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This article is an appendix to [E2] and is meant to be read with that article. Here W
always denotes a p-dimensional subspase@@f,R). We recall that the elements A of
End(IRq) act onso(q,R) by A(Z) = AZ + zAl We note that if A is skew symmetric , then
A(Z) = ad A(Z) for all ZOOW.

Let (SW ={A O End(IRq) :A(W)OW and trace A=0 oﬁ%q}. We shall see in
this section that imposing the condition of trace zero can be useful, and we lose no
information with this restriction.

In the case thefb’w is self adjoint some of the results below become sharper and
more relevant. In particula@wcontains the symmetric and skew symmetric parts of each
of its elements. ItBW is self adjoint , ther@W: @ -+ and by the discussion in
Proposition 3.4e of [E2] we obtain the following : iftXDer(1t), then there exist unique
elements A End([Rq) and B[ Hom(IRq,W) such that

1) AD G, thatis, AZ + ZADW for all ZOW

2) X(v) = A(v) + B(v) for all v RY.
X(Z) = AZ + ZA for all Z O W.
Section 1 Centralizer of W ing[(q,[R)

Proposition 1.1 Let W act irreducibly oY, LetSW ={A D(q[(q,IR) : AZ = ZA for all
ZOW}L If 8W IS nonzero, ther;%W is a division algebra ovék. Hence8W is
isomorphic as an algebrally C or H.

Proof Let A be a nonzero eIement@(N. Then the kernel and range of ARY are both
invariant under W, and hence A is an isomorphism since W acts irreduciﬁlg. oh
follows thatSW is a finite dimensional division algebra oWy and by a theorem of
Frobenius must be isomorphiclkg C or H.

Remark Any element inSWcommutes with all elements in the Lie algebrdl so(q,R)
that is generated by W. For all W in a dense, open subset O ofa@qfR)) this
subalgebrd) isso(q,R). Hence?)W = {0} for all W in O sinceso(q,R) acts irreducibly
onRY.

Definition 1.2 We will say that W is ofeal,complex orguaternionic type respectively if
3.,=R,C orH respectively.
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We make some further general remarks before determining the type of some
specific examples.

Proposition 1.3 For a subspace W 60(q,R) Iet8\(/)v ={A0O 5[(q,IR) : AZ = ZA for all
Z OW}. Then

1) 8\?\/ is a self adjoint subalgebra.ﬂf(q,IR).

2) If W acts irreducibly oY, thenS\(/)V 050(q,R). Moreover, exactly one of the
following holds :

a)3,, = {0} (real type)

b) 3., =span{l}, where f=-1d (complex type)

c) 8,y =span {I, J, K}, whered= F = K*=-1d; I == JI = K; KI == IK =]
and JK == KJ =1. (quaternionic type)

Proof 1) CIearIySW is a subalgebra of G{(q,IR), and it is closed under the transpose
operation since W is closed under transpose.

2) Let A be a symmetric transformationarQN such that trace A =0. Every
eigenspace of A ik is invariant under W, and it follows that A\d for some real
numberA since W acts irreducibly oRY. Hence\ = 0 since trace A = 0. By 1) every
element ofSW is the sum of symmetric and skew symmetric elemer&,\gfand it is now
immediate thaB\?v 0s0(q,R). It follows immediately from Proposition 1.1 that the cases
a), b) and c) correspond to the cases that W is of real, complex or quaternionic type.

Section 2 Nonsingular subspaces W

Definition 2.1 We will say that W is o€lifford type if Zisa negative multiple of the
identity for every nonzero element Z of W. In this case it follows that Z (A /dimWw)

< Z,Z>Id for all Z[O W since the canonical inner product <, >Soq,R) is defined by
<Z,Z* > =-trace (ZZ*).

Remark A basic property of Clifford algebras says that WIR:HX, where p = dim W and
j:Cl(p) - End(IRq) is a representation of the real negative definite Clifford algebfa)C
determined b)RpWith the standard inner product <, >. Conversely, it is also true that if j:
Cl(p) - End([Rq) is a representation of the real Clifford algebra determined by

{ RP <, >}, then W = jﬂ?p) is a subspace of Clifford type &0(q,R) if RYis endowed
with a suitable inner product. Moreover, W is a Lie triple system with trivial center in
50(q,R). See section 3 of [E1], especially Proposition 3, for further discussion.



Definition 2.2 We say that W igonsingular if every nonzero element Z of W is an
invertible linear transformation @Y.

We will discuss two types of nonsingular subspaces W : 1) W is of Clifford type
2)W =su(2) =50(3,R) 0so(g,R) and g is even. In the second case it is known that W is
of quaternionic type and th& is the realification of a complex, irreducilsi#(2) module.

Proposition 2.3 Let W be a nonsingular subspaces®fq,R), and let W act irreducibly
onRY.

a) Let W be of Clifford type. Then W has

Real type : for p =8k, 8k + 6 and 8k + 7.
Complextype: forp =4k + 1.
Quaternionic type : for p =8k + 2, 8k + 3 and 8k + 4.

b) Let W =s1(2) =s0(3,R) 00 50(q,R), where g is even. Then W has
guaternionic type in all cases.
Pr oof

a) Itis known that all of the Clifford algebrad @) are isomorphic to K(n) or
K(n)&BK(n), where K =R, C or H, K(n) denotes the n x n matrices with entries in the field
K, and n is a power of 2 that depends on p. In each case the representation §banel is K
Cl(p) acts on R by matrix multiplication so that the action commutes with left
multiplication by elements of K.

