NOTES ON ELEMENTARY PROBABILITY

KARL PETERSEN

1. PROBABILITY SPACES

Probability theory is an attempt to work mathematically with the
relative uncertainties of random events. In order to get started, we do
not attempt to estimate the probability of occurrence of any event but
instead assume that somehow these have already been arrived at and
so are given to us in advance. These data are assembled in the form of
a probability space (X, B, P), which consists of

(1) a set X, sometimes called the sample space, which is thought
of as the set of all possible states of some system, or as the set
of all possible outcomes of some experiment;

(2) a family B of subsets of X, which is thought of as the family of
observable events; and

(3) afunction P : B — |0, 1], which for each observable event £ € B
gives the probability P(F) of occurrence of that event.

While the set X of all possible outcomes is an arbitrary set, for
several reasons, which we will not discuss at this moment, the set B of
observable events is not automatically assumed to consist of all subsets
of X. (But if X is a finite set, then usually we do take B to be the
family of all subsets of X.)

We also assume that the family B of observable events and the prob-
ability measure P satisfy a minimal list of properties which permit
calculations of probabilities of combinations of events:

(1) P(X)=1

(2) B contains X and is is closed under the set-theoretic operations
of union, intersection, and complementation: if £, F' € B, then
FEUF e B, ENF € B,and £E° = X \ E € B. (Recall that
E U F is the set of all elements of X that are either in £ or in
F, ENF is the set of all elements of X that are in both £ and

F, and E° is the set of all elements of X that are not in E.)
1
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In fact, in order to permit even more calculations (but not
too many) we suppose that also the union and intersection of
countably many members of B are still in B.

(3) If E, F € B are disjoint, so that EN F = (), then P(EU F) =
P(E) + P(F). In fact, we assume that P is countably additive:
if £y, Es, ... are pairwise disjoint (so that E;NE; = 0 if i # j),
then

(1) P(UZX,E;) = P(EYUELU...) = P(E))+P(Ey)+--- = i P(E;).

Example 1.1. In some simple but still interesting and useful cases,
X is a finite set such as {0,...,d — 1} and B consists of all subsets of
X. Then P is determined by specifying the value p; = P(i) of each
individual point 7 of X. For example, the single flip of a fair coin is
modeled by letting X = {0, 1}, with 0 representing the outcome heads
and 1 the outcome tails, and defining P(0) = P(1) = 1/2. Note that
the probabilities of all subsets of X are then determined (in the case
of the single coin flip, P(X) =1 and P(() = 0).

Exercise 1.1. Set up the natural probability space that describes the
roll of a single fair die and find the probability that the outcome of any
roll is a number greater than 2.

Exercise 1.2. When a pair of fair dice is rolled, what is the probability
that the sum of the two numbers shown (on the upward faces) is even?

Exercise 1.3. In a certain lottery one gets to try to match (after paying
an entry fee) a set of 6 different numbers that have been previously
chosen from {1,...,30}. What is the probability of winning?

Exercise 1.4. What is the probability that a number selected at ran-
dom from {1,...,100} is divisible by both 3 and 77

Exercise 1.5. A fair coin is flipped 10 times. What is the probability
that heads comes up twice in a row?

Exercise 1.6. Ten fair coins are dropped on the floor. What is the
probability that at least two of them show heads?

Exercise 1.7. A fair coin is flipped ten times. What is the probability
that heads comes up at least twice?

Exercise 1.8. Show that if £ and F' are observable events in any
probability space, then

(2) P(EUF) = P(E)+ P(F)— P(ENF).
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2. CONDITIONAL PROBABILITY

Let (X, B, P) be a probability space and let Y € B with P(Y") > 0.
We can restrict our attention to Y, making it the set of possible states
or outcomes for a probability space as follows:

(1) The set of states is Y C X with P(Y") > 0;
(2) The family of observable events is defined to be

(3) By ={ENY :FE € B}
(3) The probability measure Py is defined on By by
P(A)
(4) Py(A) = m for all A c BY.

Forming the probability space (Y, By, Py) is called “conditioning on
Y”. It models the revision of probability assignments when the event
Y is known to have occurred: we think of Py(A) as the probability
that A occurred, given that we already know that Y occurred.

