Quaternionic Structures

Definition A finite dimensional real vector space U admitgiaternionicstructure if there
exist linear transformations I, J and K such that

# 1P=F=k’=-1d

J=-JI=K;JK==KJ=I;KI==-IK=J.

If U admits a quaternionic structure, then U becomes aHfreaodule by defining
(a + bi + ¢j + dk)(u) = au + b(lu) + c(Ju) + d(Ku) fof LU and a + bi + cj + dkl H.
Remark U is a free R-module where the ring RH=is actually a division algebra. The
noncommutativity ofH makes it harder to do linear algebra than in a vector space U where
the ring R is a field.

Example U = H" = {(hl, s th) : hi OM forl1<i<n}. SinceH can be regarded as a
4-dimensional vector space overit follows that H "' is a 4n-dimensional vector space
overR. The transformations I, J and K are defined b¥, I(h, t}]) =(@h,..,i fh) ,

Iy, .. ) =Ghy o jh) and K, .. i) = (khy, .. k) forall (hy, ..., ) O K"

It is obvious that I, J and K satisfy the conditions (#) above.

Definition Let U be a real vector space with a quaternionic structure defined by {I,J,K} as
above. Let Eng(U) ={T O End(U) : T(xu) = x(Tu) for all xJ H.}. The set Enﬁll(U) is
a real subspace of End(U), and 'n:q'@U) becomes aiff —module if one defines (xT)(u) =
X(Tu) for all x&O H, ud U and TO End[H(U).

Let M(n,H) denote the set of n x n matrices A with entrienﬁ)(ih H. M(n,H) is
also a vector space oVt and it becomes a frédk—module if one defines (X/ﬁ)= X Aij'

Since U is finite dimensional ové it has finite rank as a frdé— module. LetB
= {ul, 5 Lh} be anH - basis for U; that is, every elementllJ can be written uniquely

asu=2 hi U for elements {tﬂ, ey th} in H. For each element T End[H (U) we
k=1

n
associate the .matrix A(T) in M(H,) such that T(p = kZ A(T)ki Uy forl<i<n. Itis
=1

easy to check that the map A : Fﬂ(w) - M(n,H) is anR-linear vector space
isomorphism and also @d—module isomorphism.
We wish to define matrix multiplicationin M(n,H) so that A(S T) = A(S)-A(T)
forall S,Tin En%(U); thatis, A: En%(U) - M(n,H) is anR—algebra isomorphism.
The definition that makes this possible looks peculiar because of the noncommutativity of
H.



Definition If A,B OO M(n,H), then let AB denote the unique element of Mtt),such that
n

Remark This definition of matrix multiplication for M(iR) and M(n{C) is equivalent to

the usual one sindR andC are commutative.

Proposition A(SoT) = A(S)-A(T) for all S,TO EndIH (V).
n
Proof By definition (So T)(ei) =2 A(SoT)ji ej. On the other hand @ST)(ei) =
71

n n n n n n
S(Z AMyi 8 ) = Z AM); S§) = Z A { j:zl AS)&} = j:zl { Z A
n
AS) te =% {AS)-A(M}: e. Itfollows that A(So T).: = {A(S)-A(T)} .. for all i,j.
LS = i j ji 0

The transpose operation in M(n,H)
Definition For AQ M(n,H) we let A* be that element of M(H,) such that Aﬁ = A_jifor
all i,j.
Proposition (A-B)* = B*-A* for all A,B [0 M(n,H).
n

n.___ _  n n __ ___
Proof (A'B)*;; = (A'B); = (2 BijAy)= 2 (B Ay )= 2 Ay By =

n
Z A* kJ B*Ik = (B*'A*)

k=1 IJ =

The Type of an irreducible Clifford representation

Let U be a finite dimensional real vector space. For a positive integer (gt C
denote the Clifford algebra of dimensidhdetermined byERn, <, >}, where <, > denotes
the standard inner product[RP.

A mapp : Cl(n) - End(U) is an algebra homomorphisnpiis anR-linear map
and in additiorp(xy) = p(x) o p(y) for all x,y in Cl(n). We say that U is al@n)-module.

If p(C2(n)) leaves no proper subspace of U invariant, then we say that U is an irreducible
Cl(n)-module. An algebra homomorphigm C!(n) - End(U) is also called a
representation of &n) on U, ang : Cl(n) - End(U) is an irreducible representation if U
is an irreducible €(n)-module.

Two representatior(sl: Ci(n) - End(Ul) andp2 :Ci(n) - End(UZ) are said to
beequivalent if there exists an isomorphism Tl:JJ Uzsuch thapz(x) oT=To pl(x)
for all x O CL(n).