It remains only to determine the field K for each integer p. From the canonical
isomorphisms and periodicity relations of Clifford algebras (cf.(1.4) of [LM] ) and
induction one obtains the following
Table of negative definite real Clifford algebras

co(8k) = R(2¥ co(sk+1)= €% Q@8k+2)= H 2
cok+3)= HRWMaHE™)  coEkra= HEMY  c@kes)= ce?Kt)
Co(8k+6)= R(27K*S) co(8k+7)= R @ r(2%KYS)

b) The complex, irreducible representation spacsg () are the spacesn\/n >1,
of complex polynomials that are homogeneous of degree n. The complex dimenﬁj]on of V
isn+1. Ifnis even, thenn\ls the complexification of a real, irreducible modulﬁ:chﬂ
odd dimension n + 1. Hence in this case each elems#i(®f has nontrivial kernel. If n
is odd, then the realificationanf Vn is an irreducible module of real dimension 2n + 2. In
this case His nonsingular, and it is well known tha}lﬁjs of quaternionic type. See
sections 5 and 6 of Chapter Il of [BtD] for further detags.

Examples of SV?/ when W is nonsingular



Proposition 2.4
1) Let W be a p-dimensional subspacea(i,R) of Clifford type. Then
a)3° = {0} if p = 8k, 8k+6 or 8k+7.
b) 32 = span{l}, wheref=—1d , if p = 4k + 1.
C) SW =span{l, J, K}, where {l, J, K} satisfy the quaternion relations if
p = 8k+2, 8k+3 or 8k+4,
2) IfW=su(2) =s0(3,R) 0 s0(q,R) and g is even, thea\?v =span{l, J, K},
where {l, J, K} satisfy the quaternion relations.
The assertions above follow immediately from the determinations of real, complex
or quaternionic type in Proposition 1.3.

Section 3 Skew symmetric elements of @W

Recall that X End([Rq) acts orso(q,R) by X(2) = XZ + 7. Hence If XO
$0(q,R), then X(Z) = XZ + 2t=xz-zx=ad X(2). LetS?W denote the subalgebra of
(SW consisting of the skew symmetric elementﬁql\f/. If (SW is not self adjoint, then in
general there is no reason to expect mWis nonzero.

Note that WU S?W = W[ @SW«:» W is a subalgebra ob(q,R), and[W,W] O
S%“W = [W,wW] O @W = W is a Lie triple system. If X] SV?/, then X0 S%“W since ad X
=0 on W and XJs0(q,R). Hence?)\?v + [W,W] O S?W if W is a Lie triple system. In
fact, we show in Proposition 3.2 that equality holds if W has trivial center.

The simplest example of a Lie triple system is a Lie algebra. Although the next
result is a corollary of the one that follows it, the proof is simpler in this special case and

illustrates the main idea more clearly.
Structure of RW

Proposition 3.1 Let W $0(q,R) be a semisimple subalgebra that acts irreducibly on
RY. Thenft, =38 BW, where8 " ={ A 050(q,R) : AZ = ZA for all Z0] W}.
Proof We note thaB\?v n W = {0} since a semisimple Lie algebra has trivial center.
Recall that by definitiorB\(/)v ={A0O 5[(q,[R) : AZ = ZA for all ZO W}. However, by 2)
of Proposition 1.33\?\/, 0so(q,R).
By the discussion abov@w ={X 0s0(q,R) : ad X(W)OW}. If X O .QW :
then ad X is a derivation of the semisimple Lie algebra W, all of whose derivations are inner.
It follows that ad X = ad X' on W for some element X' in W. Therefore X = X' +Y, where



Y = X - X' 0050(q,R) commutes with all elements of W. Hen@ev O 8\?\/ (BW, and the
reverse inclusion has been noted aIreDady.

Proposition 3.2 Let W $0(q,R) be a Lie triple system with trivial center that acts
ireducibly onR%. Thenft,, =82 @ [W,W], where8 » = { A 050(q,R) : AZ = ZA
for all ZO W}.
Proof We recall from the discussion above taé%] + [W,W] O QW. We observe next
that the sum is direct. We note ti&t =W + [W,W] is a semisimple Lie algebra by
Proposition 4.3b of [E4]. If ZI 8\(/)\/ n [W,W], then Z commutes with [W,W] since Z
commutes with W. It follows that Z lies in the centeff=W + [W,W], and hence Z =
0 by the semisimplicity 06"

We shall need the following
Lemma 3.3 Let W 50(q,R) be a Lie triple system with trivial center. Lef XW be an
element with ad X(WQJ W. Then XO § =W n [W,W].

For the moment we postpone the proof of the lemma and use it to prove the
proposition. If X[ QW, then XOO s0(q,R) and ad X(W)J W. It follows that
ad X([w,W]) O [W,W] by the Jacobi identity, and hence ad®X( 0 &', where®' =
W + [W,W]. The Lie algebr#' is semisimple as we noted above, and the transformation
ad X is a derivation o&'. Hence there exists an element X&hsuch that ad X = ad X'
onB'. IfY=X-X,then YO 8\?\/ since YO $0(g,R) and ad Y is zero o8’ and hence
on W.

We have proved that if X QW, then X = X'+ Y, where XOW + [W,W] and Y[
8\?\/. Now write X' = Xl + X2, where Xl 0OW and )% O [W,W]. Note that ad X'(W) =
ad X(W)O W and ad )§(W) O W since [W,W]O S?W. It follows that )i OW and
ad Xl(W) OW. From the lemma we conclude thalt[X H =Wn [W,W] O[W,W].
Therefore X' = )& + X2 O[W,W], and X = X'+ YOI [W,W] + 3\?\/. This proves thaﬁw
O 3\% + [W,W], and we already noted the reverse incIu%ion.

Proof of thelemma Let 8' = W + [W,W], and let =W n [W,W]. The Lie algebra
@' is semisimple, an® is an ideal of8' since$ is invariant under afor & O W and
£ 0 [W,W]. Let$ “denote the orthogonal complementiofin ' in relative to the
Killing form B' on '. Then$ — is also a semisimple ideal 6f by standard facts (cf.
[Hel,p.131-133]).

