Semisimple rings and modules

The material in these notes is based upon the treatments in S. Lang, Algebra, Third
Edition, chapters 17 and 18 ; J.-P. Serre, Linear representations of finite groups and N.

Jacobson, Basic Algebra, II.

Section 1  Algebras

Definition 1.1 An algebra A over a field £ is a £ -vector space A together with a

K -bilinear map u : A x A — A. The map u is the multiplication operation in A, and we
shall assume that multiplication is associative. We shall assume in addition that A has a
unit element 1 (i.e. u(1,a) = u(a,1) = a for all a € A) and that £ lies in the (multiplicative)
center of A.

Every algebra A is a ring with a vector space structure attached to the operation +.

Definition 1.2 An algebra A is called a division algebra if every nonzero element a has a

multiplicative inverse b ; thatis,ab=ba=1.

Definition 1.3 A map f between two £ -algebras A and B is an algebra homomorphism
if f is a £ -linear map of vector spaces such that f(aa*) = f(a) f(a*) for all elements a, a* in
A.

Examples 1.4

1) Let V be a vector space over a field £, and let End éV) denote the set of £ -linear
transformations of V. Clearly End éV) is a vector space over £, and the multiplication
operation in End éV) is given by composition.

2) Let Mn(@ denote the collection of n X n matrices whose elements lie in a field £,
Mn(@ is a vector space of dimension n’ over K in which the addition operation + is the
usual one and multiplication is matrix multiplication. If V is an n-dimensional vector space
over £, then by fixing a basis of V we obtain an algebra isomorphism between End éV) and
Mn(@.

3) Group algebras £ [G]

Let G be any group, not necessarily finite, and let £ [G] denote the set of formal
finite sums géG agg, where the coefficients ag lie in £, Note that £C £[G] and G C £ [G].



Addition is defined in the obvi by ( 2 +( X b g)=
ition is defined in the obvious way by (gEG agg) (gEG gg)
gg of £ [G] we define xE =
Ex= 2 xa gandhE= 2 a_hg. The definition of hE extends in the obvious way to a
eeG 8 geG 8

(ggG (ag + bg)g. Given elements x of £, h of G and € = ggG a

multiplication on £ [G] that makes £ [G] an algebra.

Note :

1) £ always lies in the center of £ [G].

2) The elements of the group G are linearly independent in £ [G] with respect to £,
Hence, if G is a finite group, then £ [G] has finite dimension | G \ over K, Moreover, the

group algebra £ [G] is finite dimensional over £ < G is a finite group.

Example 1.5 Central elements in C[G]
Let G be a finite group, and let {pi :G— GL(Vi), 1 <i=r} be a complete set, up
to equivalence, of irreducible complex finite dimensional representations of G.

a) For a class function f : G — C define ep= 2 f(g) g€ C[G].
d. gEG

b) For 1 <i=<rdefinee. € C[G] Db e.=—1- 3% .(g) g, where 7. is the
2 y & |G|g€GXlgg %

character of the representation P; and di is the dimension of Vi'
Assertion The element e £ lies in the center of C[G] for each class functionf: G — C.
The elements e lie in the center of C[G] for 1 =i =<r, and are a C-basis for {e £ f a class
function on G}.

We shall see later in Proposition 6.7 that every element of the center of C[G] is one
of the elements e f: G — C aclass function on G.
Proof of the assertion (cf. Serre, Theorem 8, p. 34)

If f is any class function on G, then it is routine to show that e commcliltes with

.

(g) i1sa
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class function on G for each i , and hence e lies in the center of C[G] for all i. The

all elements in G and hence with all elements in C[G]. The function fi(g) =

characters {Xi :G— (, 1 =1i=r} are an orthonormal basis for the class functions on G

relative to the inner product (¢ ) = . 2 @Y. If f:G— C isaclass
|G| e€G
r

function on G, then so is f and we may write f = _21 . %; s where a, € C. Hencee £ =
1=

r _
Z b.e.,whereb. =(a.|G|)/d..
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It remains only to show that the elements {e1 1€y e en} are linearly independent in
C[G]. From the definition one sees that each element e 1s nonzero since the character X
that defines it is a nonzero function on G and the elements of G are linearly independent in

C[G]. (Recall that % (1) =dim Vi)' By the corollary below , ei2 = ¢ for1 =i=rand
r
e ej =0ifi=j. Suppose that0 =2 a. e for some elements a, € C. Then 0=
1=
r

e. (2 a.e. )= a. e.. Hence a. =0 for each j since e. is nonzero.
Ji=1 11 J] J ] O

The elements e, in C[G] also have special meaning for the decomposition of an
arbitrary complex representation p : G — GL(V) into isotypic components.
Proposition

Let G be a finite group, and {pi :G— GL(Vi), 1 <i=r} be a complete set, up to

equivalence, of irreducible complex finite dimensional representations of G. Let e =
d.

712
|G| e€G
ofVi.

Xi(g) g, where X is the character of the representation P and di is the dimension

Let p : G — GL(V) be a complex representation of G. Let Wi be the direct sum of
all irreducible submodules of V that are equivalent to Vi' Then

a) V= W] GBW283 @Wr

b) p(ei) € End(V) is the projection map V — Wi if Wi = {0}.

c) p(ei) =0if Wi = {0}.

d) pj(ei) = 6ij Id. For any § €C[G] Xj(eig) = Xj(gei) = XJ(E )61]
Proof of the Proposition

The assertion in a) is obvious. To prove b) and c¢) we note that the map p(ei)
commutes with p(g) for all g € G since e, lies in the center of C[G]. If W is an irreducible
G-submodule of V, then p(e,) = )“i Id on W by Schur's Lemma for some }“i € C. Taking
the trace of the expression above we find that Xi =(1/d) X(ei)’ where d is the dimension of
W and y is the character of p. Since W is equivalent to Vj as 221 G-module for some j, 1 <

<r, it follows that d = dj and y = Xj . We compute Xj(ei) = L3 Xi(g) Xj(g) = di
G

|G| eE
(Xj | Xi) = di 6ij‘ Hence }‘i =(1/ dj) Xj(ei) = (di / dj) 6ij' We conclude that p(ei) =1Id on
W if W is an irreducible G-submodule of V that is equivalent to Vi ,and p(ei) =0on W if
W is an irreducible G-submodule of V that is equivalent to V. for some j = i. This
completes the proofs of b) and c). If one applies c¢) of the proposition in the case that p =
pj., then it follows immediately that pj(ei) = 6ij Id, which proves the first assertion of d).
If £ €C[G] is arbitrary, then from the first part of d) and the fact that ej is a central element



of C[G] we obtain pj(eiE) = pj(éei) = pj(E)pj(ei) = 6ij pj(E). Taking traces in the equation
above completes the proof of d).D
Corollary

Let G be a finite group, and let {e1 1€, er} be the central elements in C[G]
defined above. Then

1) 1=e +te, .. te.