Example 2.1. When a fair die is rolled, the probability of an even
number coming up is 1/2. What is the probability that an even number
came up if we are told that the number showing is greater than 37 Then
out of the three possible outcomes in Y = {4,5,6}, two are even, so
the answer is 2/3.

Definition 2.1. For any (observable) Y C X with P(Y) > 0 and any
(observable) E C X we define the conditional probability of E given Y
to be
P(ENY)

PE|Y)= ——~
) (EY) = 5
Exercise 2.1. A fair coin is flipped three times. What is the proba-
bility of at least one head? Given that the first flip was tails, what is
the probability of at least one head?

= Py(E).

Exercise 2.2. From a group of two men and three women a set of
three representatives is to be chosen. Each member is equally likely to
be selected. Given that the set includes at least one member of each
sex, what is the probability that there are more men than women in
it?

Definition 2.2. The observable events A and B in a probability space
(X, B, P) are said to be independent in case

(6) P(ANB) = P(A)P(B).
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Notice that in case one of the events has positive probability, say
P(B) > 0, then A and B are independent if and only if

(7) P(A[B) = P(A);

that is, knowing that B has occurred does not change the probability
that A has occurred.

Example 2.2. A fair coin is flipped twice. What is the probability
that heads occurs on the second flip, given that it occurs on the first
flip?

We model the two flips of the coin by bit strings of length two, writing
0 for heads and 1 for tails on each of the two flips. If Y is the set of
outcomes which have heads on the first flip, and A is the set that has
heads on the second flip, then

X = {00,01, 10,11},
Y ={00,01}, and
A = {10,00},

so that ANY = {00} includes exactly one of the two elements of Y.
Since each of the four outcomes in X is equally likely,
P(ANY) [ANnY] 1

Pv) 2 W

P(AY) =
Thus we see that A and Y are independent.

This example indicates that the definition of independence in prob-
ability theory reflects our intuitive notion of events whose occurrences
do not influence one another. If repeated flips of a fair coin are mod-
eled by a probability space consisting of bit strings of length n, all
being equally likely, then an event whose occurrence is determined by
a certain range of coordinates is independent of any other event that
is determined by a disjoint range of coordinates.

Example 2.3. A fair coin is flipped four times. Let A be the event
that we obtain a head on the second flip and B be the event that among
the first, third, and fourth flips we obtain at least two heads. Then A
and B are independent.

Exercise 2.3. Show that the events A and B described in the preced-
ing example will be independent whether or not the coin being flipped
is fair.
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Exercise 2.4. Show that events A and B described in the preceding
example will be independent even if the probability of heads could be
different on each flip.

Exercise 2.5. When a pair of fair dice is rolled, is the probability
of the sum of the numbers shown being even independent of it being
greater than six?

3. BAYES’ THEOREM

Looking at the definition of conditional probability kind of backwards
leads very easily to a simple formula that is highly useful in practice
and has profound implications for the foundations of probability theory
(frequentists, subjectivists, etc.). We use the notation from [1], in
which C' is an event, thought of as a cause, such as the presence of a
disease, and [ is another event, thought of as the existence of certain
information. The formula can be interpreted as telling us how to revise
our original estimate P(C') that the cause C' is present if we are given
the information 1.

Theorem 3.1 (Bayes’ Theorem). Let (X, B, P) be a probability space
and let C,I € B with P(I) > 0. Then

P(I|0)

8) P(CID = P(C) 5

Proof. We just use the definitions of the conditional probabilities:

©) P(C]D) = %, P(1|C) = %
and the fact that C NI =1INC. -

Example 3.1. We discuss the example in [1, p. 77] in this notation. C'
is the event that a patient has cancer, and P(C) is taken to be .01, the
incidence of cancer in the general population for this example taken to
be 1 in 100. [ is the event that the patient tests positive on a certain
test for this disease. The test is said to be 99% accurate, which we take
to mean that the probability of error is less than .01, in the sense that

P(I|C°) < .01 and P(I°|C) < .01
Then P(I|C) ~ 1, and
(10) P(I) = P(I|C)P(C)+ P(I|C°)P(C°) ~ .01 + (.01)(.99) ~ .02.
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Applying Bayes’ Theorem,

P(I|C 1
(1c) ~ (.01)— ~ .5.
P(I) .02
The surprising conclusion is that even with such an apparently accurate
test, if someone tests positive for this cancer there is only a 50% chance

that he actually has the disease.

