AVERAGING ON COMPACT LIE GROUPS

1. HAAR MEASURE

Let G denote a connected Lie group of dimension n. {8{, ..., X,,} denote a collection of
left invariant vector fields on G whose values at any point g of G form a basig®f The vector
fields{ X1, ..., X,,} determine an orientation for G, which shows that G is orientable.

Let {0,, ..., 6,,} denote the dual basis of 1-forms on G. It is easy to check from the definitions
that eacly; is left invariant; that is 0 = 0; forallge G. LetdG=6; A ... AG,, an n-formon
G. Note that dG is left invariant since tHé;} are left invariant, and dG never vanishes on G since
dG(Xq, ..., X,) =1onG.

Lemma 1.1. Let( be any left invariant n-form on G. Théh = X\ dG for some real numbek. In
particular, the vector space of left invariant n-forms is 1-dimensional.

Proof. We know that? = fdG for some C° function f : G— R. Moreover, for every gc G we
haveQ = L;Q = (f o Ly) L;dG = (f o Ly) dG. Hencef = f o L, for every ge G, which
proves thatf(g) = (f o Ly)(e) = f(e), where e denotes the identity of G. Hence f is a constant
function. d

Now suppose that G is compact as well as connected. Then dG defines integration on G, namely
Jo fdG is the integral of the n-form f dG over G for allP€functions f : G— R. Multiplying dG
by a positive constant we obtain a left invariant n-form such andG =1.

The left invariant n-form dG such thj& dG = 1is unique by the lemma above, and it defines
the so calledHaar measure on G.

The Haar measure on G has nice properties.

Proposition 1.2. Let G be a compact, connected Lie group, and let dG denote the Haar measure on
G. Then

1) dG is right invariant; that isk; dG' = dG forallg € G.

2) Iff: G — Ris any C* function and g= G is any element, thef}, f dG = [, (f o Ly) dG =

Jo(f o Ry) dG.
Proof. 1) We shall need the following

Lemma 1.3. Let G be a compact topological group, and let f : -G (0,00) be a continuous
homomorphism, where the group operation(6nco) is multiplication. Thenf(g) = 1 forallg €
G.

Proof. The image f(G) is a compact subset(6f co) since f is continuous. In particular, there are
positive constants a,b such that< f(g) < b for all g € G. If f(g) # 1 for some ge G, then
f(g™) = f(g)™ — 0 oroco as n— oo, depending on whethef(g) < 1 or f(g) > 1. In either case
we obtain a contradiction. O
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2 AVERAGING ON COMPACT LIE GROUPS

We now complete the proof of 1). Sindg andR;, commute for all g,ke G it follows thatR; dG
is a left invariant n-form on G for every & G. By Lemma 1.1 we find thak; dG = f(h)dG for
some nowhere zero function f : & R. The functionf(h) = R} dG(X1, ..., X,) is continuous
on G, and clearly f(e) = 1. Hence f(@) (0, co) since f(G) is a connected subset®that contains
1 but not 0.

By Lemma 1.3 it remains only to prove that f : G (0, o) is @ homomorphism. By definition
we haveRy, dG = f(gh) dG for all g,h € G. On the other handk}, dG = R} o R} dG =

»(f(9) dG) = f(Rh) f(g) dG. Hence f(gh)= f(g) f(h) for all g,he G.

We prove 2). We recall the following differential forms version of the change of variables theo-
rem.

Proposition. Let f: M — M be a C*° diffeomorphism of a compact, orientabl&dnanifold M
of dimension n. Define(f) = 1 if f is orientation preserving and(f) = —1 if f is orientation
reversing. Thery,, f*w = €(f) [,, w for every n-formw on M.

We shall apply this result to the diffeomorphisihg, R, for each ge G. Note that each of these
diffeomorphisms is orientation preserving since G is arc connected. If c(t) is a continuous curve in
G with ¢(0) = e and c¢(1) = g, then the diffeomorphisifs,), R.;) depend continuously on t and
are orientation preserving att 0. Hence these diffeomorphisms are orientation preserving for all t.

