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1. SOFIC MEASURES

In symbolic dynamics and the theory of stationary processes, Bernoulli and Markov
measures are among the first examples of measures examined. They have been thor-
oughly studied and many of their properties are known. Each is specified by a finite
set of data, and its entropy is given by an explicit finite formula. In contrast, im-
ages of these measures under continuous factor maps (which we here call sofic mea-
sures and are also called hidden Markov measures and functions of Markov chains )
are not well understood. This is a bit surprising, since these measures result from
finitely-specified ones by applying simple finite algorithms, such as clumping some
symbols in an alphabet. For example, a Markov measure p may be defined on a
state space {ai, az,b1,be}, but maybe only the symbols a,b without subscripts are
recorded, resulting in an output measure v on the set of sequences on the alphabet
{a,b}. Certain properties of v follow automatically from those of x, but the entropy
of v, for example, can be difficult to determine.

Sofic measures are appearing frequently in the mathematics of information transfer
and also in the sciences, where what is measured is often an imperfect image of what
one wants to study. It can be important to decide whether a given measure is sofic;
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and if it is, finding the Markov measure of which it is a factor will identify the
controlling parameters of the process.

In part of a graduate course taught in spring 2006 at the University of North
Carolina at Chapel Hill, we sought to understand the connections among several
equivalent characterizations of sofic measures, following mainly the book of Berstel
and Reutenauer [1] and a paper of Hansel and Perrin [10]. Background for the
following, including assumed terminology, can be found in [14].

Let (X,S) and (Y,T') be two topological dynamical systems. A map 7 : X — Y
is called a factor map if it is a continuous surjective map and mo S =T o 7.

Let B(X) be the o-algebra of Borel subsets of X. Let (X, B(X), 1) be a measure
space. Then 7 induces a measure v on (Y, B(Y)) by v(B) = u(r~'B) for all B €

B(Y). We write v = 7w = pm L.

Definition 1.1. A sofic measure is a measure which is the image of a Markov

measure on a shift of finite type (SFT) under a continuous shift-commuting map.

Note: Because we can always pass to higher block representations, we may assume
that the Markov measure is one-step and the factor map is a one-block map or
clumping of the alphabet.

An outstanding problem is to characterize sofic measures and study their dynam-
ical properties.

Example 1.2. Blackwell’s Examples [4]

Case 1:

£
©=

FiGURE 1. Blackwell’s Example, Case 1
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Consider the Markov measure ;2 on X given by the transition matrix

0 1/2 1/2
A= 1/2 172 0
1/2 0 1/2

and the unique probability vector p = (1/3,1/3,1/3) with pA = p. Then 7 induces
the sofic measure v = um~! on Y = 7(X). This measure is also Markov, and it is

given by the transition matrix
0 1
b= ( 172 1/2 )

and the fixed probability vector (1/3,2/3).

Case 2:

F1GURE 2. Blackwell’s Example, Case 2
Let i be the Markov measure on X given by the transition matrix

0 2/3 1/3
A=1| 1/3 2/3 0
2/3 0 1/3

and the probability vector (2/7,4/7,1/7). The sofic measure v is defined as v(B) =
w(r=Y(B)) for all cylinder sets B.

Claim 1 : v is not Markov (of any order).
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Proof : Our proof proceeds in two stages. First we will show that v is not one-
step Markov and then show that it is not m-step Markov for any m. Assume for
contradiction that v is one-step Markov. Then we have

v(ab"|a) = v[ab]o _ v{iy € {a,b}? :y = am}
V[a]o V{yE{a,b}Z:y:...d.,.} :

If v is Markov, say given by the stochastic matrix
P.. Py
P — aa al

( Pya Py )

and the fixed vector p = (pg, ps), then
n—1
v|...abbb---b —_——
[—, = Py Py...Py = Py Py = P

(Note that P,, =0 so Py =1.)

1

Since v = ur~", we also have

-1 n
n pmab"o
viab"la) = —————
(ab"a) pm—talo
_ plabTlo + plabgle
1lalo
— ulabfla] + ulabyla
2 2 n—1 1 1 n—1
= g(g) +§(§)
So we conclude that
2 9 n—1 11 n—1 -
g(g) + g(g) = Py, foralln



This in turn implies that

2 9 n—1 11 n—1
/3 (#) =1 for all n.
bb

3\ Py, t3

If Py < 2/3, the left-hand side tends to infinity as n increases, while if Py, > 2/3
the left-hand side is less than 1 for large n. Since there is no Py, > 0 such that the
above equation holds, we finally conclude by contradiction that v is not one-step
Markov.

For the more general case, if v is Markov, its m-block representation is one-step
Markov, and so is ¢ on its m-block representation. Then there are numbers ¢5 and
TbmJ,m such that

v(ab™"|b"a) = tngﬁfb_w} for all n.
As in the one-step case,

mn—1

2.2 1
v(ab™b"a) = g(g) + 5) for all n,

and this again leads to a contradiction.

2. FORMAL SERIES

2.1. Basic definitions. Let A be a finite alphabet, A* the set of all finite words
on A, and A" the set of all finite nonempty words on A. Let € denote the empty
word. A language on A is any subset £ C A*.

Recall that a monoid is a set S with a binary operation S x S — S which is
associative and has a neutral element (identity). This means we can think of A* as
the multiplicative free monoid generated by A, where the operation is concatenation
and the neutral element is e.