1
2)ei2:ei forl <sisr.
3) eiej=0 if i=j.
Proof
We begin by recalling some facts about the regular representation reg : G —

GL(C™), where n = |G
r

=2 d.y. ,where d. =dim V.. Equivalently, the irreducible module V.
reg =1 1M i i i

,and its character . : G — C.
reg
a) X

has multiplicity di in the regular representation.

b) Xreg(g) =0ifg=1,and Xreg(l) = |G| .
c) reg:G— GL(C™ is injective.

From the definition of the elements {ei} and the facts above we compute
r
+e +..+e. =(1/|G|) 2 {Z d.x. =(1/|G|) 2 =1. Thi
e +e, e =(1/] I)gEG{i= 4@ 8= (1] |)gEG Yreo(®) € is

proves 1). Now let C" = W, EBWZEB EBWr be the decomposition of the regular
representation into isotypic components as in the proposition above. Since each
irreducible submodule Vi appears with positive multiplicity for p = reg it follows from b)
of the proposition that p(ei) is the projection of V onto Wi for I <i=<r. Hence p(eiz) =
p(ei)2 = p(ei) for all i and p(ei ej) = p(ei)p(ej) =0 if i = j by the properties of projection

maps. The assertions 2) and 3) of the corollary now follow since p is injective.D

1.6 Finite dimensional division algebras

For an arbitrary field £ there may, in general, be an infinite number of K-division
algebras that are finite dimensional over £, For example, let £ = Q, the field of rational
numbers, and let a € C be a root of an irreducible polynomial f(x) of degree n in Q[x].
We shall see that Q and a are contained in subfield Q(a) of C such that Q(a) is an n-
dimensional vector space over Q.

If £ = R, then one has the following striking result of Frobenius (proof omitted).



Theorem (Frobenius)
Let A be a finite dimensional division algebra over R. Then A is isomorphic to one

of the following algebras :

) A=R (1-dimensional over R)
2) A=C (2-dimensional over R)
3) A=H (4-dimensional over R, the quaternions)

The first two examples are fields, but the quaternions are not commutative with
respect to multiplication.

1.7 A-modules are vector spaces

Let (M ,+) be an abelian group, and let Hom (M) denote the additive abelian group
of homomorphisms of (M,+). Hom (M) becomes a ring with the identity map Id as unit if
composition is taken as the multiplicative operation. If R is a ring, then an R-module is an
abelian group (M ,+) together with a ring homomorphism p : R — Hom (M).

Now let A be an algebra over a field £, and let M be a nontrivial A-module. We
assert that the homomorphism p : A — Hom(M) is injective on £ with p(1)(m) = m for all
m € M. Identifying £ with p(£) we then obtain a £ -vector space structure on M.

If p(z*) = 0 for some nonzero element z* of £, then p(1) = p((1/z*)-(z*)) = p(1/z*)
o p(z*) =0. For any element z of £, we then have p(z) = p(z-1) = p(z) o p(1) =0. This
contradicts the hypothesis that p is a nonzero homomorphism. Therefore p : £ — Hom(M)
is injective. A similar argument shows that p(1) = Id on M.

The next observation is useful in the discussion of group algebras £ [G], where G
is a finite group.

Proposition

Let A be a finite dimensional algebra over a field £, and let M be a nontrivial A-
module. Then M is finitely generated as an A-module < A is finite dimensional as a
K - vector space.

Proof

If M is finite dimensional as a vector space over £, then any finite £-basis B for M
is also a finite generating set for M as an A-module since K& A. Conversely, suppose that
M is a finitely generated A-module, and let {x1 2 Xy s xn} be a finite generating set. Let

{al, Ay, o aN} be a f-basisof A. If B = {ai(xj) :1=<i=n, 1 =<j=<N},thenitis easy to



check that E is a (finite) {-spanning set for M. Hence E contains a finite £-basis for
M.

i
Section 2  Structure of EndR(M)

In this section let R be a ring with 1. Let M be an R-module, and let f : R —
Hom(M) be the homomorphism that defines the action of R on M. A ring R is a division
ring if every nonzero element of R has an inverse.

Commutants and bicommutants
Definition 2.1 EndR(M) ={ @ € Hom(M) : ¢ commutes with f(r) for all r € R}.

Equivalently, we may let r denote f(r) and define EndR(M) ={¢p € HomM) :
(@(rm) =r@(m) for all r €R and all m € M}.

Note that R' = EndR(M) is a subring of Hom(M), and M becomes a module over
R'. The ring R' is called the commutant of R.

IfR" = EndR,(M) ={ ¢ € Hom(M) : ¢ commutes with all all r' € R'}, then R"
is called the bicommutant of R. If r is an element of R, then f(r) commutes with the
elements of R' and hence is an element of R". The map f: R — Hom(M) therefore has
image in R", and we obtain by restriction a ring homomorphism f : R —= R". The
Jacobson Density Theorem in section 4 says that the image f(R) is a "large" subset of R" if
M is semisimple over R.

In the sequel we will typically suppress the notation f(r) and just use r as is

customary. The ring R then becomes a subring of R".

Simple R-modules
Definition 2.2 An R-module M is simple if the only R-submodules are {O} and M.
Proposition 2.3

Let M be a simple R-module, and let D = EndR(M). Then D is a division ring. If R
is an algebra over a field £, then D is a division algebra over £,
Proof

Let T be any nonzero element of EndR(M). It follows immediately from the
definition of EndR(M) that N = Ker(T) and N* = Im(T) are both R-submodules of M.
Since M is simple and T is nonzero it follows that Ker(T) = {0} and Im(T) = M. Hence T
is invertible.

If R is an algebra over a field £, then it is easy to see that D = EndR(M) is an algebra
over @.D

The case that R is an algebra over a field £



We observed in section 1 that if R is an algebra over a field £, then an R-module is
also a vector space over £, Regarding £ as an algebra, then the algebra of £,-linear
transformations of M is precisely End E(M) ={T € Hom(M) : T commutes with x for all x
€ K}. In this context it is useful to observe the following
Proposition 2.4

Let R be an algebra over a field £, and let M be an R-module. Then R,R'=
EndR(M) and R" = EndR,(M) are all subalgebras of End &.(M).

Proof

Since £ lies in the center of R it follows immediately that R € End K(M)' Next,
observe that R' = EndR(M) C End éM) since € R. Finally, £C R'since £C Z(R), the
center of R, and hence R" = EndR,(M) C End éM).D
Examples

If R is a finite dimensional algebra over a field £, then any simple R- module M is a
finite dimensional vector space over £ by the discussion in section 1.7 ; if m is any nonzero
element of M, then Rm is a nonzero R-submodule of M and hence equal to M. In this case
we can often add to the statement of Proposition 2.3 that D = EndR(M) is a division
algebra.

Proposition 2.5

Let R be a finite dimensional algebra over a field £ and let M be a simple R-
module.

1) EndR(M) is a finite dimensional algebra over &,

2) If s algebraically closed, then EndR(M) ={Md: ANEL} =K,

3) If k=R, then EndR(M) =R,C or H.

Proof

1) By Proposition 2.4 and the discussion above M is a finite dimensional vector
space over K, and EndR(M) is a subalgebra of End E(M)’ whose k-dimension is finite.

2) If T is any element of EndR(M), then T has an eigenvalue in £ since £ is
algebraically closed. By definition R leaves invariant the eigenspace Vk of T, and hence
Vk = V since V is R-simple. We conclude that T = A Id,which proves 1).