For an algebra homomorphigm C!{(n) - End(U) we define 4f) =



{TOGLWU):TopX)=px)oTforallxOCL(n)}. If T OZ(p), then Ker(T) and Im(T)
are subspaces of U left invariantpyC! (n)). Hence if U is an irreducible/@)-module,
then for every nonzero T in @(we must have Ker(T) = {0} and Im(T) = U; that is, T is
invertible. This shows that if U is an irreduciblée (6)-module, therZ(p) is a division
algebra; that is, every nonzero element @) Z£ invertible. A famous theorem of
Frobenius says that every division algebra that is finite dimensionaRowaust be
isomorphic toR, C or H.

Definition An irreducible representatign: C2(n) - End(U) is called ofeal,complex or
guaternionic type if 4%) is isomorphic tdR, C or H respectively.

Clifford algebras as matrix algebras

We summarize some basic information about the Clifford algelbré&s.C Further
details may be found in previous handouts.

If n # 4k+3, then @(n) is isomorphic as an algebra to a matrix algebra M(p,K) for
some positive integer p, where K5 C or H. If n = 4k+3, then €(n) = Al@Az, where
Aland Aéare two sided ideals isomorphic td @—1). We summarize this information in
the following table, which has periodicity 8 :

CL(8k) = M(2* R) CoBk+1)= M2 E)  Co(8k+2)= M(2* )
CL(8k+3)= M2 H)BME™ 1) Cl (8k+4)= M(2**Y, 1)
Ch (8k+5) = M2 "2 () Cl (8k+6)= M2**3 R)

Cl (8k+7)= M(2* B R)EM(2**3 R)

It is known that a matrix algebra M(p,K), where KR=C or M, has exactly one
irreducible module up to equivalence, nameR( e p-tuples of elements of K regarded as
column vectors. The action of M(p,K) onPis by left multiplication. The matrix algebra
M(p,K), EM(p,K), has exactly two irreducible modules up to equivalence. In both cases the
module itself is I but the actions of M(p,K§B M(p,K) on KP are inequivalent. In the first
case ()&,XZ)(X) = Xl(x) and in the second caselo(z)(x) = Xz(x) for x 0 KP and (Xl,Xz)

O M(p,K), EM(p,K). Note that in each case one copy of M(p,K) acts trivially Bn Kk

Each of these moduled’s a real vector space of real dimension p, 2p or 4p

depending on whether K&, C or H.

From the table above we obtain the following classification of irreducible
representationg : C!(n) - End(U into real, complex or quaternionic type :



Real type n = 8k, 8k+6 and 8k+7
Complex type n = 8k+1, and 8k+5 (i.e. n = 4k+1)
Quaternionic type n = 8k+2, 8k+3 and 8k+4

Canonical isomorphisms p: C2(n) - M(p,K), n # 4k+3

If n # 4k+3, then the discussion above shows that we have an isomorphism
A: Cl(n) - M(p,K), where p = dirRU and K =R, C or H according to whether
p: Cl(n) -~ End(U is of real, complex or quaternionic type. The isomorphism A is not
unique since we may always compose A with an automorphis(aj Gr an
automorphism of M(p,K). However, we show in the next result that one may always single
out a special class of isomorphisms A £(© - M(p,K) if n # 4k+3.
If n = 4k+3, then €(n) = Al@Az, where Ai and Aé are two sided ideals
isomorphic to @(n—1). In this case we also get a special isomorphig(n)C-
M(p,K) BM(p,K) from the special isomorphismiGh-1) - M(p,K).

Proposition Let n# 4k+3 be a positive integer, and let KIg, C or H denote the type
of the unique, irreducible &n)-module U of K- dimension p. Then there exists an
algebra isomorphism A : Kgn) — M(p,K) such that A(X = A(x)* for all x 0 C2(n).
Remark The isomorphism A with the properties stated above is not unique. If g is an
element of M(p,K) such that gg* = g*g = Id, then-XgXg* = ¢(g) is an automorphism
of M(p,K) such thatp(X)* = @(X*) for all X O M(p,K). If B=y oA, then it is routine to
show that B(® = B(x)* for all xJ C(n). Nevertheless, the existence of such an
isomorphism A : €(n) - M(p,K) is useful. In the discussion at the end of this section
we apply the Proposition above to identify the group G E&£(n) : xX= Xx =1}.
Proof of the Proposition We shall prove this only in the most difficult case, where U is of
guaternionic type. The proofs in the other cases are analogous but easier.