A formal series (non-negative real-valued, based on A) is a function s : A* — R,.
For all w € A*, s(w) = (s,w) € Ry, which can be thought of as the coefficient of
w in the series s. We will think of this s as } _,. s(w)w, and this will be justified

later.
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It is sometimes useful to consider formal series with values in any semiring K,
which is just a ring without subtraction. That is, K is a set with operations +
and - such that (K, +) is a commutative monoid with identity element 0, (X, ) is

a monoid with identity element 1; the product distributes over the sum; and for
ke K,0k=£k0=0.

We denote the set of all K-valued formal series based on A by K ((A)) or Fx(A).
We further abbreviate R ((A)) = F(A).

Then F(A) is a semiring in a natural way: For s1, s, € F(A), define

(1) (814 s2)(w) = s1(w) + s2(w)
(2) (s182)(w) = , sea- s1(u)sa(v), where the sum is over all uv = w, a finite sum.

1 ifw=
The neutral element in F(A) is s (w) = nw E
0 otherwise.

Note that:
e R, acts on F(A) on both sides:
(ts)(w) = ts(w), (st)(w) = s(w)t, for all we A* forallt € R,.

e There is a natural injection A* < F(A) as a multiplicative submonoid: For
w € A* and v € A*, define

0 otherwise.

w(v)zéwv:{l fw=v

This is a 1-term series.

So the neutral element for multiplication in F(A) is € as a function on A*:
1 ife=
() = if € v
0 otherwise.

There is a natural injection R — F(A) by ¢ — te for all t € R,. So in F(A),
s1 = € = 1 under these interpretations.
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Definition 2.1. The support of a formal series s € F(A) is
sup(s) = {w € A" : s(w) # 0}.

Note that sup(s) is a language. Given any language £, define

s(w) 1 fwel
w) =
0 ifwée L.

This is called the characteristic series of L, and its support is £. Thus a language
corresponds to a series with coefficients 0 and 1.

Definition 2.2. A polynomial is an element of F(A) whose support is a finite subset
of A*.

Denote the K-valued polynomials based on A by pi(A) = K(A). The degree of
a polynomial p is deg(p) = max{|w| : p(w) # 0} and is —o0 if p = 0.

Definition 2.3. A family {f\ : A € A} C F(A) of series is called locally finite if
for all w € A* there are only finitely many X € A for which fy\(w) # 0. A series
f € F(A) is called proper if f(e) = 0.

Proposition 2.4. If f € F(A) is proper, then {f™ :n =0,1,2,...} is locally finite.

Proof. If n > |w|, then f™(w) = 0, because

and at least one u; is €. [ O

Definition 2.5. If f € F(A) is proper, define
= Z f"and ft= Z I (pointwise finite sum),
n=0 n=1

with f'=1=1-€c=ce.

2.2. Rational series and languages.

Definition 2.6. The rational operations in F(A) are sum (+), product (-), multi-
plication by real numbers (tw), and x : f — f*. The family of rational series consists
of those f € F(A) that can be obtained by starting with a finite set of polynomials

in F(A) and applying a finite number of rational operations.
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Definition 2.7. A language L C A* isrational if and only if its characteristic series

F(w) = 1 wa €L is rational.
0 ifwégLl

Proposition 2.8. A language L is rational if and only if it is regular. Thus an

insertive and extractive language is rational if and only if it is the language of a
sofic subshift.

Recall that regular languages correspond to regular expressions: Include A, €, ¢
and closed under +, -, *. (The language consists of words obtained by reading off
sequences of edge labels on a finite labeled directed graph.)

2.3. Distance and topology in F(A). If fi, f, € F(A), define
D(f1, f2) = inf{n > 0 : thereis w € A" such that fi(w) # fa(w)}
and

1
d(f1, f2) = D)

Note that d(f1, fa) defines an ultrametric on F(A):

d(f,h) < max{d(f,g),d(g,h)}

(<d(f,g)+d(g,h)).

Proposition 2.9. With respect to the metric d, fi, — f if and only if fi.(w) — f(w)
in the discrete topology on R, i.e. pointwise.

A possibly interesting question is to determine what would happen if we were to
use the usual topology of R instead of this new topology.

Proposition 2.10. (1) F(A) is complete with respect to the metric d.
(2) F(A) is a topological semiring with respect to the metric d (that is, + and -
are continuous as functions of two variables).

Definition 2.11. A family {F\ : X € A} of formal series is called summable if there

is a series F' € F(A) such that for every e > 0 there is a finite set Ao C A such

that for each finite set I C A with A C I, d(3_,c; Fi, F') < e. Then F is called the
8



sum of the series and we write F' =\ F\.

Proposition 2.12. If {F) : A € A} is locally finite, then it is summable.

Proof. Given such a locally finite family, define F' pointwise on A" by F(w) =
> xea Fa(w). Note that this is a a finite sum. We claim that F' =", _, F.

Let ¢ > 0. Returning to the definition of d, there is a corresponding N such
that if Fy(w) = Fy(w) for all w € A* with |w| < N, then d(F}, F;) < . Choose

A.={N € A: F\(w) #0 for some w € A" with |w| < N}, a finite set.

If A, C I and if |w| < N, then

1Y Frea(w) =Y Fi(w)| =0,

AEA el

so that d(F,> ., Fi) <e. O

So now we can write any F' € F(A) as F' = ) _,+ F'(w)w, where the formal

series is a convergent infinite series of polynomials in the metric of F(A). Recall
that

e

where F(w)w € F(A) and w € A”, so that {F(w)(w) : w € A} is a locally finite,
and hence summable, subfamily of F(A).

We note here that the set of p(A) of all polynomials is dense in F(A).
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3. RECOGNIZABLE (LINEARLY REPRESENTABLE) SERIES

3.1. Definition and examples.

Definition 3.1. F' € F(A) is linearly representable if there exists an n > 1 (the
dimension of the representation) such that we have a 1 x n row vector x € R,
an n x 1 column vector y € R, and a morphism of multiplicative monoids ¢ :

A" — RY™ (the multiplicative monoid of n x n matrices) such that for all w € A,
F(w) = zp(w)y (matriz multiplication).