3) Since D = EndR(M) is a division algebra by Proposition 2.3 and is finite
dimensional over R by 1) the result follows from the Frobenius theorem in section 1.6.
Examples of finite dimensional algebras over R

1) LetR=C and M = C. Then R may be regarded as a 2-dimensional algebra over
R, and M is a simple R-module since R acts transitively on M = R. In this case EndR(M)
= End(E((E) =(C.



2)LetR=MH and M = H. Then R is a 4-dimensional algebra over R, and M is a
simple R-module relative to left multiplication since R acts transitively on M. Let H denote
the 4-dimensional subalgebra of End[R(M) obtained from the left multiplication of H on M.
Let HOP denote the 4-dimensional subalgebra of End[R(M) obtained from the right
multiplication of H on M. Since H and HOP commute it follows that H°P C EndR(M)
and equality holds since 4 = dim[R HOP < dim[REndR(M) < 4 by the Frobenius theorem.

(One may also prove equality by a tedious direct calculation). It follows that EndR(M) =
H.

Opposite rings and EndR(R)

If M =R and R acts on itself on the left, then one has a simple and explicit
description of EndR(R) in terms of the opposite ring R°P . We define R°P =R as a set,
the addition in R and R°P is the same but the multiplication # of RP is defined by x#y =
y-X, where - is the given multiplication operation in R.

Proposition 2.6

1) For every element x of R the map f(x) : R — R given by f(x)(r) = rx is an
element of EndR(R).

2) Themapf:R — EndR(R) is a bijection that satisfies f(xy) = f(y) o f(x) and
f(x+y) = f(x) + f(y) for all x,y in R.

3) If 1: R°P — R is the identity map, theng=fol: RP — End_(R) is a ring
isomorphism.

Proof

The proof of 1) is routine since right and left multiplication maps always commute.
Assertion 3) follows immediately from 2). We prove 2). The assertions f(x+y) = f(x) +
f(y) and f(xy) = f(y) o f(x) for all x,y in R are obvious. If f(x) = f(y) for x,y in R, then x =
f(x)(1) =f(y)(1) =y. If © is any element of EndR(R) and x = (1), then ¢ = f(x) since
@) =@1)=rp() =rx =f(x)(r) for allr € R.D

The next elementary result is basic for the structure theory of semisimple rings that
we discuss next.

Proposition 2.7

Let M be an R-module and n a positive integer. Let M" denote the direct sum of n
copies of M. Then EndR(Mn) is ring isomorphic to Mn(R'), the collection of n x n
matrices with elements in R' = EndR(M).

Proof

For 1 <i<nlet T M" — M denote projection onto the ith factor and define



Ii ‘M — M" by Ii(m) =(,...,0,m,O0, ...,0), where m sits in the ith position. It is easy
to check that . and I. commute with the R-action on M and M" for all i and j. Hence if ¢
is any element of EndR(Mn), then Aij(Lp) =T oy o Ij is an element of R' = EndR(M) for
all 1 =i,j =n. Let A(¢) denote the n X n matrix in Mn(R') determined by an element ¢ of
EndR(Mn). If we regard the elements (ml, m, ..., mn) of M™ as " column vectors " then

it is easy to check that Lp(ml, m,, ... ,mn) = A(Lp)-(ml, m,, ... ,mn) (" matrix

5
multiplication ") for all elements (ml, m,, ... ,mn) of M" and elements @ of EndR(Mn);
n

that is, Lp(ml, m,, .., mn) = (yl, Yor e s yn), where y; = j§1 Aij((p) mj. Hence the map

( — A(p) is an injective ring homomorphism of EndR(Mn) into Mn(R'). Conversely,
given an element B of Mn(R') we define a map ¢ in Hom (Mn) by Lp(m1 My, mn) =
B(m My s mn) (matrix multiplication). It follows that (¢ commutes with the R-action
on M" since the entries of B lie in R' = EndR(M). This proves that (¢ € EndR(Mn) and
B = A(p). Hence ¢ — A(@) is a ring isomorphism of EndR(Mn) onto Mn(R').D

Section 3  Basic structure of semisimple rings and modules

The basic structure theorem for semisimple rings, due to Wedderburn, says that
every semisimple ring R is a direct product R1 X R2 X ..X Rn of finitely many simple
rings. Moreover, a simple ring R is isomorphic to a matrix algebra Mn(D), where D is a
division algebra and n is a positive integer that depend on R. The nature of this dependence
will be made precise later. If R = C[G], where G is a finite group, then the simple rings Ri
that are factors of R are precisely the simple algebras End (IZ(Vi)’ where {Vl , V2, Vr} is
a complete list (up to equivalence) of the complex irreducible G-modules.

In this section we discuss definitions and basic properties of semisimple rings and

modules.

Proposition 3.1
The following are equivalent for a ring R with 1 and an R-module M.
1) For every R-submodule N there exists an R-module N' such that NEBN' = M.
2) M is a direct sum of finitely many simple R-submodules.
Proof
See Lang, Algebra, pp. 645-646.

Definition 3.2
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a) An R-module M is said to be semisimple if either the conditions of Proposition
3.1 hold.

b) A ring R with 1 is said to be semisimple if it is semisimple as an R-module,
where R acts on itself by left multiplication.

c) A leftideal J of a ring R is said to be simple if J contains no proper left ideals I
of R.

d) A ring R with 1 is simple if R = L1 b L2EB @Ln, where {Li}are simple left
ideals of R that are all isomorphic. (In particular any simple ring is semisimple.)
Proposition 3.3

If R is a semisimple ring, then every R-module M is semisimple.

Proof
See Lang, Algebra, p. 651.

Lemma 34

Let L be a simple ideal of an arbitrary ring R with 1, and let M be a simple R-
module. Then either L is isomorphic to M as an R-module or LM = {0}.
Proof

Suppose that LM ={0}, and let m be a nonzero element of M such that N = Lm =
{0}. Note that RN = RLm = Lm = N since L is a left ideal of R. Hence N is a nonzero
submodule of M and must equal M. The map f : L — M given by f(r) = rm is a surjective
homomorphism of R-modules. It follows that Ker(f) = {0} and f is an isomorphism since

Ker(f) is an R-submodule of the simple R-module L.

Corollary 3.5

Let R be a semisimple ring, and let M be a simple R-module. Then

1) M is isomorphic as an R-module to some simple left ideal of R.

2) If R is a simple ring, then any two simple R-modules are isomorphic.

3) If R is a simple ring, then any two simple left ideals are isomorphic.
Proof

By the definition of a semisimple ring we can find simple left ideals Ll’ L2, vy L
of R such that R = L1 B LZEB EBLn. If M is not isomorphic to Li for any i, then by
the lemma above LiM = {0} for every i. We conclude that RM = {0}, which contradicts
the fact that R contains 1. This proves 1). If R is a simple ring, then the simple left ideals

n

{Li} above can be chosen to be all isomorphic. Assertion 2) now follows from the proof

of 1). Assertion 3) follows from 2) since simple left ideals are simple R—modules.D



Examples 3.6

1) We begin with an example of a simple ring R, which will turn out to be the only
example.

