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Part I

Entropy of HMPs

With Jun Luo.
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A Hidden Markov Process (HMP)

{Xi} a binary Markov chain.

Random transformation PY |X : Xi 7→ Yi .

What is PXi |Y n
1

?

lim
n→∞

1

n
H(Y1, . . . ,Yn) = ?
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Entropy Rate and Filtering

Output entropy:

H(Y n
1 ) = H(Y n

1 |X n
1 ) + I (X n

1 ; Y n
1 )

= nH(PY |X ) + H(X n
1 )− H(X n

1 |Y n
1 )

By sandwiching (cf. Birch ’62),

lim
n→∞

1

n
H(Y n

1 ) = nH(PY |X ) + H2(ε)− lim
n→∞

1

n
H(X n

1 |Y n
1 )

= H(PY |X ) + H2(ε)− H(X1|X0,Y
∞
1 ).
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Filtering Posterior

The statistics of PX1|X0,Y∞1
is enough because

H(X1|X0,Y
∞
1 ) = E

{
H2

(
PX1|X0,Y∞1

(·|X0,Y
∞
1 )
)}

The key is PXi |Y∞i+1
since

PX1|X0,Y∞1
∝ PX1|X0

PX1|Y1
PX1|Y∞2

Assume binary Markov chain. Define log-likelihood ratio

Li =
PXi |Y∞i+1

(+1|Y∞i+1)

PXi |Y∞i+1
(−1|Y∞i+1)

Li is well-defined on the filtration Y∞i+1. It is also stationary.

Let F (·) denote the cdf of Li conditioned on Xi = +1.
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Theorem: A Fixed-point (Functional) Equation for CDF

Theorem (Luo & Guo)

Consider symmetric Markov chain and symmetric channel:

PY |X (y |x) = PY |X (−y | − x)

The conditional cdf F is the unique solution to

F

(
log

ε+ (1− ε)ex

εex + (1− ε)

)
= ε+ E

{
(1− ε)F (x − r(W ))− εF (−x − r(W ))

}
∀x ∈ R, where W ∼ PY |X (·|+ 1) and

r(y) = log
PY |X (y |+ 1)

PY |X (y | − 1)
.
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Proof: Fixed-point Equation

Li is an alternative Markov process (cf. Ordentlich-Weissman)

Li−1 = log
PXi−1|Y∞i (+1|Y∞i )

PXi−1|Y∞i (−1|Y∞i )

= log
PY∞i |Xi−1

(Y∞i |+ 1)

PY∞i |Xi−1
(Y∞i | − 1)

= log
(1− ε)PY∞i |Xi

(Y∞i |+ 1) + εPY∞i |Xi
(Y∞i | − 1)

εPY∞i |Xi
(Y∞i |+ 1) + (1− ε)PY∞i |Xi

(Y∞i | − 1)

= log
eα+r(Yi )+Li + 1

er(Yi )+Li + eα

where α = log[(1− ε)/ε].
Density evolution yields the fixed-point equation.
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Proof: Uniqueness

Want to show the uniqueness of the solution to

F (qε(x)) = ε+ E {(1− ε)F (x − r(W ))− εF (−x − r(W ))}

where qε(x) = log ε+(1−ε)ex

εex+(1−ε) .

Define mapping Ψ from {cdf} to {cdf}

Ψ(F ) (qε(x)) = ε+ E {(1− ε)F (x − r(W ))− εF (−x − r(W ))}

Claim: Ψ is a contraction mapping under L2.
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Contraction Mapping ⇒ Unique Solution

Ψ is a contraction mapping if ∀F1,F2

|Ψ(F1)−Ψ(F2)| < θ |F1 − F2|, 0 < θ < 1.