Example 3.2. Consider a Bernoulli measure B(pg, p1,...,pa—1) on Q2 (A) = AZ+
where A = {0,1,...,d — 1} = {ag,a1,...,a4-1}, and p = (po,p1,---,Pa—1) IS a

probability vector. Let f = Z?:_(]l pia; € F(A). Then

pi ifw=gq
f(w>_{0 if w # a;.

Define F,, = f* = > ., f". Note that f is proper since we have f(e) = 0. For

w = azag, fH(w) = fO(w) + f(w) + f2(w) + fP(w) + ..., fO(w) = 0 and f(w) = 0.
For n > 3, we have f™(w) = 0 because any factorization w = ujusus includes ¢ and

f(e) = 0. We also have f*(w) =" _. f(u)f(v) = f(a2)f(ap) = papo. Continuing
in this way, we see that F,(wiws ... wy,) = PuyPus - - - Dw,,, Where w; € A.

Example 3.3. Consider a Markov measure p on €2, (A) defined by a d x d stochastic
matrix P and a d-dimensional probability row vector p = (po, p1,- - ,Pa—1)-

This means that for a; € A, pla;lo = Zf:_ol piP; = p; (it pP = p, plailo = pi, and p is

o-invariant). We also have that for allw € A" and a;, a; € A, plwaa;lo = plwagoPy.

1
Puty=1[:] € R‘i, rT=pE€ R‘i, and let ¢ be generated by ¢(a;), j =0,1,...,d—1,
1
where
0 Py 0 0
0 - Py e
la;) = | . : : .| for eacha; € A.
0 -« Pyiy; 0 --- 0



Then F, p € F(A) is defined for all w = w; - -w, € A" by

F,p(w) = zp(w)y
= pp(wi)p(ws) ... o(wn)y

0 Py, 0 0 1
0 -« Py, 0 - 0 1
= pe(wi) ... p(wn1) S . C | @G>
0 Py, 0 0 1
where w; = a;, fort =1,--- ,n. So
po(w) ... o(wn_1) :
Pd_l In
0 --- Py,, 0 -0 Py;.,
0 - Py,, 0 0 P,
= pplwn) o) [ T D
0 e Pd_lyjnfl O U O Pd_17j7l

Pojnfl Pjnflyjn
Pljnfl Pjnflyjn

:Pd—l,jn,1 Pjnflvjn

= p@(wl) o '@(wn—z)
=poloj, Prjy -+ Pjvju + 01P1j Pirjy - B yju + ot Pa-1Pa-15 Pjrjo - P

d—1

= (Z piPih)leszjzja o 'Pjnﬂjn = :u[wl T wN]'
=0

The last equality holds because we have pfw; ... w,] = plwiloPj i Pisjs =+ Pin_1jn-
This shows that the triple x, ¢,y represents the given Markov measure pu.
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Example 3.4. We now consider how the preceding analysis works on a Blackwell
type example, where the Markov measure is given by the graph in Example 1 (see
Figure 3).

FiGURE 3. Blackwell-type example

We require t; +t, =1, 11 + s = 1, and 73 + s, = 1. Then the linear representa-
tion is given by (p, P), where p = (pg, p1, p2) is the a priori probability vector and

0 t1 t
P=|r; s; 0| isthe transition matrix.
T2 0 S9
1
The measure is o-invariant if and only if pP =p. We have x =p,y= [ 1|,
1
0 00 0 t1 O 0 0 ty
el@)=1r 0 0], pbi))=10 s1 0|, @b)=10 0 0
ro 0 0 0 0 0 0 0 s

Suppose pP = p. Then
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0 ¢t 0 0 0 29 1
E, p(abi*aby'a) = 2p(a) [0 s1 O w@) [0 0 0| ¢0) (1
0 0 0 0 0 s9 1

0 tis81 0 0 0 tysh! 1

= ap(a) [0 & 0fe@ |0 0 0 pla) |1

0O 0 0 00 s 1

= Tlslf_ltgsé_l’l“g (p17°1 + pg’l“g).
We can easily see that the last equality holds if we plug in
zp(a) = prritysy ' ritash 'y 4 paratysy ' ritash r

and also note that pyr; 4+ pary = po, because pP = p implies that

0 t1 t
pP = (po,p1,p2) |71 s1 O | =(pir1 +pare,...,...) =p.
T2 0 S9

Example 3.5. A sofic measure (hidden Markov chain) as in Example 1.2. We
examine a one-block factor of a Blackwell-type example. Define 7 : {a,by,b2} —
{a,b} by m(a) = a, w(by) = mw(by) = b, and extend 7 as a monoid morphism to
7 :{ay, b1, b} — {a,b}* and also as a factor map between shifts of finite type:

X C Qi{a, by, by}
m |  one-block map
Y - Q+{CL, b}

Y is actually the golden mean shift shown below.

FIGURE 4
13



Take any shift-invariant measure p on X. It projects to a (unique) shift-invariant
measure v = . = pm L on Y: v(B) = u(r~'B) for all Borel sets B C Y. In
particular, take 1 = p, p to be a o-invariant one-step Markov measure on X, as in
Example 4 above. Let (x,p,y) be the linear representation of the Markov measure

L.

We will now show that v is linearly representable.

1
We begin by defining x = (pa, P, b)), ¥y = | 1 |, and
1
0 t1 ¢t
() =p(br) +p(b2) = | 0 s1 0
0 0 S92

We now wish to show that (z, v, y) corresponds to a linearly representable measure
v.

