pascal and shift on {0, 1}Z effective (every
nonidentity group element moves something)?
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Positively reinforced random walk
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Positively reinforced random walk
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Positively reinforced random walk
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Positively reinforced random walk
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Positively reinforced random walk
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Positively reinforced random walk
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Negatively reinforced random walk,R-adic
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Negatively reinforced random walk,R-adic
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Negatively reinforced random walk,R-adic
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Negatively reinforced random walk,R-adic
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Negatively reinforced random walk,R-adic
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The Walk Measures

The Euler Walk Measure
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The Reverse Euler Walk Measure
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Adic invariant

Gives each edge connecting level n to level n + 1 weight
1

n + 2
.

Gives each cylinder of length n measure
1

(n + 1)!
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The Euler adic
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The reverse Euler adic
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The Stirling adic
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dim(C, xn) and dim(xn)

Let dim(xn) be the number of finite paths from the root vertex to the
vertex through which the path x passes at level n.
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dim(C, xn) and dim(xn)

Let dim(xn) be the number of finite paths from the root vertex to the
vertex through which the path x passes at level n.

For any cylinder C, let dim(C, xn) be the number of paths in C that
agree with xn after level n.

Theorem (Vershik). If (X, T ) is a Bratteli-Vershik system and µ is an ergodic,
T -invariant measure on X , then for any cylinder C ⊂ X and µ-a.e. x,

lim
n→∞

dim(C, xn)

dim(xn)
= µ(C).
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dim(C, xn) and dim(xn)

Let dim(xn) be the number of finite paths from the root vertex to the
vertex through which the path x passes at level n.

For any cylinder C, let dim(C, xn) be the number of paths in C that
agree with xn after level n.

Theorem (Vershik). If (X, T ) is a Bratteli-Vershik system and µ is an ergodic,
T -invariant measure on X , then for any cylinder C ⊂ X and µ-a.e. x,

lim
n→∞

dim(C, xn)

dim(xn)
= µ(C).

Proved by Ergodic Theorem or Reverse Martingale Theorem.
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Counting paths in the Euler adic
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Counting paths in the Euler adic
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Counting paths in the Euler adic

May 2010 – p. 23/30



Ergodic Measures on the Reverse Euler

Let µ be an ergodic measure on XR and C a cylinder in XR, for
µ-a.e. x ∈ XR,

µ[C] = lim
n→∞

dim(C, (n, k))

n!
=

(α)k0(1 − α)n0−k0

k0!(n0 − k0)!
.

1 − α α

1−α
2 α 1 − α

α
2

1−α
3 α

1−α
2

α
2 1 − α

α
3

May 2010 – p. 24/30



Dimensions of vertices in the Euler graph
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Ergodicity and uniqueness of the Euler walk measure

Ergodicity proved by Bailey (Frick), Keane, Petersen, and Salama by
a collision argument
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Ergodicity and uniqueness of the Euler walk measure

Ergodicity proved by Bailey (Frick), Keane, Petersen, and Salama by
a collision argument

Uniqueness proved by Frick and Petersen using coding of paths by
permutations with k rises

Also by Gnedin and Olshanski using horizontal monotonicity to
determine the weights

Also by Varchenko and Petersen using a formula for path counts in
the Eulerian graph, monotonicity of ratios, a two-dimensional
induction argment, and a one-to-one correspondence between sets
of “good" paths
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A formula generalizing the one for Eulerian numbers.

Theorem 1. For p ≥ 0, q ≥ 1, and i, j ≥ 0, let Bp,q(j + i, i) denote the number of

paths in the Euler graph from the vertex (p + q, q) to the vertex (p + j + q + i, q + i).
Then for all p, q, i, j we have

Bp,q(j + i, i) =
i

∑

t=0

(−1)i−t

(

p + q + t

t

)(

p + q + j + i + 1

i − t

)

(q + t)j+i.
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A formula generalizing the one for Eulerian numbers.

Theorem 2. For p ≥ 0, q ≥ 1, and i, j ≥ 0, let Bp,q(j + i, i) denote the number of

paths in the Euler graph from the vertex (p + q, q) to the vertex (p + j + q + i, q + i).
Then for all p, q, i, j we have

Bp,q(j + i, i) =
i

∑

t=0

(−1)i−t

(

p + q + t

t

)(

p + q + j + i + 1

i − t

)

(q + t)j+i.

First we proved this (in a simple case) by using Abel’s Identity:
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A formula generalizing the one for Eulerian numbers.

Theorem 3. For p ≥ 0, q ≥ 1, and i, j ≥ 0, let Bp,q(j + i, i) denote the number of

paths in the Euler graph from the vertex (p + q, q) to the vertex (p + j + q + i, q + i).
Then for all p, q, i, j we have

Bp,q(j + i, i) =
i

∑

t=0

(−1)i−t

(

p + q + t

t

)(

p + q + j + i + 1

i − t

)

(q + t)j+i.