We first show

™) If X OW and ad X(W)J W, then ad X§ ) = {0}.



To verify this, note that if ad X(W)I W, then ad X(WY] & =W n [W,W] since
clearly ad X(W)J [W,W]. Hence ad X@") O ad X(W) + ad X(]W, WO & +[%, H]
0%. Itfollowsthatad X ) O H " nad X(W)O $n $H ={0} since both$ and
$ "are ideals of3".

Now let X0 W be an element such that ad X(\WWW. Then ad X([W,W])]
[W,W], and it follows immediately that ad %() [ . Since$) is semisimple and ad X is
a derivation off) there exists )1<D $ such thatad X = ad f()n . HY=X- Xl, thenY
O W since )g_ 0% OW. Moreover, ad )1((W) [0 W since )g_ 0% Ow,w]O @W.
Therefore ad Y(WJJ W and ad Y=0 on § ~by (*), On the other hand ad0on % by
the definition of Y. It follows thatad ¥0on$H P H = ' = W + [W,W] O W. Hence
Y lies in the center of W, which by hypothesis is {0}. We conclude that )§ BEX%. This
completes the proof of the IemrBa.

Examples of ﬁw when W is nonsingular
Proposition 3.4
1) Let W be a p-dimensional subspacea(i,R) of Clifford type. Then
! W 8\%@50(p,[R) (direct sum), where
a) 3. = {0} if p = 8k, 8k+6 or 8k+7.
b) 3., =span{l}, where f =-1d , if p = 8k+1 or 8k+5
C) SW =span{l, J, K}, where {l, J, K} satisfy the quaternion relations, if
p = 8k+2,8k+3 or 8k+4.
2) IfW=su(2) =s0(3,R) 0 s0(q,R) and g is even, then
R, = 8 ®su(2) (direct sum), whe,> = span {I, J, K}, and{l, J, K}
satisfy the quaternion relations.

To verify 1) we consider first the case that . We note that by previous
discussion W = IRp), where j: Q(p) - End(IRq) is a representation of the real negative
definite Clifford algebra €(p) andRY%is equipped with a suitable inner product. It is well
known that IRp,IRﬁ is isomorphic tso(p,R), where [, ] denotes the natural Lie algebra
structure on €(p). Moreover, j: C(p) - End([Rq) is injective if p£ 3. For example, see
Proposition 3 of [E1] for details. Hence [W,W] :lef,IRp] is isomorphic taso(p,R).

Note that the elements af\?v commute with [W,W] since they commute with W. It
follows thats\?v n [W,W] = {0} since the center of [W, WE $0(p,R) is trivial. Therefore
from the proposition above we obteﬂﬁ"{N = 8\?v®[W'W] = SVC\’/@SO(p,IR). The
possibilities forS\?V are copied from the earlier list in (2.4).

Next suppose that p = 3. By Proposition 3 of [E1] either§j(3C - End(IRq) is
injective and [W, WE s0(3,R) or [W, W] = W=50(3,R). In either caséw = 8\?\/@



[W, W] = 8@@50(3,@). Note that in the second of these cases3d(2) is a
subalgebra afo(q,R), and we are actually in the second case of this proposition.
The verification of 2) is similar. Note thaRN nW= 8 n Su(2) = {0} since
5u(2) has trivial center. From the corollary to the proposmon alﬁme: 3%@w =
W =3 @Su(Z) where the description @‘ also comes from the earller list.

Section 4 Symmetric elements of (SW

It is more difficult to determine the symmetric elementgw, even in the cases
Where@‘W is known to be self adjoint. We can give a complete description only in the self
adjoint nonsingular cases where W is of Clifford type and wheres¥{2) and g is even,

If W is a semisimple subalgebragif(q,R) other thars.(2), then we don't know much
about the symmetric eIements(B{N

Let 5[3 ={A [0 (B A= A} Note that the elements m‘ have trace zero
since by deflnltlor@ [ S[(q R).

Structure of ZBW
We begin with some general observations and then proceed to the two examples of
nonsingular W mentioned above.

Proposition 4.1 Let A be an element dt . Let {v . vq} be an orthonormal basis of
RY such that Av }\ v forl<i<q, Where are){ . )\q} are the (real) eigenvalues of A.

1) If [v v] |s nonzero in W, then A [yv] = ()\ +A, )[v v]

2) If A(Z) =\Z for some Z1W andh [ R, then AZ = %A,

3) LetT= —1 Z j(Z) where {Zl Zp} is any orthonormal basis &. Then T
commutes with every element f)f =R GB[SISW, 5I3W].
Remarks

1)The transformation T in 3) describes the Ricci tensa onby the proposition
in (1.4) of [E2].

2) Itis easy to show that the subspﬁgﬁ in 3) is a subalgebra (SW. We shall
see below in (7.1) that (BW is self adjoint, therbw is an ideal in(35W
Proof We recall the discussion following (3.4€) in [E2] of symmetric and skew symmetric
derivations oft = RADW. We showed there that A defines a derivatioon 1t by
@(v) = A(v) for all vin R and@(Z) = A(Z) =AZ + zAl = Az + zAforall Zin w.

1) If Av, = )\i v, forl<i<q,then A [Y’ vj] = [A(vi), vj] + [vi, A(vj)] =
()\i+)\j)[vi, vj].



2) IfAZ = A(Z) = AZ + ZA, then AZ = \Z - ZA)Z = N\Z% - Z(\Z - ZA) = Z°A.