Letp: Cl(n) — End(U) be an irreducible representation of quaternionic type, and
let 1,J,K denote the elements of End(U) such thgj Z(R—span {Id, I, J, K}. We need
some preliminary results.
Lemmal There exists an inner product <, > on U such that the eIemep(t[Brbfare
skew symmetric and the elements {I,J,K} are both skew symmetric and orthogonal relative
to<,>.
Lemma?2 There exists an integer p such thatﬂg'um: 4p. Let <, > be an inner product
as in Lemma 1. Then there exists an orthonormal lms'rs{ul, u4p} such that for



1<r<pwe have H‘”: I(ur) : u2p+r: J(ur) and lépH: K(ur).
The H-matrix of an element of End(U)
LetB = {ul, u4p} be an orthonormaR—-basis as in Lemma 2. Thenl{u.. up}

becomes arfi — basis for U regarded as a frile-module U. Specifically, if @0 U is
p p p p
written u =2 a u + 2 B I(u) + 2 Y, I(u) + 2 5 K(u), where fr_, B,y .0 }are
r=1 r=1 r=1 r=1
p
real numbers, then we may write = hr u., where p: o + Bri + yrj + 6r kM for1l
=1
<r<p. "
The elements g§(C?(n)) may be regarded as elements Of[F(M]) since they
commute with the linear maps {1,J,K}, which define Brmodule structure on U. For an

element T in Eng (U) we let A(T) denote the matrix in M(H, determined by thé& —basis
_ P
{ug, .. up}; thatis, T(y) = El A(T),; U.

For the next result we recall that iF’i - Cji for all CO M(p, H).
Lemma3 Let<,>andB = {ul, u4p} be as in Lemmas 1 and 2. For every £/ (n)
let A(x) denote thdd — matrix of p(x) relative to theH —basis {L!L, Lb} Then A(X)* =
~A(X) forall x O R™.
Proof of the Proposition We postpone for the moment the proofs of the lemmas, and we
complete the proof of the Proposition. petCf(n) - End(U) be an irreducible
representation of quaternionic type. If n = 8k+2 , then by the discussion above we know
that C! (8k+2)= M(24k, H) and U :I]-I24k. Hence diqﬂu =4p, where p 2% = H(-2)/2
I n = 8ke4 then @ (Bk+4)= M2 1), U = 12" “and dim, U = 4p, where p 2**?
= A"22 i either case diCt (n) = 2" = 4 = dim_ M(p, ).

By the definitions of A : @(n) — M(p,H) in Lemma 3 and matrix multiplication in
M(p,H) it is clear that the map A is an injective algebra homomorphism. In fact, A is an
isomorphism since diﬁﬁﬂ(n) = dim[RM(p, H). Let X ={xOCL(n) : A(X) = A(X)*}.

Since the maps % x and C— C* are anti-automorphisms ofl@) and M(pH)
respectively it follows that X is a subalgebra df(€). By Lemma 3 X contain®" since x
=—xforall xOR". We conclude that X = n) sinceR" generates QXn).D

Proof of Lemma 1 Recall that Pin(n) = {XxJC{(n) : x = XXy e X [0 Cl(n), where each
X; is a unit vector irR" and m is an arbitrary positive integer}. The group Pin(n) is
compact and xx 1 for all x(I Pin(n). Since Pin(n) is compact there exists an inner
product <, >* on U that is preserved by the elemenggRifhi(n)). If X is a unit vector in
R", then £ =-1 and hencqa(x)2 =-1Id. The mamp(x) is orthogonal relative to <, >*, and

hence it is also skew symmetric sincp(X)u , v >* = <p(x)2u ,P(X)V >* = =< u, p(X)v >*



for all u,vO U. It follows thatp(x) is skew symmetric relative to <, >* for alixR" since

this holds for all unit vectors x.
Let Q={*Id, ¥ I, +J,¥K}. If we define<u,v>= %Q< @(u), p(v) >*, then
©

sincep(C!(n)) commutes with Q we obtain an inner product <, > that is invariant under
bothp(Pin(n)) and Q. Sincél= F = K2 =-1d it follows as above that [,J and K are
skew symmetric as well as orthogonal relative to <, >.
Proof of Lemma?2 Let <, > be an inner product on U as in Lemma 1, anqllema unit
vector in U. Let L{ = R-span {Li, I(ul), J(ul), K(ul)}. It suffices to show that {H I(ul),
J(ul), K(ul)} is an orthonormal basis oflu If this has been established, then we consider
the orthogonal complementlﬂJ of U, in U. The elements of Q =d, t1,tJ,tK}
leave invariant YL by Lemma 1, so we may split off another 4-dimensional subsp?ce U
R-span {Lé, I(uz), J(L&), K(uz)} U Ul*. The proof of Lemma 2 then follows by
induction.