(11) P(C|I) = P(C)

Often Bayes’ Theorem is stated in a form in which there are several
possible causes C1, Cs, ... which might lead to a result I with P(I) > 0.
If we assume that the observable events C7, Cy, ... form a partition of
the probability space X, so that they are pairwise disjoint and their
union is all of X, then

(12) P(I) = PUIC)P(Cy) + PUICY)P(C) + .
and Equation (8) says that for each 1,

PG
(ZI|C)P(C1) + P(IC) P(C2) + ...

This formula applies for any finite number of observable events C; as
well as for a countably infinite number of them.

(13)  P(CII = P(C) 5

Exercise 3.1. Suppose we want to use a set of medical tests to look
for the presence of one of two diseases. Denote by S the event that
the test gives a positive result and by D; the event that a patient has
disease i = 1,2. Suppose we know the incidences of the two diseases in
the population:

(14) P(D;) = .07, P(Dy)=.05, P(DynDy)=.01.
From studies of many patients over the years it has also been learned
that

P(S|D1) = .9, P(S]|Ds) =8,

(15) P(S|(Dy U Dy)?) = .05, P(S|Dy N Dy) = .99.

(a) Form a partition of the underlying probability space X that will
help to analyze this situation.

(b) Find the probability that a patient has disease 1 if the battery
of tests turns up positive.

(c) Find the probability that a patient has disease 1 but not disease
2 if the battery of tests turns up positive.
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4. BERNOULLI TRIALS

In Section 2 we came across independent repeated trials of an ex-
periment, such as flipping a coin or rolling a die. Such a sequence
is conveniently represented by a probability space whose elements are
strings on a finite alphabet. Equivalently, if a single run of the experi-
ment is modeled by a probability space (D, B, P), then n independent
repetitions of the experiment are modeled by the Cartesian product
of D with itself n times, with the probability measure formed by a
product of P with itself n times.

We now state this more precisely. Let (D, B, P) be a probability
space with D = {0,...,d — 1}, B = the family of all subsets of D,
P@@)=p;>0fori=0,...,d—1.

Denote by D™ the Cartesian product of D with itself n times. Thus
D™ consists of all ordered n-tuples (x1,...,x,) with each z; € D,i =
1,...,n. If we omit the commas and parentheses, we can think of each
element of D™ as a string of length n on the alphabet D.

Example 4.1. If D = {0,1} and n = 3, then
D™ = {000,001, 010,011,100,101,110, 111},
the set of all bit strings of length 3.

We now define the set of observables in D™ to be B = the family of
all subsets of D™ . The probability measure P on D™ is determined
by

(16) P(")(:Ul:zcg coy) = P(x)P(x2) -+ - P(xy,)
for each x1xs ... x, € D™ .

This definition of P™ in terms of products of probabilities seen in
the different coordinates (or entries) of a string guarantees the inde-
pendence of two events that are determined by disjoint ranges of co-
ordinates. Note that this holds true even if the strings of length n are
not all equally likely.

Exercise 4.1. A coin whose probability of heads is p, with 0 < p < 1/2,
is flipped three times. Write out the probabilities of all the possible
outcomes. If A is the event that the second flip produces heads, and
B is the event that either the first or third flip produces tails, find
P®) (AN B) and P®(A)PB)(B).
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Let D = {0,1} and P(0) = p € (0,1), P(1) = 1 — p. Construct as
above the probability space ( () B, PM) representing n indepen-
dent repetitions of the eXperlment (D, B, P). The binomial distribu-
tion gives the probability for each k = 0,1,...,n of the set of strings
of length n that contain exactly k£ 0’s. recall that C(n, k) denotes the
binomial coefficient n!/(k!(n — k)!), the number of k-element subsets of

a set with n elements.

Proposition 4.1. Let (D™, B™ P®) be as described above. Then
for each k =0,1,...,n,
P("){:cl oz, €D g, =0 for k choices of i =1,...,n} =

o Cn (1~ )~

Proof. For each subset S of {1,...,n}, let
E(S)={z e D™ :z;=0if and only if i € S}.

Note that if S; and Sy are different subsets of {1,...,n}, then E(S})
and E(95,) are disjoint.