First we proved this (in a simple case) by using Abel’s Identity:

(x + y)n =
n

∑

k=0

(

n

k

)

x(x − kz)k−1(y + kz)n−k for all x, y, z.
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A formula generalizing the one for Eulerian numbers.

Theorem 4. For p ≥ 0, q ≥ 1, and i, j ≥ 0, let Bp,q(j + i, i) denote the number of

paths in the Euler graph from the vertex (p + q, q) to the vertex (p + j + q + i, q + i).
Then for all p, q, i, j we have

Bp,q(j + i, i) =
i

∑

t=0

(−1)i−t

(

p + q + t

t

)(

p + q + j + i + 1

i − t

)

(q + t)j+i.

First we proved this (in a simple case) by using Abel’s Identity:

(x + y)n =
n

∑

k=0

(

n

k

)

x(x − kz)k−1(y + kz)n−k for all x, y, z.

Then we got a much shorter argument, satisfying boundary conditions for
a recurrence equation by checking equality of two degree i polynomials in
p at i + 1 points.
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Edge traversal densities and ergodic decomposition

Adic-invariant walk measures are exchangeable, hence partially
exchangeable (as are all positively reinforced walk measures).
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edge-traversal frequencies exist.
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Adic-invariant walk measures are exchangeable, hence partially
exchangeable (as are all positively reinforced walk measures).

So by Diaconis-Freedman, they are mixtures of Markovs, hence
edge-traversal frequencies exist.

Coppersmith-Diaconis said, and Keane-Rolles proved, they are absolutely
continuous with respect to Lebesgue measure on the simplex
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Edge traversal densities and ergodic decomposition

Adic-invariant walk measures are exchangeable, hence partially
exchangeable (as are all positively reinforced walk measures).

So by Diaconis-Freedman, they are mixtures of Markovs, hence
edge-traversal frequencies exist.

Coppersmith-Diaconis said, and Keane-Rolles proved, they are absolutely
continuous with respect to Lebesgue measure on the simplex

and gave a formula for the density.

May 2010 – p. 28/30



Edge traversal densities and ergodic decomposition

Adic-invariant walk measures are exchangeable, hence partially
exchangeable (as are all positively reinforced walk measures).

So by Diaconis-Freedman, they are mixtures of Markovs, hence
edge-traversal frequencies exist.

Coppersmith-Diaconis said, and Keane-Rolles proved, they are absolutely
continuous with respect to Lebesgue measure on the simplex

and gave a formula for the density.

We can interpret this formula in terms of the ergodic decomposition of the
walk measure, when it is adic-invariant

May 2010 – p. 28/30



Edge traversal densities and ergodic decomposition

Adic-invariant walk measures are exchangeable, hence partially
exchangeable (as are all positively reinforced walk measures).

So by Diaconis-Freedman, they are mixtures of Markovs, hence
edge-traversal frequencies exist.

Coppersmith-Diaconis said, and Keane-Rolles proved, they are absolutely
continuous with respect to Lebesgue measure on the simplex

and gave a formula for the density.

We can interpret this formula in terms of the ergodic decomposition of the
walk measure, when it is adic-invariant

and explicitly calculate the density in particular cases, including
d-dimensional ones.
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Asymmetric reinforcement

Consider now a random walk on the graph Gn+1 consisting of n + 1 loops
at a single vertex, with a different kind of opposite reinforcement.
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Asymmetric reinforcement

Consider now a random walk on the graph Gn+1 consisting of n + 1 loops
at a single vertex, with a different kind of opposite reinforcement.

When the walker takes a step in the direction of en+1, the numbers of
edges in all the other directions (ej for j = 1, . . . , n) are incremented by 1;

but when the walker takes a step in the direction of ej for some
j = 1, . . . , n, only the number of edges in the direction of en+1 is
incremented by 1.

Studying the asymptotic growth rate of path counts in the resulting adic
diagram leads us to an identity involving two special kinds of polynomials.

This in turn has as a corollary an identity relating Stirling numbers of the
first and second kinds:
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An identity involving Stirling numbers

For 1 ≤ k ≤ n, 0 ≤ r ≤ k,

(

r + n − k − 1

r

)

s1(n, r + n − k) =

k
∑

m=0

(

m + n − k

m + 1

) r
∑

i=0

(

i + n − k + m − 1

i

)

(−1)m+r−i

nr−i+1
(r − i + 1)! ×

s2(m + 1, r − i + 1)s1(n, i + n − k + m),
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(
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(
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s2(m + 1, r − i + 1)s1(n, i + n − k + m),

Thanks to Xavier Méla and Sarah Bailey Frick for many of the pictures.
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