Now let f : G— R be a C° function and ge G any element By the lemma above and the left

invariance of dG we hav§, f dG = [, L}(f dG) = [, (foLy) L}y dG = [, (f o Lg) dG. A
similar argument using the right invariance of dG shows yf(latf dG fG (foRy)dGforallg
€ G. This completes the proof of Proposition 1.2 O

2. INVARIANT INNER PRODUCTS

Proposition 2.1. Let U be a finite dimensional real vector space, and let G be a compact subgroup
of GL(U). Then there exists an inner prodyc} on U such thatp(z), ¢(y)) = (z,y) for all x,y €
Uandally € G.

Proof. We first consider the case that G is connected. (. be any inner product on U. We
average the inner produ(;t>0 over G to obtain the desired inner prodygt.

For v,we U define(v,w) = [, f(g) dG, where f(g)= (g(v), g(w))o and dG denotes the Haar
measure on G. It is easy to check tI(la)t is a bilinear form on U, andv,v) > 0 for any nonzero
tangent vector v since f(g} (g9(v), g(v))o is a continuous positive function on G.

In the case that G is connected it remains only to prove(th@t), h(w)) = (v, w) forallh € G,

v,w € U. Let v,w,h be given and define f: & ]R as above by f(g¥ (9(v), g(w))o. Using 2) of
Proposition 1.2 we computé(v) fG (h(w)))o dG = [, ((gh)(v), (gh)(w))e dG =
e f(gh) dG = [ (f o Ri)(g) dG fG dG < w).

Next we consider the case that G is an arbltrary compact subgroup of GL(U), not necessarily

connected. We shall need the following standard result.

Lemma 2.2. Let G be a Lie group, not necessarily compact, and lgtl€note the connected com-
ponent of G that contains the identity of G. Thepi&a closed, connected normal subgroup of G.
In particular, G, is a Lie group.

Proof. Clearly G, is connected, and is closed in G since connected components are always
closed. It suffices to show thaty@ a subgroup of G. Let : G x G — G denote the multiplication

map. Thenu(Gy X Gy) is a connected subset of G that contains the identity of G. The connected
component of G that contains the identity e is the union of all connected subsets of G that contain e.
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Henceu(Gy x Gg) C Gy, which proves that gis closed under multiplication. A similar argument
using the inverse map: G — G shows that Gis closed under inverses. Hencg i6 a subgroup of

G. If g € Gis any element, then g@~ ' is a connected subset of G that contains the identity. Hence
9Gog~! C Gy for all g € G, which proves that gis a normal subgroup of G. O

We now complete the proof of Proposition 2.1. Since G is compact it has only finitely many con-
nected components (details omitted). Ket, ..., =y} be elements such that G is the union of the
cosetsr; Gy = Gox;. By the work above we may choose an inner produgton U that is preserved
by the connected subgroup GDefine an inner product on U by, w) = Zf;l(xi(v), x;(v))o for
all vyw € U. Itis easy to check that the set of elements H in G that preserve the inner ptpdisct
a subgroup of G. Hence it suffices to show that H containa@®{z,, ..., zx}, forthen H = G.

We show first that H containgzy, ..., zy}. Fixkwith1 < & < N. Then there exists a
permutations on N letters such thatoz;x, = Gz, for1 <i < N. Hence forl <i < N there
exists an element;g € Go such thate;zx = g7, (i)

Letvwe Uandl < k < N be given. Thenzy(v), zx(w)) = Zi Hzizp(v), iz (w))o=
Y {9k o) (V) GikTa () (W))o = LIty (Ta(i) (V) Ta(y (W))o = Tiy (@i (v), i (w))o = (v,w).
Hence H containgzy, ..., zx}.