Fix k = 0,1,...,n. There are C(n, k) subsets of {1,...,n} which
have exactly k elements, and for each such subset S we have

PM(E(S)) = p*(1 —p)" .
Adding up the probabilities of these disjoint sets gives the result. [

Exercise 4.2. For the situation in Exercise 4.1 and each k£ = 0,1, 2, 3,
list the elements of A, = the event that exactly k£ heads occur. Also
calculate the probability of each Ayg.

Representing repetitions of an experiment with finitely many possible
outcomes by strings on a finite alphabet draws an obvious connection
with the modeling of information transfer or acquisition. A single ex-
periment can be viewed as reading a single symbol, which is thought of
as the outcome of the experiment. We can imagine strings (or exper-
imental runs) of arbitrary lengths, and in fact even of infinite length.
For example, we can consider the space of one-sided infinite bit strings

(18) 0" = {wor19- -+ 1 each z; =0 or 1},
as well as the space of two-sided infinite bit strings

(19) Q={...x_1xoxy---: each z; =0 or 1}.



NOTES ON ELEMENTARY PROBABILITY 9

Given p with 0 < p < 1, we can again define a probability measure for
many events in either of these spaces: for example,

(20) P;m){x:xg =0,26 = 1,27 =1} = p(1 — p)(1 — p).

A set such as the one above, determined by specifying the entries in
a finite number of places in a string, is called a cylinder set. Let us
define the probability of each cylinder set in accord with the idea that
0’s and 1’s are coming independently, with probabilities p and 1 — p,
respectively. Thus, if 0 < iy < iy < --- < i,, each a,...,a, =0 or 1,
and s of the a;’s are 0, let

(21) Péw){x e ixy, =ay,...,x, =a, ) =p°(1—p) "

It takes some effort (which we will not expend at this moment) to see
that this definition does not lead to any contradictions, and that there is
a unique extension of PISOO) so as to be defined on a family B which
contains all the cylinder sets and is closed under complementation,
countable unions, and countable intersections.

Definition 4.1. If D is an arbitrary finite set, we denote by Q" (D) the
set of one-sided infinite strings xgzi2zs ... with entries from the alpha-
bet D, and we denote by Q(D) the set of two-sided infinite strings with
entries from D. We abbreviate QT = Q" ({0,1}) and Q = Q({0, 1}).

With each of these sequence spaces we deal always with a fixed family
B of observable events which contains the cylinder sets and is closed
under countable unions, countable intersections, and complementation.

The spaces QF (D) and Q(D) are useful models of information sources,
especially when combined with a family of observables B which con-
tains all cylinder sets and with a probability measure P defined on
B. (We are dropping the extra superscripts on B and P in order to
simplify the notation.) Given a string a = ag...a,_1 on the symbols
of the alphabet D and a time n > 0, the probability that the source
emits the string at time n is given by the probability of the cylinder
set {x:x, =ap, 1 =a1,...,Tpir-1 = Qr_1}.

Requiring that countable unions and intersections of observable events
be observable allows us to consider quite interesting and complicated
events, including various combinations of infinite sequences of events.

Example 4.2. In the space QF constructed above, with the probabil-
ity measure P;Eoo), let us see that the set of (one-sided) infinite strings
which contain infinitely many 0’s has probability 1. For this purpose
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we assume (as can be proved rigorously) that the probability space

(Q+,B(°°>,P1§°°)) does indeed satisfy the properties set out axiomati-
cally at the beginning of these notes. Let

A={z € Q" :x; =0 for infinitely many }.

We aim to show that P()(A) = 0 (A° = QF \ A = the complement
of A), and hence P(*®)(A) = 1.

For each n =10,1,2,... let
B,={z€Q":2,=0but z; =1 for all i > n},

and let B_; consist of the single string 1111.... Then the sets B,, are
pairwise disjoint and their union is A€.

By countable additivity,

so it is enough to show that

P)(B,) =0 for all n.

p
Fix any n = —1,0,1,2,... . Foreach r=1,2,...,
By C Zpiinir ={2 € Q" 1 Tpy1 = Tpya = -+ = Ty = 1},
and

Plgoo)(Zn+1,n+r) =(1-p)

Since 0 < 1 —p < 1, we have (1 —p)” — 0 as 7 — 00, 80 PISOO)(B,L) =0
for each n.