Let D be a division ring, and let Mn(D) denote the algebra of n X n matrices with
entries in D. Let D™ denote the space of n-tuples (d T d2, e dn) , di eD. Let Mn(D) act
on D" on the left by matrix multiplication, regarding the elements of D" as column vectors.
For 1 =i=<nlet Li denote the matrices in Mn(D) whose jth column is zero for all j = 1.
Equivalently, Li ={Xe Mn(D) : X(ej) = {0} forall j=i}, where {el, €ys wee s en}
denotes the usual natural basis of D™. Tt is clear from the second description that each Li is
a left ideal of Mn(D), and it is not difficult to show that each Li is simple. Clearly, Mn(D)
= LIEB LZEB EBLn'

If L is a left ideal of Mn(D), then LX is a left ideal isomorphic to L for any
invertible element X of Mn(D). Moreover, L is simple < LX is simple. Let Pij be the
permutation matrix in Mn(D) such that2 Pij e =€ ifk &{ij}, Pij e = ej and Pij ej =e..
It is easy to see that Li Pij = Lj and Pij =Id. It follows that the simple left ideals {Li } are
all isomorphic, and hence Mn(D) is a simple ring.

2) Let G be a finite group and let R = £ [G], the group algebra over a field £ whose
characteristic does not divide |G

, the order of G. Then R is a semisimple algebra (cf.
Lang). We have already seen this in the case that £ = C. For a proof in the general case
see Lang.

3) Clifford algebras

These are semisimple algebras that are finite dimensional over R or C, and they
play an important role important in geometry and physics. We describe briefly one
classical example over R. For further discussion see Lang pp. 749-758, Fulton and
Harris, Representation Theory a First Course, Springer, GTM # 129, 1991, pp. 299-307

or Lawson and Michelsohn, Spin Geometry, Princeton University Press,1989, Chapter 1.

Start with R™ equipped with some inner product < , >, say the standard dot
product. Let {e 12 €0 en} be an orthonormal basis of R™ relative to < ,>, say the
standard basis relative to the dot product. The choice of inner product and orthonormal
basis doesn't matter since the resulting algebras will all be equivalent and of dimension o
over R.

Let C?(n) denote the set of finite formal sums 2 I where the

1i2mij eiliz...i. ,
Ti iy are real numbers. Multiplication of the expressions € iy an €m,m,my is

defined by ( eiliz...ij) (emlmz...mk) = eiliz'"ij emlmz'"mk , subject to the rules e ej =

11



- ej e if i = j,and ei2 = - 1. By expanding vectors v and w of R™ in terms of the

orthonormal basis {el, €y en} and using the multiplication rules above we obtain the
important relations
©) VW + WV = — 2 <v,w> for all vectors v and w in R™
V2=—|V|2EIR for all vectors v in R"

The second relation in (*) follows from the first by setting v = w. The relations (*) also
show that multiplication does not depend on the choice of orthonormal basis in R".
By definition C{(n) contains the real numbers R and also R", corresponding to

1: 0
least two equal indices and can be reduced by the multiplication rules to an expression

the expressions X re. By inspection any expression € iy where j > n, contains at

emlmz'"mk , where k = n and m.osm_ forallr, 1 =r <k. Foreachinteger | <k <n
let Vk denote the vector space of all real linear combinations of elements of the form
emlmz"'mk’ where {ml,mz, mk} is any subset of k elements in {1, 2, ... n} such that
msm_ forallr,1 <r<k. Hence Cl(n) = VOEBVI...EBVH, where VO =R, Vl =

R™ and Vk has dimension (E) = (n!) / (k!) (n-k)! for every k. Note that Vn has dimension
1 and consists of all real multiples of the element ee,.e. Adding up the dimensions of
the {Vi} we see (by induction on n) that dim C/(n) = 2" for every n. The multiplication
defined above is associative, and C{(n) becomes an algebra over .

We sketch a proof that C{(n) is a semisimple algebra for every n. The relations (*)
above show that left multiplication on C!(n) by a nonzero element v of R" is an invertible
linear transformation of C{(n). Let Pin(n) denote the subgroup of GL(C!(n)) generated by
all left multiplications by unit vectors v in R™. One can show that Pin(n) is a compact
subgroup of GL(C/(n)).

Now let p : C#(n) — GL(U) be any algebra homomorphism (i.e. a representation
of C2(n)), where U is a finite dimensional real vector space. Then p is continuous and
p(Pin(n)) is a compact subgroup of GL(U). The compactness of p(Pin(n)) implies, by a
standard averaging process similar in spirit to that used for finite subgroups of GL(IRk),
that there exists an inner product < ,> on U such that p(Pin(n)) is a subgroup of the
orthogonal group of {U, <, >}. This means that < p(g)u, p(g)u* > =< u, u* > for all
vectors u,u* in U and all elements g in Pin(n).

Let p : C2(n) — GL(U) be any algebra homomorphism and let < ,> be an invariant
inner product for p(Pin(n)) on U as above. If v is a unit vector in IRn, then p(V)2 =-1Id
since v2 = — 1 by the relations (*) above. The fact that p(v)> = — Id means that —p(v) =
p(v)_1 = p(V)t. We conclude that p(v) is skew symmetric as well as orthogonal relative to
<,>if v is a unit vector in R™. It follows immediately that p(v) is skew symmetric

relative to < ,> for all v in R™ since p(Av) = hp(v) for all v in R™ and all real numbers A.

12
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Summary : Any algebra homomorphism p : C{(n) — GL(U) admits an inner
product < , > on U such that the transformations in p(IRn) are all skew symmetric relative
to < ,>. If W is a subspace of U invariant under p(C£(n)), then W™ is invariant under
p( IRn), where W™ denotes the orthogonal complement of W in U relative to < ,>. The
algebra p(C!(n)) is generated by p( R™) since the algebra CJ(n) is generated by R™.
Hence W™ is invariant under p(CL(n)) if W is invariant under p(C2(n)). This means that
every finite dimensional real C!(n)-module U is semisimple. Apply this fact now in the
case that U = C{(n) and p : C{(n) — End(C{(n)) is the homomorphism given by p(g) =
left multiplication by g. We conclude that C{(n) is a semisimple algebra.

Example Cl2)=H

Let {e T ez} be the standard orthOnormal basis for |R2. From the description above
Cl2)=R® IR(el) S5 |R(e2) S5 IR(elez), and the multiplication rules are ee,=-¢,e and
el2 = ez2 =-1. If we define I = e J= e, and K = e, then the multiplication rules for
C2(2) show that 12=J%2=K?=-1; I=-JI=K;JK=-KJ=TandKI=-IK = J.

This shows that C2(2) is isomorphic to the quaternions H.
Section 4 The Jacobson Density Theorem and applications

Fix a ring R with 1 and an R-module M. Let f: R — Hom(M) be the
homomorphism that defines the action of R on M. We recall from section 2 that the ring R'
= EndR(M) is called the commutant of R, and R" = EndR,(M) is called the bicommutant of
R. Moreover, we observed that f(R) € R" or simply R € R" € Hom (M) if we suppress
the notation f as is customary. If R is semisimple, then we can say much more.