The first step is to rewrite ¢ (b) as 1(b) = 1(ab) + 1»(bb), where

0t t
wab)y=| 0 0 0
00 0

represents the probability of moving from a to b and

0
S1
0 S92

0 0
bb) = [ 0 0
0

represents the probability of moving from b to b.
We observe the following facts about v (ab) and 1 (bb):

(1) ¢(ab)* =0
(2) ¥(bb) - ¢p(ab) = O

14



0 tlSl t282
0 O
0 O

0
0
55

We use these four facts to compute, for arbitrary k, ¥(b)* = [1)(ab) + 1 (bb)].
Since

o s
0
0

0
(4) P (bb)* = ( 0
0

[(ab) + (bb)][¥(ab) + ¥ (bb)] = v (ab)* + v (ab)(bb) + 1) (bb)1)(ab) + 1) (bb)*
= ¥(ab)e(bb) + ¥ (bD)?,

we may use induction to conclude that

V()" = [v(ab) + (bb)]"
= P(ab)ip (bb)*" + < (bb)*

With a matrix representation of 1(b)* in hand, we can check that (z,,y) is a
linear representation of v. To do this, we will first show that (z,,y) gives the right
answer for v[b]y. In fact,

1
(V)Y = (Pas Poys Doy )Y (VF) ( i )

= Pat18y " + Doy ST+ Datash Tt + puysh

= Y (Pat1 + PoyS1) + S5 (Data + Dby S2)-
15



Since we know put1 + pp, 51 = pp, and puta + Py, S2 = pp,, We have

SE T (pats + Doy 51) + S5 (Pata + PyySa) = Doy ST+ prysh

1 1

From the construction of p we have that u[b¥]y = py,sF~' and p[bs]lo = ps,si*, so

we finally conclude that

2 (b")y = p[bilo + ulbslo = pm ' [B*o.

By definition, v[b*]y = ur~1[b*]o, so we have now shown that v[b*]y = 21 (b*)y. Now
we obtain a matrix representation of ¢(b¥a). Since v is a morphism, we have

Y(0'a) = Y(0")(a)

0 tysht tysh! 0 00
=10 slf 0 r 0 0
0 0 sk r2 00
rltlslf_l + r2t2s’§‘1 0 0
= 7’1$If 0 0
7’2815 0 0

Then

zi(abatla)y = 2 (a)i(Ha)b(ba)y

Tltlslf_l + Tgtgsg_l 0 0

= (Tlpln + T2Pbs 07 0) rlslf 00

Tosh 0 0
rltlsll_l + T2t2812_1 00 1
18 0 0 1
7’28l2 00 1

Tltlsll_l + Tgtgslz_l
= ((ripy, + ropy,) (rit1sh 1 + ratash ™), 0, 0) rist

7“2812

= (r1Pp, + rape,) (P1tasy ™ 4 ratash ) (rity st 4 ratash ).
16



Using induction we can then conclude that
zp(ab™ab®? .. .ab* )y = xip(a) (¥ a) - »(B*2a) - ... - (b a)y
= (r1pp, + ToPby ) (T1t1 ST T 4 rotasE T (it s 4 opotysheTh) L
(rityshn ™ 4 rotasin T,

Since p, = 1Dy, + T2Ds,, the above sum can be rewritten as

Z pa(r’ilt’il8?11_1)“‘(rintinsf:_l)’

(ily"'yi’ll)

where the sum is taken over all n-tuples (i, ..., 4,) such that i; is either 1 or 2. But
this is nothing more than

Z plabfta...biralo.

(i1, yin)

Viewed as a set, 7~ [ab¥1ab®2...ab*"a), is exactly the set of all [ab}!a...bi"a], such
that 7; is either 1 or 2. So we can finally conclude that

xp(abrab®...abt a)y = Z u[abflla...bf:a]o

(ilv---vin)

= pr Hab™ab®?...ab* aly,

and since the two measures agree on all the cylinder sets of the form [abflla...bf: alo,

and these generate the full o-algebra, we have that v = um~!. Therefore, (z,1,y)

represents v = um L.

3.2. Linearly representable probability measures. Our goal is to prove a the-
orem giving several characterizations of sofic measures. The first step in this process
is to prove the following Proposition:

Proposition 3.6. A formal series F(A) corresponds to a linearly representable shift-
invariant probability measure p on Q4 (A) if and only if F' has a linear representation
(z,¢,y) with x a probability vector, P =" _, ¢(a) a stochastic matriz, y a column
vector of all 1’s, and xP = x.

17
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Proof. We begin by proving the “if” portion of the proposition.

Given the hypothesis of the proposition, define the functions p, : A — R, by
pn(w) = zp(w)y for all w € A™. Then we have, for all w € A", the following four
relations:

(1) pu(w) = zp(w)y = 0.

Y pani(wa) = Y wp(wa)y

acA a€A

= Y wpw)p(a)y = xo(w)(D_ ¢la)y).

acA a€A

Since P is stochastic and y is a column vector of all 1’s, Py =y, so

Y pani(wa) = x¢(w) Py = wd(w)y = p(w).

a€A

(3) Dogearila) = cazp(a)y = 2Py = xy = 1, since z is a probability vector.

(4) > peaPn+i(aw) = pp(w). The details of this are very similar to the details
of (2).

Since the x,¢,y, and p of our hypothesis satisfy these four relations, the Kol-
mogorov Consistency Theorem (see [2|, Chapter 7) gives a probability measure pu.
Since zP = x, we also get that p is shift-invariant.