If A is an observable event in any probability space which has prob-
ability 1, then we say that A occurs almost surely, or with probability
1. If some property holds for all points € D in a set of probability 1,
then we say that the property holds almost everywhere.

Exercise 4.3. In the probability space (Q+,B(°°),Pp(°°)) constructed
above, find the probability of the set of infinite strings of 0’s and 1’s
which never have two 1’s in a row. (Hint: For each n = 0,1,2,...
consider B,, = {x € QF : x9,x9,41 # 11}.)
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5. MARKOV CHAINS

Symbols in strings or outcomes of repeated experiments are not al-
ways completely independent of one another—frequently there are re-
lations, interactions, or dependencies among the entries in various co-
ordinates. In English text, the probabilities of letters depend heavily
on letters near them: h is much more likely to follow ¢ than to fol-
low f. Some phenomena can show very long-range order, even infinite
memory. Markov chains model processes with only short-range mem-
ory, in which the probability of what symbol comes next depends only
on a fixed number of the immediately preceding symbols. In the sim-
plest case, 1-step Markov chains, the probability of what comes next
depends only on the immediately preceding symbol. The outcome of
any repetition of the experiment depends only on the outcome of the
immediately preceding one and not on any before that.

The precise definition of a Markov chain on a finite state space, or
alphabet, D = {0,1,...,d — 1} is as follows. The sample space is the
set X1 of all one-sided (could be also two-sided) infinite sequences z =
ZToxp ... with entries from the alphabet D. The family of observable
events again contains all the cylinder sets. The probability measure M
is determined by two pieces of data:

(1) a probability vector p = (po,-..,pa—1), with each p; > 0 and
po+ -+ pg_1 =1, giving the initial distribution for the chain;

(2) a matrix P = (P,;) giving the transition probabilities between
each pair of states ¢,7 € D. It is assumed that each P;; > 0
and that for each ¢ we have Py + Po+ -+ F; 41 = 1. Such a
P is called a stochastic matriz.

Now the probability of each basic cylinder set determined by fixing
the first n entries at values ag,...,a,_1 € D is defined to be

M{zeXt xg=ag,...,Tn1=0ap 1} =
paOPa()(ZlPalCLQ .. P

* T An—-2n—1"

(22)

The idea here is simple. The initial symbol of a string, at coordinate
0, is selected with probability determined by the initial distribution p:
symbol i has probability p; of appearing, for each ¢ = 0,1,...,d — 1.
Then given that symbol, ag, the probability of transitioning to any
other symbol is determined by the entries in the matrix P, specifically
the entries in row ag: the probability that a; comes next, given that we
just saw ag is Ppye,. And so on. The condition that the matrix P have
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row sums 1 tells us that we are sure to be able to add some symbol
each time.

The 1-step memory property can be expressed as follows. For any
choice of symbols ay, ..., a,,

M{z eX" a2, =an|z0=00,...,Tpn1=an_1} =

M{z eX" 2, = an|Tn1 = an_1}.

Finite-state Markov chains are conveniently visualized in terms of
random paths on directed graphs.

P -
1/2

0 1/4

i

i 231/2

Here the states are 0, 1, 2 and the transition probabilities between states
are the labels on the arrows. Thus the stochastic transition matrix is

0 1 0
P=|1/2 174 1/4
12 0 1/2

If we specified an initial distribution p = (1/6,1/2,1/3) listing the
initial probabilities of the states 0, 1, 2, respectively, then the probabil-
ities of strings starting at the initial coordinate would be calculated as
in this example:

M{$€E+ZZIZ'():1,$2:1,1'3:O}:p1P11P10: _____

Exercise 5.1. For the example above, with p and P as given, find the
probabilities of all the positive-probability strings of length 3.

Recall that the vector p = (po, - . ., pa—1) gives the initial distribution:
the probability that at time 0 the system is in state j € {0,...,d — 1}
is pj. So what is the probability that the system is in state j at time
17

Well, the event that the system is in state j at time 1, namely {z €
¥t .z = j}, is the union of d disjoint sets defined by the different
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possible values of xg:

d—1
(23) {xEE*:xlzj}:U{er*:xozz”xl:j}.
i=0
Since the 7’th one of these sets has probability p;F;;, we have
d—1
(24) M{z e Xt oy =j} =) pPy.
i=0

So we have determined the distribution p") of the chain at time 1. The
equations

d—1
(25) P =S"pp; forj=0,...,d-1

i=0
are abbreviated, using multiplication of vectors by matrices, by
(26) p'Y = pP.
Similarly, the distribution at time 2 is given by
(27) p® =pHP =pP?,

where P? is the square of the matrix P according to matrix multipli-
cation. And so on: the probability that at any time n = 0,1,2,... the
chain is in state j = 0,...,d — 1 is (pP");, namely, the j’th entry of
the vector obtained by multiplying the initial distribution vector p on
the right n times by the stochastic transition matrix P.