Theorem 4.1 (Jacobson Density Theorem)

Let M be a semisimple R-module over a ring R with 1. LetR' = EndR(M) and let
R" = EndR,(M). Let X be any finite subset of M and let r" be any element of R". Then
there exists an element r of R such that rx = r"x for every x in X.

Lemma 4.2

If N is any R-submodule of M, then N is also an R"-submodule of M.
Proof of Lemma 4.2

Let N be any R-submodule of M. Since M is semisimple over R there is an R-
submodule N' such that M = NEEN'. If w: M — N is the projection map, then 7 is R-

linear since N and N' are R-submodules, or equivalently, it is an element of R' Any



element r'" in R" commutes with 7t, and hence ’'N = (" o) M) = (m o r")(M) C (M)
= N.D
Proof of Theorem 4.1 (following Bourbaki)

We first consider the case that X is a single element {x} of M. The set N = Rx is
an R-submodule of M and hence also an R"-submodule by the lemma above. The element
x lies in N since R contains 1. If "' € R" is any element, then r''x € N = Rx, and hence
there exists r € R such that rx = r"x.

Now let X = {Xl’ Xys s Xn} be any subset of M with n elements, and let M =
MOBME...BM (n times). Note that M" is an R-module, where the R-action on M" is the
diagonal action given by r (ml, m,, .., mn) = (rml, m,, ... ,rmn) forr &R and
(ml, m,, .., mn) eM”, Moreover, M" is semisimple over R since M is semisimple
over R. Let R'(n) denote EndR(Mn) and let R"(n) denote EndR, (n)(Mn). Let R'and R"
act on M by the diagonal action E(ml, m,, ... ,mn) = (Eml, Emz, ,Emn).

If ® €R'(n), then by Proposition 2.6 there exists a matrix A = A((p) € Mn(R')

n —
such that for all (ml, m,, ... ,mn) E M we have (*3 Lp(ml, m,, ... ,mn) =

A(m,,my, ....m )=(y,¥,,.,Yy,), Where y, =j§1 Aij m;. If " €R" is any element,

then r'' commutes on M with the elements {Ai'} C R', and it follows immediately from (*)
that r'" commutes on M with all elements @ of R'(n). This proves that R" € R"(n). By
the case n = 1 above applied to the element x = (x1 s X e s Xn) e M" we know that for

every element r'" € R" C R"(n) there exists an element r € R such that (rx 1T s

rx )=rx=r1r"x=({"x,,1r'x ,I"x ). Hence rx. =1"x. for 1 =i =n.
n 1 n i i |

Applications2 of the Density Theorem

Proposition 4.3

Let A be a semisimple algebra that is finite dimensional over a field £, Let M be a
finitely generated A-module, and let R = p(A), where p : A — Hom (M) is the ring
homomorphism that defines the action of A. LetR'= EndR(M) and R" = EndR,(M).
Then

1) R=R"C Enko(M).

2) If M is a simple A-module and £ is algebraically closed, then R = End '{(M).
Proof

1) We showed in Proposition 2.4 that R, R" and R" are all subalgebras of
End éM). Note that R is a finite dimensional algebra over £ since A has this property.
Hence M is a finite dimensional vector space over £ by the discussion in section 1.7. Let
B be a £-basis of M, and let r'" € R" be given. By the density theorem there exists an

element r € R such that rx =r"x for all x € B. Since r and r" are elements of End ,Q(M)

14
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with the same values on a basis it follows that r = 1". Hence R" C R and we observed
earlier that the reverse inequality holds for any ring R.

2) Let M be a simple A-module, or equivalently a simple R-module, and let T be an
element of R'. The elements of R commute with T and hence leave invariant every
eigenspace of T. Since M is R-simple it follows that T = ¢ Id for some ¢ € £, Hence R' =
K 1d, and from 1) we conclude that R =R" = EndR,(M) =End éM).

Corollary 4.4

Let G be a finite group, and let p : G — GL(V) be an irreducible representation of
G on a finite dimensional complex vector space V. Then p(C[G]) = End (E(M)'
Proof

The group algebra C[G] is a semisimple algebra, and V is a simple C[G]-module.
Now apply 2) of Proposition 4.3.D

Corollary 4.5

Let G be a finite group, and let {pi :G— GL(Vi), 1 <i=r} be a complete set, up
to equivalence, of irreducible complex finite dimensional representations of G. Let V =
\A EBV2EB EBVr .andletp=p,+ p+ ..+ p : G— GL(V) denote the corresponding
representation. Let W = End (E(Vl) x End (E(Vz) X ...x End (E(Vr) C End (E(V)' Then

1) fR=p(C[G]),thenR'={TEW :T= Ki Id on each Vi for some Ki eC}.

2) p: C[G] — W is an algebra isomorphism.
Proof

1) We note that R' C End@(V) since C CR. The subspaces {Vi :1l<isr}are
the isotypic components of V since the representations {pi :G— GL(Vi), I <i=<r}are

inequivalent. By the Proposition in section 1.5 the projections T V— Vi are elements
d.
of R = p(C[G]); specifically, wt. = —3 %:(g) p(g), where 7. is the character of the
i1 1G|gec ™ i

representation piand di is the dimension of Vi' Hence the elements of R' leave invariant
each subspace Vi since they commute with the projections {J‘l?i :V— Vi’ 1 <i=<r}. This
means that R' € W by the definition of W. On Vi the elements of R' must be multiples of
the identity since they commute with pi(G) and each Vi is an irreducible G-module. This
completes the proof of 1)

2) Itis evident that p : C[G] — W is an algebra homomorphism. If di is the

dimension of Vi , then dim(EEnd(E(Vi) = di2 for all i. As vector spaces over C both C[G]
r
and W have dimension | G | :.21 di2 . It suffices to prove that p : C[G] — W is
1=
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surjective. Let R = p(C[G]). ThenR=R"C End@(V) by Proposition 4.3,and R C'W
by the definitions of R and p. By 1) it follows that R" = W.
Remark

O

In Proposition 6.10 below we shall obtain an explicit formula for the inverse of the

isomorphism p: C[G] = W.
Section 5  Structure of simple rings

We begin this section with a useful basic result.
Proposition 5.1

Let R be a simple ring with 1.

1) If L and L' are simple left ideals, then L' = La for some element a of R.

2) LR =R for any left ideal L of R.

3) R has no proper 2-sided ideals.

Proof

We regard R as an R-module by letting R act on itself on the left. The
R-submodules are then precisely the left ideals of R.

1) By Corollary 3.5 there exists an R-module isomorphism ¢ : L — L'. Since R
is semisimple there exists a left ideal M of R such that R = LEEM. The projection it : R —
L lies in EndR(R) as does the composition ¢ ox: R — L' C R. By Proposition 2.6 there
exists an element a € R such that (¢ o m)(x) = xa for all x €R. In particular, L' =
(¢ om)(L) = La.

2) If L is aleft ideal of R, then R = L1 EBL2 EBLk , where each Li is a left ideal
isomorphic to L. By 1) we can find elements x 12 Xr e X in R such that Li = in for all
i. Hence Li C LR for all i, and it follows that LR C R = L1 EBL2 EBLk CLR.