We show that H contains G Let g € Gy be given. Since gis normal in G there exist elements
{91, -, gn} € Gy such thatr;g = g;z; for 1 < i < N. Letv,we U be given. We compute
(9(v),g(w)) = SN (2ig(v), wig(w))o = S (giwi(v), gizi(w))o = S (@i(v), i(w))o

(v, w). Hence H contains & The proof of Proposition 2.1 is complete. O
As a corollary of the result above we obtain

Proposition 2.3. Let n> 2 be an integer, and let G be a compact subgroup of GRYnThen there
exists an elementg GL(nJR) such that gGg! c O(nJR).

Remark A consequence of the Peter-Weyl theorem is that every compact Lie group is isomor-
phic to a compact subgroup of GLR), for a sufficiently large integer n. See for example Theo-
rem 4.1 in the boolRepresentations of Compact Lie Groups by Broecker-tom Dieck. The result
above then implies that every compact Lie group is isomorphic to a compact subgroup®f fo(n,

a sufficiently large integer n. Hence the compact Lie groups are precisely (up to isomorphism) the
closed subgroups of O) as n ranges over all positive integers. For n = 1 the cirtlefSomplex
numbers of modulus 1 is the only connected 1-dimensional Lie group.

Proof. Let}3,, denote the collection of all positive definite inner product®én The group GL(rR)
acts transitively of3,, by (gB)(x,y)= B(g~'x, g~'y) for x,y € R", g € GL(nR) and B< B,,. By
Proposition 2.1 there exists an element BJf such that hB = B for all e G. Since GL(nR)
acts transitively on3,, we may choose g GL(n,R) such that B= g—1(,), where(, ) denotes the
standard dot product dR™. Ifh € G, thenghg~1((,)) = gh(B) = g(B) = {(,). Hence the elements
of gGg~! preserve the dot produ¢t) onRR™. O

3. INVARIANT RIEMANNIAN STRUCTURES

Proposition 3.1. Let M be a C° manifold and let G be a compact Lie group that is a subgroup of
Diff(M), the group of diffeomorphisms of M. Then there exists a Riemannian strycjuwa M such
that the elements of G are isometries{df, (,)}.

Proof. The proof is a small variation of the proof of Proposition 2.1, and we omit most of the details.
As in (2.1) we first consider the case that G is connected.({ gtbe any Riemannian structure on
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M. Forme M and v\we T,,M define(v, w) = [, f(g) dG, where f(g)= (g.(v), g«(w))o and dG
denotes the Haar measure on G. The proof of Proposition 2.1 shows that the elements of G preserve
the inner productv, w).

Next, let G be an arbitrary compact subgroup of Diff(M), not necessarily connected, angl let G
denote the connected component of G that contains the identityaket.., xx} be elements such
that G is the union of the cosetsGy = Ggz;. By the work above we may choose a Riemannian
structure(, )o on M that is preserved by the connected subgroypi&fine a Riemannian structure
(,) on M by (v,w) = ZﬁVﬂ((mi)*(v), (z4)+(v))o for all vyw € T,,M and all me M. The proof of
Proposition 2.1 now shows that G preserves the inner prdduon all tangent spaces of M. [

4. GANVARIANT METRICS ON COSET SPACESG/K

Let X be a set on which a Lie group G acts transitively, and |gbg a point of X. If K =
G,, = {9 € G : g(z9) = zo}, then there is a bijectiop of the coset space G/K onto X given by
©(g) = g(xo). Itis known that the coset space G/K has the structure 6far@nifold of dimension
dim G — dim K.

In this section we show that if Ad(K) has compact closure in &),(then G/K admits a Rie-
mannian structuré ) such that G is a transitive group of isometrie 6f/ K, (, ) }. The action of G
on G/K is given by g(hK) = ghK for all g,lE G.

Here is the first step in proving the result stated above. It follows from the definition of K below
that K is a closed subgroup of G, but we don’t assume that K is compact.