Here’s a quick definition of matriz multiplication. Suppose that A is
a matrix with m rows and n columns (m,n > 1; if either equals 1, A
is a (row or column) vector). Suppose that B is a matrix with n rows
and p columns. Then AB is defined as a matrix with m rows and p
columns. The entry in the 7’th row and j’th column of the product AB
is formed by using the i’th row of A and the j’th column of B: take
the sum of the products of the entries in the i’th row of A (there are n
of them) with the entries in the j'th column of B (there are also n of
these)—this is the “dot product” or “scalar product” of the i’th row of
A with the j’th column of B:

(28)  (AB)yy =) AuBy, fori=1,...m;j=1...p.
k=1

Note that here we have numbered entries starting with 1 rather than
with 0. (This is how Matlab usually does it).
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Markov chains have many applications in physics, biology, psychol-
ogy (learning theory), and even sociology. Here is a nonrealistic indi-
cation of possible applications.

Exercise 5.2. Suppose that a certain study divides women into three
groups according to their level of education: completed college, com-
pleted high school but not college, or did not complete high school.
Suppose that data are accumulated showing that the daughter of a
college-educated mother has a probability .7 of also completing college,
probability .2 of only making it through high school, and probability .1
of not finishing high school; the daughter of a mother who only finished
high school has probabilities .5, .3, and .2, respectively, of finishing col-
lege, high school only, or neither; and the daughter of a mother who
did not finish high school has corresponding probabilities .3, .4, and .3.

(a) We start with a population in which 30% of women finished
college, 50% finished high school but not college, and 20% did not
finish high school. What is the probability that a granddaughter of
one of these women who never finished high school will make it through
college?

(b) Suppose that the initial distribution among the different groups
is (.b857,.2571,.1571). What will be the distribution in the next gen-
eration? The one after that? The one after that?

Remark 5.1. Under some not too stringent hypotheses, the powers P*
of the stochastic transition matrix P of a Markov chain will converge
to a matrix () all of whose rows are equal to the same vector ¢, which
then satisfies ¢() = ¢ and is called the stable distribution for the Markov
chain. You can try this out easily on Matlab by starting with various
stochastic matrices P and squaring repeatedly.

6. SPACE MEAN AND TIME MEAN

Definition 6.1. A random variable on a probability space (X, B, P) is
a function f : X — R such that for each interval (a, b) of real numbers,
the event {x € X : f(x) € (a,b)} is an observable event. More briefly,

(29) f*(a,b) € B foralla,becR.
This definition seeks to capture the idea of making measurements

on a random system, without getting tangled in talk about numbers
fluctuating in unpredictable ways.
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Example 6.1. In an experiment of rolling two dice, a natural sample
space is X = {(i,7) : i,7 = 1,...,6}. We take B = the family of all
subsets of X and assume that all 36 outcomes are equally likely. One
important random variable on this probability space is the sum of the
numbers rolled:

s(i,j)=1i+j forall (i,5) € X.

Example 6.2. If X is the set of bit strings of length 7, B = all subsets
of X, and all strings are equally likely, we could consider the random
variable

s(x) =g+ -+ + x6 = number of 1’s in x.

In the following definitions let (X, B, P) be a probability space.

Definition 6.2. A partition of X is a family {A, ..., A, } of observable
subsets of X (each A; € B) which are pairwise disjoint and whose union
is X. The sets A; are called the cells of the partition.

Definition 6.3. A simple random variable on X is a random variable
f + X — R for which there is a partition {A,..., A,} of X such that
f is constant on each cell A; of the partition: there are ¢y,...,¢, € R
such that f(z) =¢ forallx € A;;i=1,...,n.