Denote the inverse of qε by fε(z) = log (1−ε)ez−ε
(1−ε)−εez .
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Proof: Contraction

|Ψ(F1)−Ψ(F2)|

=

∫ ∣∣∣E{(1− ε){F1 − F2}(fε(u)− r(W )) + ε{F2 − F1}(−fε(u)− r(W ))
}∣∣∣du

≤ E

∫
(1− ε)

∣∣{F1 − F2}(fε(u)− r(W ))
∣∣+ ε

∣∣{F1 − F2}(fε(u) + r(W ))
∣∣du

= (1− ε)E

{∫
|F1(t)− F2(t)|q′

ε(t + r(W ))dt

}
+ εE

{∫
|F1(t)− F2(t)|q′

ε(t − r(W ))dt

}
≤ (1− 2ε)|F1 − F2|.

Dongning Guo (Northwestern) 12 / 35



Non-Symmetric Channel

Channel is characterized by PY |X (·|+ 1) and PY |X (·| − 1).

Let F+(·) (resp. F−(·)) denote the cdf of Li conditioned on
Xi−1 = +1 (resp. Xi−1 = −1).

Theorem

The conditional cdfs F+ and F− satisfy[
F+(qε(x))
F−(qε(x))

]
=

[
1− ε ε
ε 1− ε

] [
E {F+(x − r(U))}
E {F−(x − r(V ))}

]
∀x ∈ R, where U ∼ PY |X (·|+ 1) and V ∼ PY |X (·| − 1) are independent.
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Computation of Entropy Rate

Recall

lim
n→∞

1

n
H(Y n

1 ) = H(PY |X ) + H2(ε)− H(X1|X0,Y
∞
1 ).

Therefore

H(X1|X0,Y
∞
1 ) = E

{
H2

(
PX1|X0,Y∞1

(+1|X0,Y
∞
1 )
) ∣∣∣ X0,Y1

}
= E

{
H2

(
1

1 + exp [−αX0 − r(Y1)− L]

) ∣∣∣∣ X0,Y1

}
=

∫
g(z)dF (z)

because PL|X0,Y1
is given by F .
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Special Case: BSC

Fixed-point equation:

F (qε(x)) = (1− ε)(1− δ)F (x − β) + (1− ε)δF (x + β)

+ ε(1− δ)(1− F (−x − β)) + εδ(1− F (−x + β))

where β = log(1/δ − 1).

L has finite support.

It suffices to quantize F in finite interval.
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BSC

F (qε(x))− (1− ε)(1− δ)F (x − β)− (1− ε)δF (x + β)

+ ε(1− δ)F (−x − β) + εδF (−x + β) = ΦF = ε

Discretize F and the kernel Φ:

PF−KF = ε1

Structure of Matrix P Structure of Matrix K
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Solving the Linear System

Standard numerical methods.

Alternatively, quadratic programming:

min
F
‖(K− P)F + ε1‖2

s.t. Fi = 0, 1 ≤ i ≤ M1;

Fi − Fi−1 ≥ 0, M1 + 1 ≤ i ≤ M1 + M2 + 1;

Fi = 1, M1 + M2 + 1 ≤ i ≤ M1 + M2 + M3

where Fi denotes the ith element of F.

Can use active set method.

The complexity is O(M3), where M is the number of samples of F (·).
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Special Case: Gaussian Channel

Consider
Y =

√
γX + N

where N ∼ N (0, 1).

Fixed-point equation:

F (qε(x)) = ε+ E {(1− ε)F (x − 2W )− εF (−x − 2W )}

with W ∼ N (
√
γ, 1).

Need to quantize the support of distribution of W ;

The RHS is the superposition of shifted copies of F (·).
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Plot for AWGN Channel
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Entropy rate as function of the transition probability and the SNR
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Precision: BSC Case

Difficulty: The cdf F is not analytic. Numerically it shows “jumps”.

Sampling F may suffer non-vanishing error at some points.