We now turn our attention to proving the “only if” direction of the Proposition.
We begin by proving several necessary claims and then use them to prove the Propo-
sition.

Claim 1: If F(A) corresponds to a linearly representable shift-invariant probabil-
ity measure p on € (A), then for all w € A*, ulw]y = z(w)Pry = xP*¢(w)y for
all natural numbers k, where P = %" _ . ¢(a).

Proof: We prove this by induction. Since F' corresponds to a linearly representable

shift-invariant probability measure p on €2 (A), we have that, for k = 0, z¢(w)P% =
18



xo(w)y = plwo. Now assume the statement holds for all £ < M. Then

o(w) Py = wo(w) 3 6(a)PMy

acA

= > ad(w)p(a)PMy

a€A

= Z zé(wa) PMy.

a€A

By the induction hypothesis, plwaly = zd(wa)PMy, so we have that

ré(w)PMTly = Z plwalo.

acA

Since p is a probability measure, it satisfies the Kolmogorov consistency theorem,
S0 Y ,ea tlwaly = plw]o. We conclude that z¢(w)PM 'y = pfwly, so by induction

we have proved p[w]y = zé(w)P*y. Since yu is shift-invariant, a similar argument

shows that pfw]y = 2P*¢(w)y, so we have proved Claim 1.

Claim 2: There exists a linear representation (z,¢,y) of u such that each entry
of x and y is nonzero, and with P defined as P =) _, ¢(a), P =z and Py = y.

Proof : Since (z, ¢, y) is a linear representation of the measure i, we have that for
allw € A%, plw)o = zp(w)y = Z” x;p(w);; y;. Thus, if ; = 0; we may assume that

the i’th row of ¢(w) is identically 0, and similarly if y; = 0, then we may assume
that the j'th column of ¢(w) is identically 0.

Note that

ple] = 1 = x2¢(e)(P)*y = xP*y = le(Pk)” Y.
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Thus if z; > 0 and y; > 0, the set {(P*);; : k =0,1,2,---} is bounded. So we
can find a sequence k,, such that {i 221 P*} converges to some Q;; for all such

t,7. If z;y; =0, put Q;; = 0. Now define Q) = (QU)

From Claim 1, we have that uw]y = 2P*¢(w) P*y for any k, so u[w]y = 2Qé(w)Qy.
This implies that by setting Z = 2@ and § = Qy, we have that (Z, ¢,7) is a linear
representation of p. We note that by the construction of ), tP = & and Py = g.

Moreover, now z; = 0 if and only if y; = 0. Eliminating all coordinates j such
that g; = 0 from 7, g, and @ gives us a linear representation of y given by (Z, ¢, 7),
where 2P = z, Py = g, and both = and y have no entries equal to 0. This proves
Claim 2.

To finish the proof of Proposition 3.6, let (x, ¢,y) be the linear representation of
p given by Claim 2. Define the diagonal matrix D by D;; = y; for all . Now define
¥ =2D, ¢ = D7'¢D, and v = D~1y. Then for any w € A*,

¢ (w)y' = (xD)(D~¢(w)D)(D™"y) = zé(w)y,

so (2/,¢',y') is a linear representation of . We have that (D~ 'y); = 1 for all i, so
y' is a column of 1’s.

To show that 2’ is a probability vector, we note that the sum of the entries of z’
is equal to

2"y = (xD)(D'y) = zy = wo(e)y = ule]o = 1.

To show that P' = _, ¢'(a) is a stochastic matrix, we note that P’ is a sto-
chastic matrix if and only if Py’ is a column vector of 1’s, and that

Py =3 ¢a)y=>Y D '¢(a)DD™'y

acA a€A

=S D é(a)y =D bla)y = D' Py.

acA acA

By Claim 2, Py = y, so we have that
P/y/ — D—lpy — D—ly — y/7

showing that P’ is a stochastic matrix.
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Lastly, we see that since

¥'P'=2DY ¢(a)=zDY D '¢(a)D = zPD,

acA a€A

and we know from Claim 2 that P = z, we can conclude that
2'P' =2'PD =D =2’
O

In [10], Proposition 2.6 is stated without the requirement that the probability
measure be shift-invariant. In Remark 4.9, we sketch how this could be proved.
Part of the difficulty is due to the lack at this stage of any apparent relationship
between coordinates in the linear representation and “states” (vertices) for a Markov
measure.

4. CHARACTERIZATION OF SOFIC MEASURES

Kleene [12] characterized rational languages as the linearly representable ones, and
this was generalized to formal series by Schiitzenberger [17]. In the study of stochas-
tic processes, functions of Markov chains were analyzed by Gilbert [9], Furstenberg
[8], Dharmadhikari [6], Heller [11], and others. Hansel and Perrin [10] explained
the connection between rational series and continuous images of Markov chains.
These characterizations are collected in the following theorem, which involves some
terminology (stable, submodule) that is yet to be defined.

Theorem 4.1. Let A be a finite alphabet. For a formal series F' € Fg, (A) that
corresponds to a shift-invariant probability measure p in Q. (A), the following are
equivalent:

(1) F is linearly representable.

(2) F is a member of a stable finitely-generated submodule of Fg, (A).

(3) F is rational.

(4) The measure p is the image under a one-block map of a one-step Markov
shift-invariant probability measure.

4.1. Linearly representable=finite dimensional=rational. In this section we
prove the equivalence of the first three items in the foregoing theorem. Note that
F(A) is an R, -module in a natural way. On this module we have an action of A* |

defined as follows:
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For F € F(A) and w € A*, define (w, F) — w™'F by

(w™'F)(v) = F(wv) for all v € A*,
Thus
wF = Z F(wv)v.

vEA*

If F=ue A* then

1 fwv=u

(W) () = u(wv) = {0 if wv # u.