Definition 6.4. Let f be a simple random variable as in Definition
6.3. We define the space mean, or expected value, or expectation of f
to be

(30) E(f) =) aP(4).
i=1

Example 6.3. Let the probability space and random variable f be as
in Example 6.1—the sum of the numbers showing. To compute the
expected value of f = s, we partition the set of outcomes according to
the value of the sum: let 4; = s7!(j),j = 2,...,12. Then we figure
out the probability of each cell of the partition. Since all outcomes are
assumed to be equally likely, the probability that s(x) = i is the number
of outcomes x that produce sum i, times the probability (1/36) of each
outcome. Now the numbers of ways to roll 2,3, ..., 12, respectively, are
seen by inspection to be 1,2,3,4,5,6,5,4,3,2,1. Multiply each value
(2 through 12) of the random variable s by the probability that it takes
that value (1/36,2/36,...,1/36) and add these up to get E(s) = 7.

Thus 7 is the expected sum on a roll of a pair of dice. This is the
mean or average sum. The expected value is not always the same as



16 KARL PETERSEN

the most probable value (if there is one)—called the mode—as the next
example shows.

Exercise 6.1. Find the expected value of the random variable in Ex-
ample 6.2.

Exercise 6.2. Suppose that the bit strings of length 7 in Example 6.2
are no longer equally likely but instead are given by the probability
measure P on {0, 1}(") determined by P(0) =1/3, P(1) = 2/3. Now
what is the expected value of the number of 1’s in a string chosen at
random?

The expectation of a random variable f is its average value over the
probability space X, taking into account that f may take values in some
intervals with greater probability than in others. If the probability
space modeled a game in which an entrant received a payoff of f(z)
dollars in case the random outcome were x € X, the expectation E( f)
would be considered a fair price to pay in order to play the game.
(Gambling establishments charge a bit more than this, so that they
will probably make a profit.)

We consider now a situation in which we make not just a single mea-
surement f on a probability space (X, B, P) but a sequence of mea-
surements f1, fo, f3,.... A sequence of random variables is called a
stochastic process. If the system is in state x € X, then we obtain
a sequence of numbers fi(x), fo(x), f3(z),..., and we think of f;(z)
as the result of the observation that we make on the system at time
1=1,2,3,....

It is natural to form the averages of these measurements:
1 n
(31) AdF @) = =3 fule)
k=1

is the average of the first n measurements. If we have an infinite se-
quence f1, fa, f3,... of measurements, we can try to see whether these
averages settle down around a limiting value

(52) A} @) = lim = 3 fio)

Such a limiting value may or may not exist—quite possibly the sequence
of measurements will be wild and the averages will not converge to any
limit.
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We may look at the sequence of measurements and time averages
in a different way: rather than imagining that we make a sequence of
measurements on the system, we may imagine that we make the same
measurement f on the system each time, but the system changes with
time. This is the viewpoint of dynamical systems theory; in a sense
the two viewpoints are equivalent.

Example 6.4. Consider the system of Bernoulli trials (2, B, B{™)
described above: the space consists of one-sided infinite sequences of 0’s
and 1’s, the bits arriving independently with P(0) = p and P(1) = 1—p.
We can “read” a sequence in two ways.

(1) For each i = 0,1,2,..., let fi(x) = x;. We make a different
measurement at each instant, always reading off the bit that is one
place more to the right than the previously viewed one.

(2) Define the shift transformation o : Q7 — QF by o(zor122...) =

21Ts . ... This transformation lops off the first entry in each infinite
bit string and shifts the remaining ones one place to the left. For each
i=1,2,..., 0 denotes the composition of ¢ with itself ¢ times; thus

o? lops off the first two places while shifting the sequence two places
to the left. On the set 2 of two-sided infinite sequences we can shift in
both directions, so we can consider ¢* for i € Z.

Now let f(z) = xo for each x € QF. Then the previous f;(z) =
f(o'z) for all i« = 0,1,2,.... In this realization, we just sit in one
place, always observing the first entry in the bit string x as the string
streams by toward the left.

This seems to be maybe a more relaxed way to make measurements.
Besides that, the dynamical viewpoint has many other advantages. For
example, many properties of the stochastic processes {f(c'x)}, can

be deduced from study of the action of o on (QF, B, PISOO)) alone,
independently of the particular choice of f.