Proposition 4.1. Let X be a C° manifold on which a Lie group G acts transitively. Lgthe a point
of X,and letK =G, = {g € G : g(z9) = x0}. Suppose J, X admits an inner produdt, ), such
that K leaves invariant, )o; that is, ((¢).(v), (¢)«(w))o = (v, w)o for all vw € T, X. Then(, )o
extends uniquely to a Riemannian struct{ye on X such that the elements of G are isometries of

{X, ()

Proof. Let x be a point of X, and let g be an element of G (typically not unique) such thgt g(x
X. Given vectors v,w of TX, there are unique elements,w, in T, X such that(g).(vy) = v and
(9)«(wo) = w. We define(v, w) = (vg, wo)o. This is the only possible definition of the Riemannian
structure(, ) on X if the elements of G are to be isometries. Hefigds unique if it exists.

We must show first that the Riemannian structuteabove is well defined. Supposeiganother
element of G such that'(z¢) = z, and let ¥, and w, be the unique elements of, X such that
(9")«(vy) =vand(g').(w)) = w. We must show thatug, wo)o = (vh, w)o-

If k=g '¢, thenk € K = G,,. We computer = (¢').(v}) = (g)+(k)«(v}). On the other
hand we also have = (g).(vo). It follows that (k). (v() = wvo since(g). : Ty, X — T, X is
an isomorphism. Similarly(k)..(w() = we. Finally, (ve,wo) = ((k)«(v)), (k) (w()) = (vf, wy)
since by hypothesis K leaves invarigni,.

It remains to show that the elements of G preserve the inner prdgdudefined above. We have
shown that(g..(vo), g« (vo)) = (vo, wo)o forallg € G and all y, wy € T, X. Letg,he G and v,we
T4(z0)X be given. Choosey wy € T, X such that. (vg) = v andg.(wo) = w. Then(hg).(vo) =
h(v) and (hg).(wo) = h.(w). Hence(h.(v), h.(w) = (vo,wo)o = (g:(v0). g-(wo)) = (v, w).
The proof is complete. O

Before proving the main result stated at the beginning of this section we apply the result above
in a case where the point»and the inner product ), can be given explicitly. Let > 2 be an
integer, and lef,, be the set of positive definite, real, symmetric n x n matrices. TRgns an
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open, convex subset of the vector space SyRj(of n x n real, symmetric n x n matrices. Hence
%, is a C° manifold of dimensior%

Remark There is a one-one correspondence betviBgrand the set of positive definite inner
products orR™. Given an element B df3,, we define an inner produ¢t) by (v, w) = (Bv, w)y,
where(, ), denotes the standard dot producti®hand v,w are elements & regarded as column
vectors.

Proposition 4.2. There is a Riemannian structute) on3,, such that GL(rR) is a transitive group
of isometries of B, (,)}.

Proof. We define a left action of G = GL(R) on‘l3,, by g(A) = gAgt for all A € 93,, and all ge
G. To see that G acts transitively b, let A € B3, be given. A standard construction yields an
element B of3,, C GL(n,R) such that B = A. (One may reduce to the case that A is diagonal,
and then the choice of B is obvious.) NdW(I) = BIB! = B? = A, where | denotes the identity
matrix. If X, = I, thenK = G,, = O(n,R), the orthogonal group.

For X € M(n,R) let X; € TyM(n,R) denote the initial velocity of the curve — I + tX.
On T,%3,, we define a positive definite inner produch, by (A;, Br)o = trace AB, for all A,B
€ P,,. Since the elements of G act by linear transformations on the vector space Byof(n,x n
symmetric matrices it follows that each g in G equals its own differential magg Sym(n, R) —
Ty(aySym(n,R) ~ Sym(n,R). The action of K= O(nR) on Sym(nR) is by conjugation since
gt =g ! forallge K. Since tracgAg—1)(gBg~!) = trace AB for all A,B€ 3,, and all g K it
follows that K leaves invariant the inner prodyc}, on T;%3,,. The assertion of (4.2) now follows
from (4.1). O

We now reach the two main results of this section. The first result is clearly a corollary of the
second, but the proof we present of the first result is simpler than the proof of the second.