3) Let A be an element dIW. By the discussion in (3.2) of [E2] the element A
acts as a symmetric transformatiorsa{q,R) since A is a symmetric transformation of
RY. Since A(W)O W we can find an orthonormal basisl{Z.. , Zp} of W such that)\iZi
= A(Zi) = AZi + ZiA for alli. By 2) A commutes with eact]ZZand hence A commutes

with T :% i_Zl j(Zi)2 . Since T commutes Wiﬂ%w it follows immediately that T commutes

with %, =B, B[R, B, -

Proposition 4.2 [QW, 5]3W] O €I3W.
Proof Note that(SW is a Lie subalgebra of EriH@), andS?W , SISW are subspaces GW
It follows that [ﬁw, EBW] N @W. If A is skew symmetric and B is symmetric, then [A,B]
=AB-BAis symmetricm

It follows from Propositions 5.2, 7.3 and 7.5 below that equality holds in the result
above if W is the Lie algebra of a compact, connected subgroup off§@igt acts
irreducibly onRY.

If W is nonsingular, then we can say a great deal more.
Proposition 4.3 Let W be a nonsingular p-dimensional subspac®(d,R), and let A be
a nonzero element dIW. Let W act irreducibly oY, Then

1) AZ=-ZA forall ZOW.

2) A2=)21d for some positive numbe.

RY= V)\GBV_}\ where \&,V_Adenote the , — A eigenspaces of A oRY.
The eigenspacea\&nd V_)\ have the same dimension.

3) Let Al A2 be elements O?BWsuch that < @, A2 > =-—trace Ai A2 =0. Then
ALA=-AA,.

4) dim EBW <3.

We shall see below in Proposition 6.4d that equality is achieved in 4) if W is of
Clifford type and has dimension 8k + 2 for some integefk
Proof 1) By the proposition in (3.2) of [E2] the transformation A(Z) = AZ Azmz +
ZA is symmetric on W with the canonical inner product <, > fsofg,R). It suffices to
show that zero is the only eigenvalue of A acting on W.AEet A(Z) = AZ + ZA for
some nonzero element Z of W. Since Z is invertible we obtlire Z 1AZ + A, and
hence ¢ = trace A Id) = trace (ZlAZ +A)=2trace A=0.

2) If Ais an eigenvalue of A oRY, then it follows from 1) that Ais also an
eigenvalue and Z()\o O V_)\, Z(V_)\) [ V)\ for all Zin W. In particular W leaves invariant
the subspace}},EBV_)\, which must equa{Rq by the irreducibility of the W action. It



follows immediately that A=2?1d. Finally, since each nonzero element Z of W is
invertible and interchanges the eigenspac?eahﬂ V_)\ it follows that V)\ and V_)\ have
the same dimension.

3) The transformation 1AA2 + A A is symmetric and commutes with the
elements of W by 1). Since W acts wredumbly[Fbgnt follows that AL A+ A A =Ald
for some real number. Finally, gA =trace A Id) =2 trace(q A2) 0.

4) We suppose that difﬁw > 4 and obtain a contradiction. Let iAAZ, A3,

A4} be part of an orthogonal basis 33(/\/ relative to the canonical inner product <, > on

$0(q,R). In particular, trace AA 0 ifi#j. Without loss of generality we may also

assume that A Id for all i by 2). By 3) and the fact that eachsAsymmetrlc it follows

that A A is skew symmetric for all#j. By 1) A A commutes with the elements of W if

i ¢J and each AA IS nonzero since ,Z\ Id. By Proposmon 1.3 we know that3lim
—{A DS[(q R):AZ = ZAforaIIZDVV}

Choose real numbers a,b,c,d , not all zero, so that OfA@Ab A1 A3 +C A1 A4
+d A2 A3. We consider separately the cases d = 0 ahd.d

If d = 0, then by multiplying the equation above on the left ?yvA obtain0=a A
+b A3 +cC A4. Since the set {A, A3, A4} is linearly independent it follows thata=b =c
=0. Since d = 0 we obtain a contradiction.

If d #0, then¢ = A 3= a' A_L A +Db A1 A +cC A1 A for suitable real numbers
a,b',c. By3d)it foIIows thatfé EA However AE a' A§+ b’ A3+ c' A while
EA—(aAlA+bAlA+cA1A)A —(aAlA+b A+cA1A)

(by 3)) =— (&' A2+ b’ A3+ c' A)— A E Hence AE EA :—A E It follows that
A E 0, which contradicts the facts thaf A Id andg # 0.
The contradictions in the cases d = 0 ard0dprove that dirﬁBW <

Examples of 13W when W is nonsingular
We now determine the structure and dimensioﬁ\w‘in the nonsingular cases that W is
of Clifford type or W =s1(2) =50(3,R).

Proposition 4.4 Let W be a p-dimensional subspace@fq,R) of Clifford type that acts
irreducibly onRY. Then

a) If p =4k, then din‘BW:

b) If p =8k + 2, then dirﬂSW=

c) Ifp=8k+6, therﬁ3W= {0}.

d) Ifp=4k+ 3, ther‘i3W = {0}.

e) Ifp=8k+ 1, then dinfBW:
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f) Ifp=8k+5,ther, ={0}.

Proposition 4.5 Let W =s1(2) =$s0(3,R) 0 $0(q,R), where q is even and W acts
irreducibly onRY. Thenil?sw = {0}.

Proof of proposition 4.4) For the discussion below we fix an orthonormal basi'se{f
...e}for RP, and we set z =ee, ..-e in the real negative definite Clifford algebra
Cl(p). We also let z denote the corresponding element in \N%,j(/vherej - Q(p) -
End(IRq) is an irreducible representation ard is equipped with an inner product so that
W 0$0(q,R). The properties of the element z determine the structd’&%\pf

We note that each elemerilpeeserves the inner product B since Ieelt =- el2 =
Id. Hence z =ge, .. e preserves the inner product BY. It follows that if Z = 1
(respectively 9= -1), then z is symmetric (respectively skew symmetric) as an element of
EndRY.