Exercise 6.3. In the example (Q+,B(°°),P,§°°)) just discussed, with
f(z) = x¢ as above, do you think that the time average

Af(a) = lm 5" f(o*e)

will exist? (For all 27 For most z7) If it were to exist usually, what
should it be?
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Exercise 6.4. Same as the preceding exercise, but with f replaced by

f@»::{l if 2oz, = 01

0 otherwise.

7. STATIONARY AND ERGODIC INFORMATION SOURCES

We have already defined an information source. It consists of the set
of one- or two-sided infinite strings Q" (D) or (D) with entries from
a finite alphabet D; a family B of subsets of the set of strings which
contains all the cylinder sets and is closed under complementation and
countable unions and intersections; and a probability measure P de-
fined for all sets in B. (For simplicity we continue to delete superscripts
on B and P.) We also have the shift transformation, defined on each of
QT (D) and Q(D) by (0x); = x;41 for all indices i. If f(z) = x¢, then ob-
serving f(o*z) for k =0,1,2,... “reads” the sequence x = ¢z 175 . . .
as o0 makes time go by.

Definition 7.1. An information source as above is called stationary
if the probability measure P is shift-invariant: given any word a =
apas . ..a,_1 and any two indices n and m in the allowable range of

indices (Z for Q(D), {0,1,2,...} for QT(D)),
Plz:x,=a0,Tn11 =0a1,...,Tpip1=0Qr_1} =

(33) P{r: 2y = a0, Tmg1 = A1, -, Tppgp—1 = Qp_1}.

The idea is that a stationary source emits its symbols, and in fact
consecutive strings of symbols, according to a probability measure that
does not change with time. The probability of seeing a string such as
001 is the same at time 3 as it is at time 3003. Such a source can be
thought of as being in an equilibrium state—whatever mechanisms are
driving it (which are probably random in some way) are not having
their basic principles changing with time.

Example 7.1. The Bernoulli sources discussed above are stationary.
This is clear from the definition of the probability of the cylinder set
determined by any word as the product of the probabilities of the in-
dividual symbols in the word.

Example 7.2. Consider a Markov source as above determined by an
initial distribution p and a stochastic transition matrix P. If p is in
fact a stable distribution for P (see Remark 5.1),

pP = p,
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then the Markov process, considered as an information source, is sta-
tionary.

Definition 7.2. A stationary information source as above is called
ergodic if for every simple random variable f on the set of sequences,
the time mean of f almost surely equals the space mean of f. More
precisely, the set of sequences = for which

RN
(34) Asof(z) = lim = _ f(o*x) = E(f)
k=1
(in the sense that the limit exists and equals E(f)) has probability 1.

In fact, it can be shown that in order to check whether or not a source
is ergodic, it is enough to check the definition for random variables f
which are the characteristic functions of cylinder sets. Given a word
a = apai1Qs . . . a,_1, define

(35) Jalx) =

0 otherwise.

{1 ifﬂ?oxl...l},lza

Ergodicity is then seen to be equivalent to requiring that in almost
every sequence, every word appears with limiting frequency equal to
the probability of any cylinder set defined by that word. Here “almost
every” sequence means a set of sequences which has probability one.

Example 7.3. The Bernoulli systems defined above are all ergodic.

This is a strong version of Jakob Bernoulli’s Law of Large Numbers
(1713).

What kinds of sources are not ergodic, you ask? It’s easiest to give
examples if one knows that ergodicity is equivalent to a kind of inde-
composability of the probability space of sequences.

Example 7.4. Let us consider an information source which puts out
one-sided sequences on the alphabet D = {0,1}. Let us suppose that
the probability measure P governing the outputs is such that with
probability 1/2 we get a constant string of 0’s, otherwise we get a
string of 0’s and 1’s coming independently with equal probabilities. If
we consider the simple random variable fj, which gives a value of 1 if
xo = 0 and otherwise gives a value 0, we see that on a set of probability
1/2 the time mean of f; is 1, while on another set of probability 1/2 it is
1/2 (assuming the result stated in Example 7.3). Thus, no matter the
value of E(fy), we cannot possibly have A, fo = E(fy) almost surely.
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Exercise 7.1. Calculate the space mean of the random variable f; in
the preceding example.

Exercise 7.2. Calculate the space mean and time mean of the random
variable f; in the preceding example (see Formula (35)).
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