So w™lu # 0 if and only if u = wv for some v € A*. Then w™'u = v (in the sense
that they are the same function on A*). So w™!v erases w from v if v has w as a
prefix, otherwise w='v gives 0. Note also that this is a monoid action :

(vw) *F =w(v'F).

Definition 4.2. A submodule M of F(A) is called stable if w™'F € M for all
FeM,ie wMc M, for allw e A*.

Proposition 4.3. A formal series F' € F(A) is linearly representable if and only if
it 1s a member of a stable finitely-generated submodule of F(A)

Proof. Suppose that F' is linearly representable by (z, p,y). For each i =1,2,---n,
(where n is the dimension of the representation) and each w € A*, define

Fy(w) = [p(w)yl:-
Let M = (Fy,---,F,) be the span of the F; with coefficients in R, which is a
submodule of F(A). Since

F(w) = ap(w)y = 3 oty = Y wiFiw)

we have that F' = >""  x;F;, which means F € M.

We next show that M is stable. Let w € A*. Then for u € A*,

(w™'F)(u) = Fi(wu) = [p(wu)yl: = [p(w)p(u)yl;

n

=2 wwlgle(yl; = 3o (w)yF(u).

Jj=1
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Since p(w);; € Ry, we have > 7| o(w);;Fj(u) € M, so

7j=1

Conversely, let M be a stable finitely-generated left submodule, and assume that
F e< Fy,---,F, >= M. Then there are zy,--- ,z, € Ry such that F' = """ x;F;.

Since M is stable, for each a € A and each i = 1,2, --- ,n,, we have that a ' F; €<
Fy,...F, >. So there exist ¢;; € Ry, j =1,2,---,n, such that a='F; = 37, ¢i; Fj.

Define ¢(a);; = ¢;j, for i,j = 1,2,---n. Extend ¢ to a monoid morphism from
A* — R*™ . Because the action of A* on F(A) is monoidal (which means (aja2) ™ =

ay'a;!), we have that for all w € A*

wFy = o(w);Fy.
=1

Define y; = Fj(1) for j =1,2,---,n. Then

Fi(w) = w™Fy(1) = ZSO(w)iij(l) = Z@(w)z‘j?h = [p(w)y]; for all i, w.

So
F(w) =Yz Fi(w) =Y zifp(w)yl; = vo(w)y for all w € A%,
i=1 i=1
showing that (x, ¢, y) is a linear representation for F. O

An immediate consequence of this Proposition is the following Corollary.

Corollary 4.4. Any finite linear combination of linearly representable series is also

a linearly representable series.
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We are now ready to begin the proof of the major theorems of this subject. Our
first theorem is the following;:

Theorem 4.5 ([12, 17]). A formal series is linearly representable if and only if it
1s rational i.e., in the closure of the polynomials under the rational operations +
(union), - (concatenation), x, and multiplication by elements of R

Proof. We break the proof of this theorem up into several parts. We begin by as-
suming that F' is rational and prove the theorem in that direction. This requires
the use of several claims.

Claim 1: Every polynomial is linearly representable.

Proof : If w € A" and |w| is greater than the degree of the polynomial F, then
w =0. Let S={w™'F:we A*}. Then S is finite and stable, hence S spans a
finitely-generated stable submodule M to which F belongs. (Take e 'F = F). So
by the preceding Proposition, F' is linearly representable, and the claim is proved.

Claim 2: If F; and Fy are in stable finitely-generated submodules of F(A) and
t € Ry, then (F} + F3) and (tF}) are in finitely-generated submodules.

Proof : This follows immediately from the definition of stability.

Claim 3: Suppose that for i« = 1,2, F; € M;, where each M; is a stable, finitely-
generated submodule. Let M = M, Fy+M,. Then M is finitely-generated and stable.

Proof : The fact that M is finitely-generated is immediate. The proof that M is
stable is a consequence of the following lemma.

Lemma 4.6. For F,G € F(A) anda € A, a Y(FG) = (a™'F)G + F(e)a™'G.
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Proof. For any w € A*,

(™ (FG))(w) = (FG)(aw)

O

We can now show that M is stable. First, let fiF5 4+ fo be an arbitrary element
of M and let a € A also be arbitrary. Then

o fiFs+ fo) = (@ )P+ file)(a ' Fy) + a7 fa.

Note that a=f; € My and a ' fs, a™'Fy € My. Thus fi(e)(a™ ) + fo € My, so we
conclude that M is stable.

Claim 4: Suppose M is finitely-generated and stable, and that F; € M, is proper,
that is F(e) = 0. Then F} is in a finitely-generated stable submodule.

Proof : Define M = R, +M, Fy. Since F{' =} . F{", we have

Ff =1+ F'=(1+FF)eM.

n>1

Also M is finitely generated (generators 1 and f; Fy if the f; generate M;). To show
that M is stable, we need a lemma.

Lemma 4.7. If F is proper and a € A, then a ' (F*) = (a ' F)F*.

Proof. a™ ' (F*) =a'(1+ FF*)=a Y e+ FF*)=a e+ (a7 'F)F* + F(e)a ' (F™).
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Because (a7 'e)(w) = e(aw) = 0 for all w € A* and F(¢) = 0, we get that
a'F* = (a7 F)F*. O

Now the stability of M is an immediate consequence. For if t € R, and a € A,
then for any u € A* we have (a7 't)(u) = t(au) = 0, so a™'t = 0 € R,. And for
any fi € Fy and a € A, a ' (f}) = (a7 f1)F} + fi(e€)a™ ' (F}). Since M is stable,
a”'fy € Ff and the first term is in M;F}. By the Lemma, the second term is
fi(e)(a=tFy)Fy, which is again in M, F}.