The vectors {l:ﬂ, I(ul), J(ul), K(ul)} all have length one since1 tias length one and
the transformations 1, J, K are orthogonal relative to <, >. Moreoi/'srpmogonal to
I(ul), J(Lﬁ) and K(Li) since |, J and K are skew symmetric relative to <, > by Lemma 1.
Using the skew symmetry of I, J, K and the fact that these elements anti-commute we obtain
< I(ul) , J(Li) >=-<u, IJ(ul) >=<u, Jl(ul) >=-< J(L&) : I(ul) >, which proves that
< I(ul) , J(L!L) > =0. Similar arguments show that any two of the vectcir,sl({uul), J(L!L),
K(ul)} are orthogonaE.

p
Proof of Lemma 3 Given xJ R"and 1< s< p we Ietp(x)(us) =2 a.u +
r=1
p p p _
El B I(u)+ El Y. J(u) + 51 5 K(u) for suitable real numbets, B, v andd . By

i : _ B _ . :
the definition of A(x) we obtalp(x)(us) = El A(x)rS u, where A(x)s— ot |3rs| Y]

+ 6rs k. We compute A(X);‘S = A(X)Sr = o Bsri - ysrj - ésr k and -A(X) rs=

-a. Brsi - yrsj - 6rs k. The proof of the lemma will now follow from the assertions
(*) aI’S: a GSI'; BI’S: BSI’; yrs: ySI’; 6I‘S: 6SI’I,,I

By Lemma 1 the transformations I, J, K @n¢k), x 0 R, are all skew symmetric relative

to <, >. From the expression above tc(v()(us) we see thaclxrS =< p(x)(us), u.>=

- <ug, p(X)(u) >=-o0a_. Moreover$ =< p(x).(u.s), I(u) >=-<ug,p(x) I(u) >=

- <ug, 1p()(u) > =< I(u), p(X)(u) > =B_. Similarly, we see thay _=y_andd =

sro
The group G, = {xOCl(n):xX

X x =1}



For nz 4k+3 we identify @ (n) with M(p,K) for a suitable integer p and K5 C
or H. We show that ﬁis isomorphic to the group of isomorphisms S tkat preserve
the canonical inner product oPKreaI, Hermitian or quaternionic). Equivalentlyn (G
isomorphic to {A M(p,K) : AA* = A*A = |d}.

In KP the canonical inner product <, >is given by <X, y ip:xi Wfor all x =
(xl, s )?1) andy = (yl, . n) OKP. We state some basic propé:r%les of <, >whose
proofs are routine and omitted. The peculiar appearance of these statements is made
necessary by the noncommutativity/lof 0

The action of M(p,K) by K-endomorphisms of I given by A(ia: 2 Aji eJ .

Lemma The canonical inner product <, > on has the following propertlrgé :
1) <xiy>=<y,x> for all x,y0 KP.
2) <cx,y>=c<x,y> forallx,yDKp,cDK.
3) <x,cy>=<Xx,y>cC for all x,y OKP, cOK.
4) <AX,y>=<X,Ary> for all x,y O KP AD M(p,K).

5 <AX,Ay>=<x,y> forallx,jZJKp,ADM(p,K) = AA* = A*A = |d.

Notation
O(n) ={A DM (n,R) : AA* = A*A = |d}
Un) ={A M (n,C) : AA* = A*A = |d}
Sp(n) ={A M (n,H) : AA* = A*A = Id}

Proposition LetA: Ci(n) -» M(p,K) be an algebra isomorphism such that A=
A(x)* for all x 0 Cl(n), where K=R, C or H and p is a suitable positive integer. L%t G
={x OCI(n) :xxX= Xx=1}. Then

1) A(Gn) = 0(p) if K=RR.

2) A(Gn) = U(p) if K=C.

3) A(Gn) =Sp(p) ifK=H.
Proof In view of the lemma above it suffices to prove that=xxx =1 for x[J Cl(n) =
AX)AX)* = AX)*A(X) =1d. If 1 =x X, then Id = AX¥ = AX)AX) = AX)A(X)*, and
similarly if 1 =Xx =1, then Id = A(x)*A(x). Conversely, if Id = AX)A(X)* = AX)AX=
A(x X), then 1 =xx and similarly if Id = A(x)*A(x) = AQ® A(X) = A(XX ), then xx =1.D