We shall need the following standard information. See for example Lemma 1b in
the appendix of [E1] for details.
Lemma4.6

1) If p =4k, then %=1andz e=-ez for alli. As an element of EnIHH) the
transformation z is symmetric.

2) If p=4k + 1, then z lies in the center df(g) and Z=-1. As an element of
End(IRq) the transformation z is skew symmetric and commutes with the elements of W.

3) Ifp=4k + 2, thenZ=-1 and z p=-g§z for alli. As an element of En[ﬂﬂ)
the transformation z is skew symmetric.

4) If p = 4k + 3, then z lies in the center dof(@) and Z=1. As an element of
End(IRq) the transformation z is symmetric and commutes with the elements of W.

We now prove the proposition.

a) Let p =4k for some integekl. By case 1) of the lemma above, the nonzero
element z = ge, .. ep iS symmetric, 7= 1, and z anticommutes with the elements of
W. Hence 7] EISW since z acts as the zero transformation on W.

Suppose now that diriﬁwz 2 and let A be an element ﬁfw suchthat< A, z>=
—trace Az = 0. We know that Az=zA by 3) of Proposition 4.3, and A anticommutes
with the elements of W by 1) of Proposition 4.3. Hence Az commutes with the elements of
W since both A and z anticommute, and in particular Az commutes with z =
e e, ...’ ep. However, (Az)z = A and z(Az) =Azz =- A. This implies that A =0,
contradicting the assumption on A. Hence &r\pv =1.
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b) Let p =8k + 2 for some integeel0. If z = g €. ep, then by case 3) of
the lemma above z is skew symmetr?c,:z— Id and z anticommutes with the elements of
W. By Proposition 2.3 W is of quaternionic type, and from Proposition 2.4 it follws that
8\?\/ ={A 0O S[(q,IR) - AZ =ZAfor all ZO W} = span{l, J, K}, where {l, J, K} satisfy
the standard quaternion relations.

It suffices to show thatthe set{z I,z J,zK}is a basién‘w. We observe

(*) Let& be a nonzero element af\?v. Then z [ SISW.

Assuming for the moment that (*) has been proved, it follows that {z |, z J[Z K}
SISW. Since dimi]?sWS 3 by 4) of Proposition 4.3 it suffices to show that the set{z I, z J,

z K} is linearly independent iﬁiSW. fO=a(zl)+b(zJ) +c(zK)for some real
numbers a,b and c, then by multiplying this equation on the left by z we obtain0O=al+bJ
+ ¢ K, which implies thata =b =c =0 since the set {l, J, K} is a ba&’iﬁs\’pf

We prove (*). Le§=al+bJ+cKbeanonzero elemen&ﬁ/. By the
guaternion relations that govern {l, J, K} it follows tlﬁétis a negative multiple of the
identity, and in particular thaté&z# 0. The elements z aréd are skew symmetric, and they
commute since the elementsaﬁ/ commute with W and hence with z re, .. -ep.
Hence (zE)t = Etzt = (-&)(-2z) = z&, and Z anticommutes with the elements of W since z
anticommutes anél commutes. We conclude thaf 71 SISW.D

Example Letk=0, Thenp=8k+2=2, and(GRz) can be identified with the
guaterniondH. Let {1, i, j, k} be the standard basis fiir. Let Lx and R;( denote left and
right quaternion multiplication respectively by an element K oflt is obvious that;(and
RX commute for any x ifH. If x O Im H = span {i, j, k}, then it is routine to check thag L
and R;( are skew symmetric relative to the inner productiothat makes {1, i, j, k} an
orthonormal basis. Hencg( b I%/ is symmetric for any elements x,yim H.

If {e T e2} is the standard orthonormal basisl]b%, then we define an action of W =
span {e_‘L,ez} on H by setting 8= ﬁ and §= RI Fix an element Xl Im H. Then |7< 0
Py anticommutes Withleand g foryOIm H < yisa multiple of k. If I; = Lx 0 Rk,
then F)>( is symmetric, anticommutes with the elements of W and has trace zero. It follows
thatfl?sW: {PX :xOIm H}

c) Letp =8k + 6, wherekO is an integer. If z =8, ... ep, then by 3) of the
lemma above z is skew symmetri%;z— 1 and z anticommutes with the elements of W.
Suppose that A is a nonzero eIemeniBQ\fl. Then A anticommutes with the elements of W
by 1) of Proposition 4.3, and it follows that A commutes with z since z is the product of an
even number of elements of W. In particular Az is skew symmetric sincte=(AtJ_B)t =
(-2)A =- Az. Moreover, Az commutes with the elements of W since A and z both
anticommute. By definition AZ 8\?\/ ={A0O 5[(q,IR) : AZ = ZA for all Z0O0 W}
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However,S\?v = {0} by Proposition 2.4 since W is of real type by Proposition 2.3. It
follows that 0 = (Az)z = A, a contrradiction to the hypothesis tmi\}vi {0}.

d) Letp =4k + 3, wherek0 is an integer. If z I ep, then by 4) of the
lemma above z is symmetricz, Zz1 and z commutes with the elements of W. Hence W
leaves invariant each eigenspace of z , and we conclude thdtzZer some\ O R since
W acts irreducibly oRY. It follows that = *1 since 2 =1, and we conclude that zZ'4d
onRY.

If A is a nonzero element diw, then by 1) of Proposition 4.3 A anticommutes
with the elements of W. Hence A anticommutes with z, which is the product of an odd
number of elements of W. However, A also commutes with z sinceld en RY , which
is impossible.

e) We shall need the following

Lemmad4.7 Let W 50(q,R) be a (4k+1)-dimensional subspace of Clifford type that acts
irreducibly onRY. Then dimiISW =0or?2.
Proof We recall that W is of complex type by Proposition 6.20,&@;1: span{l}, where
12=- Id, by Proposition 2.4. Moreover, if p = 4k+1 anq,{e. , %} is the standard
orthonormal basis dRP, then by assertion 2) of Lemma 4.6 we know that | =z =
e e, ... ep, where- denotes multiplication in the Clifford algebrd (p). Note also that
ad z acts skew symmetrically sa(g,R) relative to the canonical inner product <, > since z
acts skew symmetrically drY.