3) LetIbe anonzero 2-sided ideal of R. By Proposition 3.3, 1 is a semisimple R-
module, and hence I contains a simple R-submodule L, which is a simple left ideal of R.
Hence R =LR C IR C1by 2), and we conclude that I = R.D

We now prove the main result of this section
Theorem 5.2

Let R be a simple ring. Let L be a simple left ideal of R, and let D = EndR(L),
where L is regarded as a simple R-module with R acting on the left. Let n denote the
number of simple left ideals in a direct sum decomposition of R. Then D is a division ring
and R is ring isomorphic to Mn(DOp), where D°P denotes the division ring opposite to D.
Remark



Any two left ideals of a simple ring R are isomorphic to each other by Corollary 3.6
or Proposition 5.1. Hence D is uniquely determined up to isomorphism, and D is a
division ring by Proposition 2.3. D-modules have no nonzero torsion elements since the
nonzero elements of D are invertible. Hence any finitely generated D-module M is a free D-
module whose rank depends only on M. Assuming the theorem above, the simple ring R
is a free D-module of rank n’. This will prove that the number n of simple left ideals of R
in a direct sum decomposition of R is independent of the decomposition.

From the theorem above, Propositiion 2.5 and the fact that D is isomorphic to D
forD=R,C or H we obtain
Corollary 5.3

Let R be a simple, finite dimensional algebra over a field &,

1) If K is algebraically closed, then R is isomorphic as an algebra to Mn(@ for some

positive integer n.
2) If k=R, then R is isomorphic as an algebra to Mn(D) for some positive integer
n,where D=R,C or H.

Proof of the theorem

Let L be a simple left ideal of R. Since R is a direct sum of simple left ideals, all of
which are R-isomorphic to L by Corollary 3.5, we conclude that R is isomorphic to L", the
direct sum of n copies of L for some positive integer n. By Propositions 2.3, 2.6 and 2.7
we obtain R%P = End (R) = EndR(Ln) =M, (D), where D = End, (L) is a division algebra.
Here = means ring isomorphism.

If © : (R,’) = (S,") is an isomorphism of rings, then it is easy to check that
© : (R#) — (S#) is an isomorphism of rings, where x#y = y-x in both R and S. Hence
R = (ROp)Op = Mn(D)Op by the previous paragraph. The theorem will follow immediately
from the next result.
Lemma

Let R be aring with 1. Then Mn(R)Op is ring isomorphic to Mn(ROP).
Proof

The proof is elementary, but one must be careful since four different multiplication
operations are involved, two for R and R°P and two matrix multiplications for Mn(R) and
M (R)P.

Recall that S and S°P are equal as sets and have the same additive operation + for

any ring S. Here if * denotes the multiplication operation in R, then the multiplication

17



operation # in ROp is defined by x#y = y+x. If o denotes the usual matrix multiplication,

n
then (A o B) = 2 A K BkJ for AB € M (R), and (Co D)ij = 1<2=1 Cik # ij forCD €

Mn(Rop). Let * denote the opposite matrix multiplication in Mn(R)Op givenby A *B =
BoA forABE Mn(R).

Given a matrix A in Mn(R)Op we let (A) be that matrix in Mn(Rop) such that
[w(A)] AJ for all i,j.

Assertlon The map y : (M (R)Op *) — (M (ROp) 0) is an isomorphism of
rings.

Let Aand B € Mn(R)Op be given. It is routine to show that Y(A+B) =
P(A)+y(B), and we omit the details. For any integers 1 <1i,j <n we have [W(A * B)]ij =

[w(BoA )]ij =(BoA ) = 2_ BJk Akl since the entries of A and B lie in R. Since the

n

entries of Y(A) and Y(B) lie in RP we have [y(A) o lp(B)]ij = kz | (WAL, # [IP(B)]kj =
n

Z - | Akl #BJk = 1<2:1 Bjk K = =[P(A * B)] Hence Y(A * B) =

U,J(A) o(B) for all A,B in Mn(R) p’ which proves the lemma since  is a bijec‘tion.D

As another corollary to Theorem 5.2 we obtain a description of the multiplicative
center of a simple ring.
Corollary 5.4

Let R be a simple ring, and let Z(R) denote the multiplicative center of R. Then
Z(R) is isomorphic to Z(D), the center of the division ring D = EndR(L), where L is a
simple left ideal of R. In particular, Z(R) is a field.
Examples

IfD=R or C,then Z(D) =D, while if D= H, then Z(D) = R. From Corollaries
5.3 and 5.4 we obtain immediately
Corollary 5.5

Let R be a simple, finite dimensional algebra over a field £,

1) If £ is algebraically closed, then Z(R) is isomorphic as an algebra to £,

2) If k= R, then R is isomorphic as an algebra to either R or C.
Proof of Corollary 5.4

By Theorem 5.2 we know that R is ring isomorphic to Mn(DOp) for some positive
integer n. Since Z(DOP) =Z(D) it suffices to prove the following

Lemma

18



Let D be a division ring, and R = Mn(D) denote the ring of n X n matrices with
coefficients in D. Then Z(R) = {\ 1d : A € Z(D)}, where Id denotes the identity matrix and
Z(D) denotes the multiplicative center of D.

Proof of the Lemma

Clearly, if A € Z(D), then A = A Id lies in the center of R. Conversely, let A =
(Aij) be an element in the center of R.

We show first that Aij € Z(D) for all i,j. Let x € D be given, and let B = x 1d.
Then Ain = (AB)ij = (BA)ij = xAij for all i,j. Hence Aij € Z(D) for all i,j since x €D
was arbitrary.

Next we assert that Aij =0ifi=]j. Letiand jbe distinct with I<ij<n. Let B =
diag (x vy X ) be a diagonal matrix such that X and xj are distinct nonzero elements
of D. Then A1J XJ = (AB) = (BA) =X AJ AlJ X; since AJ € Z(D). Hence AJ =0
since D is a division ring and X; xJ are distinct nonzero elements in D.

We have proved that if A €Z(D), then A is a diagonal matrix diag 7»1 ,7»2, s kn),
where Ki € Z(D) for all i. We show that entries {Xi}are all equal, which will conclude the
proof. Given integersi=jletB € Mn(D) be a matrix such that Bij #= (0. Then Xi B..=

1
(AB)ij = (BA)ij = Bij kj = )\j Bij since { xk}g Z(D). Hence Xi = kj since Bij # O.D

Section 6 Structure of semisimple rings

By definition a semisimple ring R is the direct sum of finitely many simple left
ideals {La}' By the proof of Corollary 3.5 any simple left ideal of R is isomorphic to one
of the ideals {La}' Hence there exists a finite collection {Ll’ L2, Ln} of nonisomorphic
simple left ideals such that any simple left ideal L is isomorphic to exactly one of the {Li}.

For1<i=<n let R. denote the sum of all simple left ideals isomorphic to L. By
definition an element of R is a finite sum ¥ X, where each x|3 lies in a simple left ideal
L isomorphic to L Hence R is also a 1e113 ideal of R for 1 <i=<n.