These four claims give that if F' is rational, then F lies in a finitely-generated
stable submodule, so the previous Proposition gives that I is linearly representable,
and this proves one direction of the Theorem.

Now we turn our attention to proving the theorem in the other direction. So
assume that F' € F(A) is linearly representable. Then F(w) = xp(w)y for all

w € A" for some z,¢,y. Consider the semiring of formal series Fg(A4) = K A"
where K is the semiring R of n x n nonnegative real matrices and n is the
dimension of the representation. Let D = " _, ¢(a)a € ]—'Rim(A). D is proper, so

we can form

D=3 D=3 (3 wlaa)' =) (> elwpw) = ¢ww.

h>0 h>0 a€A h>0 weAh weA™

D* is a rational element of fRan(A), since we started with a polynomial and

formed its *. It can be checked that each entry (D*);; is rational in Fg, (A). (Start
with the } ., ¢(a);;a and form sums, products, and *’s.)

So with D and D* now defined, we have that

F(w) = zé(w)y = in¢(w>ijyj = inD*(w)ijyj,

and each D*(w);; is a rational series applied to w. So F(w) is a finite linear com-
bination of rational series D}; applied to w and hence is rational, which proves this
direction of the theorem. 0

4.2. Rational = sofic.
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Theorem 4.8 ([8, 10, 11]). A shift-invariant probability measure v on Q4 (A) cor-
responds to a rational formal series F' = F, € Fg, (A) if and only if it is sofic - the
image of a one-step shift-invariant Markov probability measure p under a one-block
map .

Proof. Suppose that v is the image under a one-block map (determined by a map
m : A — B between the alphabets) of a one-step Markov measure pu. Then the
formal series F), € F(A) can be obtained by starting with a polynomial in F(A) and
applying a finite number of rational operations. Replacing in the initial polynomials
each a € A with 7(a) and applying the same finitely many rational operations will
yield a rational series F,, € F(B) that represents v.

Alternatively, if F), is represented by x, ¢,y then for each w € A* we have

Fu(w) = Z zip(w)ijy; = wY _ pla)a]* (w)y;.

i, acA

For uw € B* define

Fw)=> @y [ Y e (uy

1, beB acA,m(a)=b

to see that F), is a linear combination of rational series and to see its linear represen-
tation. The previous example shows how this clumping of the linear representation
works in case of Blackwell’s examples.

We now prove the other direction. Suppose that v corresponds to a rational
(and hence linearly representable) formal series F' € Fg, (B) with dimension n. Let
(x, ¢, y) represent F'. Then the theorem will be proved if we can construct a Markov
measure g on some 24 (A) and a one-block map 7 : Q4 (A) — Q. (B) determined
by some 7 : A — B satisfying v = un~! = mpu.

We begin this construction by recalling that our alphabet B has a finite number
of letters, say |B| = d and B = {by,...,bs}. From Proposition 3.6, there exists a
representation (z,¢,y) such that P = ", . (b) is a stochastic n x n matrix, z is

1
a 1 x n probability vector, and y = | : | is an n X 1 column vector.

27



We make a (n x d x n) x (n x d x n) matrix M in the following manner:

For ny,ng,nf,nh,=1,...,nand r,ro = 1,...,d, put
. !
M _ ¢(b7‘2)”2n/2 lf N2 = nl
nirint ,noron,, — .
! 2 0 otherwise.

We “split up” the probability vector x into an n x d X n-dimensional probability

! —
vector X so that for each n} =1,...,n, we have E Tnyrin, = Tnj, -
ni=1,....,n
ri=1,....d

The sum of the nyryn;’th row of M is

E Mnlrln’l,ngmné = E Mnlrln’l,n’lbng-

narank b,n

Since n}j = ng, we have

> Musrnaranty = D D 00tny, = D Q0O ugny = Y Paty-

naranl, bEB nf=1 nj=1 bEB nH=1

This is equal to the sum of the n)’th row of P, which is equal to 1, since P is
stochastic. It can also be checked that XM = X. (Use 2P = z, which follows from
v being shift-invariant).

Now define the new alphabet A = {nyrn} :nn) =1,... ;n;ry =1,...,d}. Let p

be the shift-invariant Markov measure on €2, determined by the initial probability
vector X and stochastic transition matrix M.

Claim 1: wp = v, where m: A — B is defined by 7(nymn}) = b, € B.
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Proof : We begin by showing that the claim holds on cylinders of length 1. We
have

:uﬂ- 0 - E E Xn2r2n2 nlran,nlbnl

nl,nl n2r2n2

= E E Xngrznangrznl,nlbn’l

ni,ny n2,r2

= Z Sp(b)nm’l Z Xngram

na,nt n2,r2

= 20, O(b)nyn,
ni,my

= 2p(b)y

= v[blo.