Now assume thal%w # {0} and let A be a nonzero element 13‘\N Without loss
of generality we may assume thet Ald by 2) of Proposition 4.3. Observe that A
anticommutes with W by 1) of Proposition 4.3. Hence A anticommutes with z =
e e, ... ep since p is odd, and it follows that B = zA anticommutes with W since z
commutes with W. We conclude thaEBSISW since é = Atzt =-Az=zA=B.
Moreover, B is orthogonal to A iiﬁw since < B, A > =trace (ZA?) =—trace (z) =0 by
the skew symmetry of z ard.

We have proved that dimw >2if SISW # {0} and dim W = 4k+1. Recall that[Z
8\?\/ O S‘?W, by Proposition 3.2. Hence adfl%\x/) O [S‘?W, SISW] O SISW by Proposition
4.2. By the remarks above ad z actingnw is skew symmetric and nonsingular since
ad z(A) = zA- Az = 2 zA is nonzero if Al SISW IS nonzero. Hence dir‘ﬁwi 3andit
follows from 4) of Proposition 4.3 that diﬂ&ws 2. We conclude that dir‘lfkW =2if

R, * (0}

Remark For future reference we note that the discussion above shows that
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[‘BW, SISW] = span {[A, B]} = span{z} if SBW # {0} and dim W = 4k+1.

To complete the proof of €) we need to recall some facts about the real Clifford
algebras, both positive definite and negative definite.
For any integer g 2 we fix an inner product <, > diP, and we let {?
denote an orthonormal basisR? relative to <, >. We let C(p) denote the real positive
definite Clifford algebra determined HRPth the inner product <, > and multiplication
relations defined by the conditionige: 1forl<i<pand ‘iaej = —ej e fori#j. We let
Cl(p) denote the real negative definite Clifford algebra determin&hwith the inner
product <, > and multiplication relations defined by the conditip2ns elforl<i<p
and (?ej = —ej g fori#j. We letR(p), C(p), or H(p) denote the p x p matrices with
entries inR, C or M.
The Clifford algebras satisfy the periodicity relations @+8) = CL*(p) R (16)
and Q (p+8)= Cl(p)JR(16). See [LM, pp.27-28] for details. From Table | in [LM,
p.28] one easily proves by induction the following isomorphisms
Lemma48 Ci*@8k+1) = R@* B R@™) and @*@8k+5) = HE™ Y@ 1Y
Ch(8k+1)= €(2*) and O (8k+5)= € (2%*?
We are going to use an irreducible representationl{8R+1) on IR24k to
construct an irreducible representation ¢{&k+1) 0n(l:24kthat will allow us to prove e).
This method fails in the case p = 8k+5, and in fact the outcomes are different for the cases p
= 8k+1 and p = 8k+5, as we shall see.
There are exactly two irreducible?&8k+1) modules up to equivalence. In each
case @*(8k+1) acts on the Euclidean spdké4k. The first action is given by (A,B)(v) =
Av and the second (inequivalent) action is given by (A,B)(v) = Bv.
Fix one of these two actions of §p) on IRZ4k, where p = 8k+1. Let {ie s eb}
denote matrices i[FR(24k) that satisfy the relations
() e]2 =|dforl1<j<pand ?er: —erej forr#j.
LetG =B [+ B be the group of order2?’ in Ci*(p), where® is the natural vector
space basis ofB(p) that consists of all finite product;; eeI q for l<k<pand I
i <i,< <p. Choose a G- |nvar|ant inner product “ >|R)°n Note that each
element ? 1< r<p, is symmetric orIR2 smceld g€ el = er2
Extend <, > to a real, positive definite inner producPé’ﬁ =C
<Re z, Rew>+< Im z, Im w > for all ZJE/(E24 Letzr—le act onC
I]224kEB|[R2 by zr(u +iv) = 4(u vV)=(Fe (v) er(u)) Then FIS skew symmetric
relativeto<,>orc =R smce ?IS symmetrlc relative to <, > dR24k+1.
Moreover, from (1) we obtain

Ak
2 by<z,w>=
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(2) %2:— Idfor1<j<pand fzr:_zrzj forr#j.

If W = span {zl, e zp} then W consists of skew symmetric transformations acting on
IRZ4k+l. The relations in (2) now define a representation of the entire negative definite
Clifford algebra @ (p) on IRZ4k+1. This representation of{@) is irreducible since the
dimension of an irreducible {gp) module is G+l by the lemma above, which shows that
IRZ4k+1’:‘ (1324k is the unique irreducible {8k+1) module, up to equivalence. Hence W
acts irreducibly orR24k+1since W generatesi8k+1).

Define A : 2% _, 2% RZ*@iR2* t0 be the conjugation map given by
A(u+iv)=u-iv. From (2) itis easy to verify that Az z A forl<r<p,anditis
also obvious from the definitions thaf A Id and A is symmetnc relative to <, >. Hence A
acts as the zero transformation on W since A(Z) = AZ Yzaz + za=0forall zo
W. We conclude that A is a nonzero eIemerwa, which proves that dirﬂBW =2 by
Lemma 4.7.

f) Before beginning the proof we indicate why the method used in e) for the case p
= 8k+1 does not produce the same outcome here in the case p = 8k+5. If p = 8k+5, then
Ci*(p)=H (24k+1)@ I]-I(24k+1) by Lemma 4.8, and C(p) acts irreducibly orH 2+
02%*2= R2**3 As above, we obtain a representation b} on R2H*4= g2¥*3_
I]224k+3@iIR24k+3, but this representation is not irreducible. If p = 8k+5, then by Lemma
6.4h the algebra &p) = €(2**? acts irreducibly ot 2= R2**3 Hence the
representation of gp) onR? * , Which is constructed from the representation of()
on RZ™ , IS a direct sum of two irreducible!(p) modules.