Theorem 6.1

1) Each Ri is a simple ring and a two sided ideal inR for 1 =r <n.

2) R. Rj=0fori;=j

3) There exist elements e.E R 1 =1 = n, such that

a) 1_2 e
=1

b) ey, =Y;¢ for every element Y; in Ri’ l<i=n.
4) R= R1 @RzEB EBRn . Moreover, the map T

(rl, Tysees rn) is a ring isomorphism of R onto the direct product
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R1 XR2x ...XRn .
5) The decomposition of R in 4) is unique up to the order of the factors ; that is, if
R= Rl* EBRZ* B .. EBRm* is a direct sum of commuting simple subrings,
then m = n and after reordering, Ri* = eiR =R e for all i, where
{el, €ys e s en} are the elements from 3).
Remark 6.2

The elements {e ., en} belong to the multiplicative center of R by 2) and 3)

12€p0
of the theorem.
Example 6.3

Let G be a finite group and let R = C[G]. Let {pi :G— GL(Vi) ,l=sisr}bea
complete list, up to equivalence, of irreducible complex representations of G. In Corollary
4.5 we saw that R = C[G] is isomorphic to End(E(V l) X End@(Vz) X ..X End(E(Vr). Since
End (E(Vi) is a simple ring for 1 < i < r the uniqueness assertion in 5) shows the following :

1) Each simple ring Ri in the decomposition of R = C[G] is isomorphic to

End (E(Vi)’ where Vi is an irreducible complex G-module.

2) The number of simple rings in the decomposition of R = C[G] is the number of

conjugacy classes of G.

From the discussion in section 1.5 we also conclude
d.
3)e =13 %:(g) g, where . is the character of the representation p. and d. is
1" 1G|gEc ™ i i i

the dimension of Vi'
Example 6.4

Let R be a semisimple algebra that is finite dimensional over a field £,

1) If £ is algebraically closed, then R is isomorphic to a direct product of simple
rings R1 X R2 X ...X Rn , where each simple ring Ri is isomorphic to a matrix
algebra Mni(@ for some positive integers {ni}.

2) If k=R, then R is isomorphic to a direct product of simple rings

R1 X R2 X ...X Rn , where each simple ring Ri is isomorphic to a matrix
algebra Mni(D) for some positive integers {ni}, where D=R, C or H.
Proof of example 6.4
This is an immediate consequence of Theorem 6.1 and Corollary S.S.D
Proof of Theorem 6.1

Let i and j be distinct integers, 1 <i,j <n. If X and xB are elements of simple left

ideals La and L[3 contained in Ri and Rj respectively, then x(xxi3 S LaLB = {0} by

Lemma 3.4. This proves
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(a) RiRj ={0}ifi=].

We note that

(b) R=Rl +R2+ ...+Rn
since R is a direct sum of simple left ideals {La} and each La is contained in some Ri'
For 1 = j =<n we have Rj C RjR = Rj(Rl +R,+..+R )= Rj Rj C Rj' The equality
assertions follow from (a) and (b) while the inclusion assertions follow since R contains 1
and Rj is a left ideal. Hence all inclusions are equalities, which proves

(¢) Each Ri is a two sided ideal in R.
Next, we assert

(d R= R1 @RZEB EBRn , direct sum.
By (b) we may write (*) 1=¢ +e,+ ...+ e, where e € Ri for all i. We allow the

1 2
possibility that e = 0 for some i and that the decomposition (*) is not unique. (Neither of
n
these possibilities actually happens). It suffices to show that if O =.21 Xj , where xj S Rj
J:
n
for all j, then x. =0 forallj. If x € Ri’ then by (a) x=1x=2 ex = e.x. Hence for
J . J:] J
any integer i we have 0 = ei-O :_21 e Xj =€ X, =X, This proves (d). (Similarly, if x €
n =
R.,then x =x-1=2 xe.=xe..)
1 j=1 ] 1
(e) Write (*) 1= e te, t..te where e € Ri for all i. Then

(i) The elements e, are unique.
(1) e, 2= e. for everyi,ande. X. =x. =X. e. forall x. ER. .
i i e N S | i i
(iii) e, ej =0ifi=]j.
The assertion (i) follows from (d), and (iii) follows from (a). Assertion (ii) was proved in
the proof of (d). The fact that the map (r1 2Ty e

direct product R1 X R2 X ..X Rn is an immediate consequence of (a) and (d).

. rn) is a ring isomorphism of R onto the

It remains only to prove the uniqueness assertion (5) of the theorem. Write R =
R, GBRZEB EBRn , direct sum, as in (d) above. Suppose we can write R =
R * EBRZ* D .. EBRm* , direct sum, where each Rj"< is a simple ring. By the definition
of simple ring each R.* is a direct sum of simple left ideals that are isomorphic to each
other. By the discussion above the set {L1 , L2, s Ln} of left ideals of R contains
exactly one of each isomorphism type of left ideals. Moreover, for 1 <1 < n, the ring Ri is
the sum of all left ideals isomorphic to Li' Hence each R.* is contained in Ri for some
unique i. It follows that m < n , and since R =R, EBRZEB EBRn = R* EBRz* B ..

EBRm* we conclude that m = n and Rj* = Roj for all j, where o is some permutation of
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{1, 2, ...n}. Finally, from (a), (d) and (e) above we have eiR =R e = Ri for every i.

This completes the proof of the theorem.D
Centers of semisimple rings

Proposition 6.5

Let R be a semisimple ring with 1, and let R =R { EBR2EB EBRn be its
decomposition into simple rings Ri’ where Ri Rj = {0}if i = j. Let Z(R) denote the
multiplicative center of R. Then Z(R) = Z(R 1) EBZ(R2) B... EBZ(RH), where Z(Ri) is a field
Fi for each i.
Proof

n
Let z € Z(R) and write z =_Z z, where z, € R. for every i. If Xj € Rj’ then Xij

—Z X.Z. = X. (Z z; ) = X.Z = ZX. —2 z.X; = z.x;. Hence z, EZ(R)foraHJ This proves
i=1J 1 Ji=1 J J i=1 ') J] J

that Z(R) = Z(Rl) &b Z(Rz) ®... GBZ(RH), which is isomorphic to the direct product
Z(RI) X Z(Rz) X... X Z(Rn). By Corollary 5.4 each ring Z(Ri) isa field.D

If R is a semisimple algebra that is finite dimensional over a field £, then we can say
more. Note that each simple factor Ri of R must also be a finite dimensional algebra over
K.
Corollary 6.6

Let R be a semisimple algebra that is finite dimensional over a field £, Let R =
R, @RzEB @Rn be its decomposition into simple finite dimensional algebras R. over K
, Where Ri Rj ={0}ifi=j. Then

1) If £is algebraically closed, then Z(R) = £x KX ... X K, n-times.

2) If k= R, then Z(R) = F1 X F2 X ...X Fn, where Fi =R or C for each i.
Proof

Both assertions are immediate consequences of Proposition 6.5 and Corollary

5.5.
O

Centers of group algebras

Let G be a finite group and let £ be a field whose characteristic does not divide
|G |. The group algebra £ [G] is a finite dimensional algebra over £, and ]G] is also
semisimple (cf. Lang). We proved this in the case £, = C and the proof also works for the

case £ = R. We may sharpen the results above still further in the case K= C.