Proposition 4.3. Let G be a connected Lie group and let K be a compact subgroup of G. Then the
coset manifold G/K admits a Riemannian struct(resuch that G is a transitive group of isometries

of {G/K, (,)}.

Proof. G acts transitively on G/K since g(eK) = gK for allgG. If xo = eK,then G, = {g € G :
g(xo) = xo} = K. By Proposition 4.1 it suffices to show that there exists a K-invariant inner product
(,)0 on T,,G/K. Since K is compact, by Proposition 3.1 there exists a Riemannian strycjua
G/K such that K is a group of isometries 66/ K, (,)}. In particular, since K fixesxif follows
that K leaves invariant, )o = {(, )ex - O

Proposition 4.4. Let G be a connected Lie group, and let K be a closed subgroup of G such that
Ad(K) has compact closure in G&]. Then the coset manifold G/K admits a Riemannian structure
(,) such that G is a transitive group of isometries{¢t/ K, (,)}.

Proof. Again, G acts transitively on G/K. Now &, 8 denote the Lie algebras of G,K respectively.
If H is the closure in GL&) of the subgroup Ad(K), then H is also a subgroup of G)L( By
Proposition 2.1 there exists an inner prod(igton & that is left invariant by the elements of H and
in particular by the elements of Ad(K).

Regardg as a subalgebra @ by setting® = {X € & : X(e) € T.K C T.G}. It then follows
from the left invariance of X that X is tangent to K at every point of K, and hence X restricts to a left
invariant vector field of K.

Let 3 denote the orthogonal complement®in &. If 7 : G — G/K is the projection map,
then by Proposition 4.1 of the handout on the manifold structure of G/H it followstthaf3(e) —
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T.xG/K is a linear isomorphism, whefB(e) = {X(e) : X € B}. Let(,)* be the unique inner
product onl,. 5 G/K suchthatr, : {(e), (,)} — {T.xG/K, (,)*} is a linear isometry. It suffices
to show that K preserves the inner prodgct on 7. x G/ K. The proof will then be completed by
Proposition 4.1.

We need two preliminary results.

Lemma 4.5. Ad(K) leaves invariant the subspacgsandJ of &.
Lemma 4.6. Let elements € K and Xe P be given. Thew, 7. X (e) = m. (Ad(p)X)(e).

Assuming for the moment that these lemmas have been proved, we complete the proof of Propo-
sition 4.4. Let element§ ) € T.x G/ K be given, and choose elements X6 Y3 uniquely such that
m.X(e) = £ andr.Y (e) = n. Recall that the elements of Ad(K) preserve the inner prodyain &
and hence off3. For any elemenp € K we have(p..(£), 0«(1))* = (g« ms X(€), px 1 Y(€))* =
(. (Ad(9)X) (), 7, (Ad()Y)(€))* = (Ad() X, Ad()Y) = (X,Y) = (m, X (), m, Y (€))* =
(&,m)*. Hence K preserves the inner prodyct* onT.xG/K. O

We now prove the Lemmas 4.5 and 4.6.

Proof of Lemma 4.5 It suffices to prove that Ad(K) leaveginvariant. Since Ad(K) leave§ )
invariant it then follows that Ad(K) leaves invariant the orthogonal complerieot 8 in &.

Let X € £ andy € K be given. Then X(e)= &/(0), wherea(t) = exp(tX) is a curve in
K since R is the Lie algebra of K. HenceAd(y)X)(e) = (c,)«X(e) = p'(0) € T.K since
B(t) = (cp 0 a)(t) is also a curve in K. It follows that Ag()X € R.

Proof of Lemma 4.6 Let elementsy € K and X € ‘B be given. Thenr, X (e) = /(0), where
a(t) = exp(tX)K = w(exp(tX). Hencep. m. X(e) = 5'(0), wheres(t) = (po a)(t) =
olexptX)K = plexp(tX)p 'K = exp(tAd(¢)X)K = m(exp(tAd(¢)X)). However, the final
equality above shows that(0) = 7. (Ad(p)X)(e), which completes the proof of Lemma 4.6.