We now prove f) by showing that‘ﬁ # {0} , then we obtain a nontivial
representation of £(8k+5) on IR24 v ThIS will contradict the fact thaf%*3is the
smallest dimension for a nontrivial, irreduciblé*(8k+5) module.

Note that @ (8k+5)= C(2***3 by Lemma 4.8, and hené@™ 2= R2**3is the
unique irreducible €(8k+5) module up to equivalence. If p = 8k+5, q4J—‘+§ and W =
j(IRp) 0j(CL(p)), then W acts irreducibly arY.

We suppose tha% contains a nonzero element A, and we derive a contradiction.
By 2) of Proposition 4.3 We may assume thatAd andRY9 = V EBV , Where V and

\ _jare the +1 andl eigenspaces of A. In addition, botgahd V. have dlmenS|on

q/2= Sh+2
Now let {e , -, &}, p = 8k+5, denote an orthonormal basidRbtrelative to < , >
and letz = ge e O CI(p). By Lemma 4.6, z commutes with the elements of W ,

7% =-1and z is skew symmetrlc @&, Hence span {z} % by 1b) of Proposition 2.4.

By 1) of Proposition 4.3 A anticommutes with the elements of W, and hence A
anticommutes with z , which is the product of an odd number of elements of W.
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Now define [ =ze for 1<i < p. From the remarks above and the facts ﬁﬁat e
=-1 and tiae = —eJ e fori#jone eaS|Iy verifies the following :

*) A commutes with each f f =1 and Tfj = —fJ f. fori#j.
The fact that A commutes with eaﬁ:hnﬁplles tgat eacq ieaves invariant the +1
elgenspace Vof A. ldentifying V with IR2 we obtain from (*) a nontrivial
representatlon of &(8k+5) on IR2 e 2. However, @*(8k+5) = [I-I(24k+1)@ I]-I(24k+1)
by Lemma 4.8, and hende2™ = ¢ 2%*2= R2%*3is the representation space, up to
equivalence, for an irreducible!&8k+5) module. In particular, the dimension of an
irreducible @*(8k+5) module is ﬂk+3, which contradicts the fact that we constructed a
nontrivial Cl*(8k+5) module of dimension™*2. This contradiction shows th@tw =
{0} ifdmW=p= 8k+5.D

Proof of proposition 4.5 In the case that W s1(2) =s50(3,R) 00 s0(q,R), where q is
even, it is well known that g = 4n + 4 for an integer Moreover R 3 is the realification
of the complex, irreduciblez/(2) module \én+1’ which consists of the complex
polynomials of degree 2n+1 that are homogeneous. See, for example, sections 5 and 6 of
Chapter Il of [BtD].
If n > 1, then for each nonzero element Z of W, the symmetric elerfidratszn+1
distinct eigenvalues, each of multiplicity 4 c2(2n+1)2, - c2(2n-1)2, - c2(2n-3)2, - c?
where c is a positive constant that dependson Z. Ifn=0and g = RYvedi and
Su(2) is the subspace of purely imaginary quaternions actiridy oy left multiplication.
We consider first the case thatd, or equivalently thatg 5. We assume that
SI3 contains a nonzero element A, and we derive a contradiction. By 2) of Proposition 4.3
we may assume furthermore th&tAld. Note that W1 § by Proposition 3.1 since W
is a semisimple subalgebrassf(g,R). Hence ad A(W)J [SISW W] W SISW by
Proposition 4.2.
We shall need the following
Lemma adA:W- !ISWis a linear isomorphism.
Proof It suffices to show that ad A is injective on W since dim W = 3 andR{i/{}rs 3 by
5) of Proposition 4.3. By the definition &, , A anticommutes with all elements of W.
Hence for Z1W we have ad A (Z) = AZZA =2 AZ. If Z#£0, then AZ# 0 since R=
Id.D
To complete the proof of the proposition for the cazelnt suffices to show that
Z%is a negative multiple of the identity for every nonzero Z in W. By the discussion above
this is impossible if @ 5, for then Z must have at least two distinct eigenvalues.
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If Z is any nonzero element of W, then B = ad A(Z) is a nonzero elem%dﬂy
the lemma above. Since A anticommutes with the elements of W it follows that B-= AZ
ZA =2 AZ. By 3) of Proposition 4.3 we know that 8¢ Id for some positive number c.
However, B=4AZAZ =4 AFAZ)Z=-4 ZZ, and we conclude thafz - (02/ 4) Id.
This contradiction shows thm contains no nonzero element A.

Finally, we consider the case thatn=0, q BRA=H andsu(2) is the subspace
of purely imaginary quaternions acting binby left multiplication. Suppose that A is a
nonzero element dIB . We may assume that Id by 2) of Proposition 4.3. By 2) of
Proposition 4.3 we know that = RY= v, EBV , Where v and A denote the +1 and
-1 eigenspaces of A. In addition, bottltand V_1 have the same dimension, which in this
case is 2.

The elements of W interchange the eigenspaces of A by 1) of Proposition 4.3. Fix
a nonzero element v ofl\And define alinearmap T : W V_1 by T(Z) = Z(v) for all ZO
W. The map T must have nonzero kernel since dim W = 3 and gi'm ¥ Therefore
Z(v) = 0 for some nonzero element Z of W, but this contradicts the invertibility of Z and the
fact that v is nonzero. The contradiction shows ﬂw= {0} and completes the proof of
Proposition 4.55.