Proposition 6.7
Let G be a finite group, and let R = C[G]. Then
1) ZR)=C x C x ..x C,rtimes, where r is the number of conjugacy classes of
G.
2) The elements {e1 1€y er} defined in example 1.5 form a basis for Z(R), and

these elements satisfy the relations ei2 = e forl <i<r and e ej =0ifi=].
Proof
1) By assertion 2) in the discussion of example 6.3 the number of simple rings Ri
in the decomposition of R is precisely the number of conjugacy classes in G. Assertion 1)
now follows from assertion 1) of Corollary 6.6.

2) By the discussion in example 1.5 we know that the elements {e1 ,e er} are

g o
linearly independent in C[G] and C-span {el, e,y oo er} C Z(R). Equality holds since

Z(R) has dimension r over C by 1).
Further remarks on the center of C[G]

Let G be a finite group, and let £ be a field whose characteristic does not divide the
order of G. There is a completely different description of the multiplicative center of £ [G],

which we relate to the discussion above in the case that £ = C.

In £ [G] a conjugacy class is defined to be X C0, the sum of all elements in a
oc

conjugacy class C of G.
Proposition 6.8
If R = £ [G], then the conjugacy classes form a basis over £ for Z(R).
Proof
Let Cl’ C 5 oo Cr denote the conjugacy classes in G. Let x; € £[G] denote the

sum of all elements in the conjuagcy class C. for 1 =i=r. We show first that the elements
r

X } are linearly independent in £ [G]. Suppose 0 = 21 a, X, for some elements

X, X, ..
) 2

r

.a}in £ Then 0= Z ax;=2 a_ o, wherea_=a. ifo€ C,. Since the
oct © o

{al, Ay, ..
elements of G are linearly 1ndependent in £ [G] it follows that = 0 for all 0 €G and
hence a, = Oforalli,l =i=<r.

Next we show that the elements {x Xy e X } lie in the center of R = £[G]. It
suffices to show that x. T=TX for all 1 and all TeG smce the elements of G generate the

algebra £[G]. We compute xl‘c— 2 ot=1t Z T 017} 17{2 € } (substituting &

OEC 1 1
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= ‘c_lor) =TX;.
Let z € £ [G] be an element from the center of £[G]. We complete the proof by

showing that z is a £ - linear combination of {Xl’ X,y e X } Writez = X 450, where

2’
OEG
{aj} € K. Fix an element u € G. Then uz = 2 a(no) = 2 a_(uop )u =
oeG oeG
{ EZ a (u—l‘gu)a}“ , substituting & = uou_l. Since zu = ( Z agg)u and zu = uz it follows
that E%Ga( gy
*) (u‘lﬁu) = a forall € €G.

Since w € G was arbitrary we conclude that there exist constants {a1 sy e ar} in £ such

E= Z agﬁg Since G is a basis for £ [G] thls implies

T

thata =a, foralloe(f ,1<i<r. Hencez= 2 a o0 = X a.x..
oeG © 111 1o

In the case that £ = C we obtain an explicit description of the transition matrix
between the two bases of Z(C[G]) that we have discussed : the elements {e 1€ er},
which were defined in section 1.5, and the conjugacy classes {x1 s Xy oo Xr} defined
above.

Proposition 6.9

Let G be a finite group, and let Gl’ 62, Gr be the conjugacy classes of G. For
I < i< r,fix an element T in each conjugacy class Gi ,and let X, € C[G] denote the sum
of the elements in the conjugacy class Ci .

Let {p. :G— GL(V.) 1 =i =r} be a complete list, up to equivalence, of the
complex irreducible representations of G, and let X : G — C denote the character of P;-
For 1 <1,J<rdef1neA —(d / |G|) xl(r ) whered dlmV Forl =i=<rlet

e _|G|2 % x:(g) g. Then
r
* e.=2 A..Xx.
Remark -

If g and h are conjugate elements in a group G, then g_1 and h™! are also conjugate
elements in G. Hence Xi(r._l) does not depend on the choice of Tj in Gj since the
characters {Xi} are class functions.

Proof of the proposition
Let I <=i=<r be given. Since the elements of G form a basis of C[G] we can write

e.= 2 a o for some constants {a_} C C. Let Yreo - G — (C denote the character of the
i~ Seg O o eg

24



regular representation of G. As in section 1.5 we recall that 1) Xreg(g) =0ifg=1,1ii)

r
(H)= | G | and 1ii) % =.21 di X > where di =dim Vi' From 1) and i1) we compute
1=

Xre g reg

1, 1,
Xreg(ei T )= oze G aoxreg(o*t )= |G| a_ forall T €G. Fromiii) and from d) of the

r
proposition in section 1.5 we obtain Xreg(ei 17_1) = '21 dj Xj (ei 17_1) = di % (ei ‘c_l) =

d. % (t"1). Hence a_=(d/ |G| % (v"1). If T belongs to the conjugacy class Gj , which
. -1, _ -1 : -1, _ -1, _

contains Tj’ then % (T )= % (‘cj ) and a_ = (di / \ G | )Xi (Tt )= (di / | G | )Xi (‘l:j )=

Aij' Hence a=a; = Aij for any two elements T, 0 in Cj , which completes the proof of

%
).,
Although it is somewhat out of place logically, the next result, which describes the

inverse of the algebra homomorphism in Corollary 4.5, is similar in appearance and proof

to the result above.

Proposition 6.10
Let G be a finite group, and let {pi :G— GL(Vi), 1 <i=r} be a complete set, up
to equivalence, of irreducible complex finite dimensional representations of G. Let V =
\A EBV2EB EBVr .andletp=p,+ p+ ..+ p : G— GL(V) denote the corresponding
representation. Let W = End (E(Vl) X End(E(Vz) X ...x End (E(Vr) C End (E(V)' Then o =
p_1 : W — C[G] is given by
o(T) = ggG by(M g

where for each element g of G, bg € Hom (W,C) is given by
1

r
-1

Gl El d TraceVi{pi(g )oTy},

with T = (T1 , T2, Tr)’ Ti € End (IZ(Vi)’ an arbitrary element of W, di =dim Vi'

Proof

Recall that p : C[G] — W is an algebra isomorphism by Corollary 4.5. It is easy to

by(T) =

see that b_ is a linear function on W for each element g of G. Hence o: W — C[G] is

linear. It suffices to show that (o o p)(h) = h for all elements h of G since G is a basis of
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r
C[G] over C. For h,g € G we compute b (p(h)) = 17 Z di Tracev,{pi(g_l) 0 pi(h)} =

1 2 d. TraceV {p. (g h)} s 2 d X (g~ h) Hence o(p(h)) = ZG bg(p(h)) g=

G| = |G| =
1 : 1
H ggG {Z (g h)}g = H {Xreg(g h)} g = h by the properties of X reg that

were used in the proof of Proposition 6.9 and also in section 1.5. We have proved that
(o 0 p)(h) = h for all elements h of G.D
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