Intuition: ∫
g(z)(dF (z)− dF̂ (z))→ 0

for bounded smooth g().
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Quantization Error

Recall

F = ΨF = ε+ E {(1− ε)F (fε(·)− r(W ))− εF (−fε(·)− r(W ))}

Define

F̂ = Ψ̂F̂ = ε+E{(1− ε)F̂ (Q(fε(·)− r(W )))−
εF̂ (Q(−fε(·)− r(W )))}

Two sources of error:
I Discretizing the kernel Ψ to obtain F̂ = Ψ̂F̂ .
I Computing the entropy using F̂ .
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Upperbounding the Error

Let F̃ be the step function extension of F̂ .

|F − F̃ | = |ΨF −ΨF̃ + ΨF̃ − F̃ |
≤ (1− 2ε)|F − F̃ |+ |F̃ ′ − F̂ |

≤ (1− 2ε)|F − F̃ |+ 1

M

Thus

|F − F̃ | ≤ 1

2εM

This implies

|Ĥ − H| = O

(
log M

M

)
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Part II

Joint Detection/Estimation on a HMM

With Yan Zhu and Michael L. Honig.
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Wireless Communication

Wireless channels:
Yt = HtXt + It + Nt

Fundamental limiting factors:
I Interference.
I Channel uncertainty — noise and fading.

Usual separation of channel estimation and interference cancellation.

Turbo processing.
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Strong Interference of The Same Signaling Format

Model
Yi = HiXi + H ′i X

′
i + Ni i = 1 . . . n

BPSK modulation: Xi ,X
′
i = ±1.

Circularly-symmetric complex Gaussian noise.

Gauss-Markov fading

Hi = αHi−1 +
√

1− α2 Wi

H ′i = αH ′i−1 +
√

1− α2 W ′
i
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A Graphical Model

Difficult to deal with because of cycles.
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The HMM

Hi,H
′
i

Xi,X
′
i

Yi

Hi+1,H
′
i+1

Xi+1,X
′
i+1

Yi+1

Hi−1,H
′
i−1

Xi−1,X
′
i−1

Yi−1
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Inference on Graph

Goal: p(xi |yn
1 ), i = 1, . . . , n.

Let Hi = [Hi ,H
′
i ]
†.

p(xi |yn
1 ) =

∑
x ′i

∫
p(xi , x

′
i ,hi |yn

1 ) dhi

∝
∑
x ′i

∫
p(yi , xi , x

′
i |hi )p(y i−1

1 |hi )p(yn
i+1|hi )p(hi ) dhi

∝
∑
x ′i

p(xi , x
′
i )

∫
p(yi |hi , xi , x

′
i )p(hi |y i−1

1 )p(hi |yn
i+1)/p(hi )dhi
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Filtering of HMP

Need p(hi |yn
i+1).

Recursion:

p(hi |yn
i+1) =

∫
p(hi |hi+1)p(hi+1|yn

i+1)dhi+1

∝
∫

p(hi |hi+1)p(yi+1|hi+1)p(hi+1|yn
i+2)dhi+1

∝
∑
xi ,x
′
i

∫
p(hi |hi+1)p(hi+1|yn

i+2)

p(yi+1|hi+1, xi+1, x
′
i+1)p(xi+1, x

′
i+1) dhi+1

Dongning Guo (Northwestern) 29 / 35



Gaussian Mixture

The posteriors p(hi |yn
i+1) and p(hi |y i−1

1 ) are mixture Gaussian.

Assuming that p(hi+1|yn
i+2) =

∑
j ρjCN (hi+1,mj ,Kj),

p(hi |yn
i+1) ∝

∑
j

∑
zi+1

ρjp(zi+1)CN (. . . )CN (. . . )

Basically testing hypotheses as recursion proceeds.
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Representation of Gaussian Mixture

The number of Gaussian components increases exponentially with
recursion.

Constrain to a fixed number of Gaussian components.

Reduced representation
I Keep those with larger amplitudes (stronger opinions).
I Merge components.
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Comparison of BP and Linear Estimation
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Channel Estimation Error
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Performance vs. Number of Gaussian Components
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Conclusion

Fixed-point functional equations characterize the stationary
distribution of a filtering process.

Numerical methods for approximating the entropy.

A communication problem on a hidden Markov model.

Challenges ...
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