A similar argument will show that for any w € B*, (um)[w]o = z¢(w)y = vwlp.
This concludes the proof of the Theorem. O

Remark 4.9. If v is a possibly not shift-invariant linearly representable probability
measure on {2, (B), the above scheme for constructing a (possibly not shift-invariant)
Markov measure p on €2, (A) that projects to v under a one-block map might not
work as stated. The problem is that if v is represented by (x, ¢, y) and some y; = 0,
although we may still assume that all ¢(w) for w € B* have j’th column 0, and we
may still define () as above, it is not clear that we may assume that the j'th row of
Q@ is 0 and the j’th entry of z is 0, since they can play a role in the calculation of
zo(w)y = zp(w)Qy for some w. This difficulty is due to the lack of relation alluded
to at the end of Section 3 between the coordinates 1,2, --- ,n of the representation
and the states of any possible Markov measure above v. However, as in Proposition
2.6 we may still define @Q);; = 0 if 2;y; = 0 and

= lim (— Z B if z;y; # 0,

for a sequence (k,,) such that the limits exist. Then (x,p, Qy) represents v, so

replace y by Qy. Now if some y; = 0, we may assume that all ¢(w) have j’th

column identically 0. Let D;; = y; for all i, D;; = 0 for i # j, and E;; = 1/D;; if
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D;; # 0, E;; = 0 otherwise. Replacing (z,¢,y) by T =z, $ = ¢D, § = Ey still
leaves us a representation of v. Proceed with the definition of the alphabet A, the
matrix M, and the vector X as above. Define Y by splitting up ¢ similarly, and let

— 3 — /! _ /
Mo, riny mgrany’ = @by ) oy i N2 = n1" and a = ngrong

(I)(a)mmm’,mrznz’ = {

0 otherwise.

One can verify that

(1) (X,®,Y) represents a probability measure p on 2, (A);
(2) p maps to v under w(irj) = by;
(3) p is Markov with initial probability vector X and transition matrix M.

Now if some g; = 0, whenever ny’ = j we have (b, )n,r, = 0 for all ngrs.
Thus ®(a) is identically 0 whenever a = naryj, so any word that contains a symbol
a = norej will have probability 0, and the symbol a can be discarded from the
alphabet A. The difference is that now the states of the Markov measure p coincide
exactly with the coordinates norons’ of the representation.

Example 4.10. We return to Blackwell’s example to see how to build p from v in
that case.

1

B = {CL, b}7n = 3,1’ = <p17p27p3)7y = 1 )
1
0 00 0 t1 to
Yla)=1r 0 0f,¥®d)=[0 s 0
T2 0 0 0 0 59

Let r € {a,b}, i,7,7,5" € {1,2,3}.

W(a)g =ry ifdy’=21and j =7
Mz’rj,i’aj’ = ¢(a>31 =T if i’j’ = 31 and ] — 4
0 otherwise.

Note that this matrix works by discarding all states involving a except 2a; and

3(1,1 .
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b)io =1, ifdj =12 and j =17
Jis =ty iféj =13 and j =7
)os =51 ifi'j' =22 and j = ¢
) s

(0
(0

We also have M;,; iy = § ¢
P o ifd'j’ =33 and j =1
0

otherwise.

This matrix works by discarding all states involving b except 1bsy, 1b3, 2bs, 3b3.
Then we have a 2-block representation of Blackwell.

5. OTHER APPROACHES AND OPEN QUESTIONS

5.1. Furstenberg’s approach [§8]. We start with F' € Fg(A) representing a shift-
invariant probability measure and consider the set pgr(A), of real-valued polynomials
(finitely-supported formal series with real coefficients). For G € pr(A), let G, G~ €
or(A) represent the positive and negative parts of G. Then we have

G=)Y Guww= Y (G"ww-G (w)w).

weA® weA®

Define
Glr =Y (GT(w)+ G (w))F(w),

wEA™

a finite sum. This gives pr(A) the structure of a normed algebra over R.

Define F(G) = Y~ ca- G(w)F(w), a continuous linear functional. Then define

K ={Gepr(A): || G|z =0}

a two-sided ideal of F-negligible words. For if F'(w) = 0, then since F'(wa) > 0 for
all a and

F(w) =Y F(wa) = F(aw),

a€A acA

then F(aw) = F(wa) = 0 for all a in A. Define A(F) = pgr(A)/K, a finitely-
generated algebra, with generators A and norm inherited from || - || r.
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Theorem 5.1. F corresponds to a (shift-invariant) sofic measure if and only if the
quotient module A(F)/(A(F)([e] — > ,calal), is finite dimensional. (The denomi-

nator is a left ideal of A(F) and [ ] denotes equivalence class in A(F)).

5.2. Heller’s approach. E. J. Gilbert [9] and A. Heller [11] developed an approach
similar to Furstenberg’s to the problem of identifying functions of Markov chains.
Again A is a finite alphabet, and Algg(A), the free associative alphabet over R gen-
erated by A, coincides with the set pr(A) of polynomials on A with real coefficients.
For a fixed shift-invariant probability measure p on Qi (A), FF = F, € Fg, (A)
determines, as in Furstenberg, a linear functional

&r(G) =) G(w)F(w) for all G € Algg(A).

wEA*

Denote by N the largest left ideal contained in ker({g) (so that N O K, the ideal
in Furstenberg’s approach).

One can check that

={G € Algg(A) : F(A*G) = 0}.
Definition 5.2. F' (or p) is finitary if Algg(A)/N 1is finite-dimensional over R, as
a vector space.

Theorem 5.3 ([11]). Every sofic measure is finitary, but there are finitary measures
which are not sofic.

We end with the statement of some open questions.

Question 5.4. What about the entropy of a sofic measure?

For a shift-invariant measure p on Q4 (A),

() = Tim [~ 3™ ufulolog(ufulo)]

n—0o0

If 41 is Markov, determined by p and P, h(u) = =3, ; p;iPijlog P;;.
32



What about the entropy of v = wu? Blackwell [4] gives an integral formula,

and these are procedures to approximate h(r) and study its dependence on the
parameters defining p, but much remains unknown.

Question 5.5. How could one characterize continuous images of countable-state
Markov measures, or Gibbs measures [5], [7]¢ Or even Bernoulli measures ¢

W N =

10.
11.

12.

13.

14.

15.

16.

17.
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