Section 5 Criteria for (SW to be self adjoint

We begin with some simple conditions that are equivalent to the self adjointness of
(35 with respect to the metric transposel]bgl Because of their roles in (3.4) of [E2] in
descnblng Autft), *t = RYEW, we also need to consider the grou\;\)/ S{g O GL(q,R)

- g(W) =W} and its Lie algebrﬁ ={X O End(IRq) X(W) O W}

Proposition 5.1 The following statements are equivalent

1) @ is seIf adjoint

2) @W N 5[(q R) is self adjoint.

3) @i_w Gi s

9 @G,)o = G, )o
Proof Leto: GL(q,R) —» GL(q,R) be the involutive automorphism given ¢g) =
(gt)_l, where édenotes the metric transpose of gIR)% For gi0 GL(q,R) it is easy to see
that g} is also the metric transpose of gsar{q,R) with respect to the standard action of
End([Rq) onso(qg,R) defined in (3.2) of [E2] and the canonical inner productaiq,R).
Henceo(G ) = _W o((_SW )= GW and the correspondlng statements are true for the

identity components At the Lie algebra level it follows ttts(t@j )= WL and
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do(@wL) = @W. The derivative mapal. End(l]iq) - E_nd(IRq) is given by @(X) = - X!,
Now G is self adjoint= O(GW) = GW o do((SW) = @ . The same argument shows
that@iW is self adjoint= do((SW) = (SW. The equivalence of 1) and 2) is evident, and the
remaining assertions of the proposition now follow immediatDer.

The main goal of this section is the next result.
Proposition 5.2 Let It = RYDW. Then@w is self adjoint if either of the following
conditions holds :

a) W =@, the Lie algebra of a compact connected subgroup of BD(q,

b) W is a subspace 80(q,R) such that Zisa negative multiple of the identity for
each nonzero element Z of W.

Remark Examples of a) arise when G is a compact connected Lie groyp: &hd-
End(IRq) is a representation of G. In this case WpE®)) is the Lie algebra gf(G) and
W is a subalgebra obD(q,R) if RYis endowed with a(G)-invariant metric.

Examples of b) arise- W = j(R p) where j: Q(p) - End(IRq) iS a representation
of the real negative definite Clifford algebrd @)determined byR P In this case g must
be divisible by a certain integer d(p), where d(8k)4§, a(8k+1) = ﬁkﬂ, d(8k+2) =
d(8k+3) = #*2and d(8k+a) = Y*3it4<a<7. Seethe proof of Theorem 2.4 of [E1].
Proof of the proposition We break the proof into several steps listed below. It is clear
that the proposition follows immediately from these steps.

Step 1 We extendit = RYBW to a metric, 3-step solvable Lie algebra
{&, <, >, whereS = REBR with a suitable Lie bracket.

Step 2 The Lie algebra@, <, >*} is Einstein of standard type under either
condition a) or b).

Step 3 If a solvable, metric Lie algebr&, <, >*} is Einstein of standard type, then
H = {D O Der(S) : D(R) = {0}} is self adjoint with respect to <, >*.

Step 4 $ is isomorphic togo ={D O Der(R) : D(IRq) O IRq}. Moreover,gé0
is the Lie algebra of & {¢ O Aut(n) : (R% =R% = T(@G,,.) (cf. (34)).

Remark We recall from (3.4) of [E2] that T:_(IE/;L) - Aut(Tt) is the injective group
homomaorphism given by T(g)(v) = g(v) for alvRY9 and T(9)(2) =T[(ngt) forall Z0
W, wherert: %Z(q) ~ T is the projection homomorphism with Kee= W

Step 5 % is self adjoint with respect to the metric transpose®n< , >*} <
(SW is self adjoint with respect to the metric transpos&gn

We now fill in the details of the steps listed above.
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Step 1) In either case a) or b) one begins by defining a solvable Lie agjebra
RB N = RDRIDW, where the bracket & extends that oft by setting A=1 and
requiring that ad A = Id oR%and ad A=21d on W. Let <, >* be the inner product on
S such that <, >* is the standard inner producPoand[Rq, <R, >*=0and
<Z,Z'>*=—(1/4q) trace (ZZ') for all Z,Z' in W. Note that<,>*=(1/4q)<,>onW,
where <, > is the canonical inner productofq,R). We call {&, <, >*} the 3-step
Carnot solvmanifold determined BBY. See section 3 of [EH] for further discussion of the
geometry of 3-step Carnot solvmanifolds,

Remark Let <, %denote the inner productd® = REBNR =RE RYBW such that

2 < ,>*onRYand <, $C: <,>*on M. Itis not difficult to

show that the solvmanifoldsq, <, >*} and {&, <, >?E} are both isometric and

isomorphic for any positive constant c. See, for example, the third paragraph of the proof of
Proposition 3.21A of [EH].

Step 2) If a) or b) holds, the@&{, <, >*} defines an Einstein structure on the
simply connected solvable Lie group S with Lie algebradhat is equipped with the left
invariant Riemannian metric induced from the inner product <, 3 onn case a) this
follows from Lemma 3.21A and Proposition 3.19 of [EH]. In case b) it follows from
Proposition 3.19 of [EH] and the fact that < Z, Z >* =17% = -4 Id for Z in W.

Step 3) The Einstein structuresisindard in the terminology of [Heb] ; that is,

[&, &] " is abelian. In this cas€[, &] ~ is abelian sinced, ] = It andN has
codimension 1 i . It now follows from Theorem B of [Heb] that the subalgebraf
derivations ofS that vanish oR =[S, &] © is self adjoint with respect to the inner

< =< >* < Sk =
e ,>*onlR, , H=C

product <, >* .

Step 4) Note that the elements of D¥y@lways leave W invariant since W =
[T, RR]. Hence?}O ={D O Der(R) : D(IRq) O [Rq} is isomorphic to the Lie algebra of H
= T(GWL) ={p O Aut(R) : (.p([Rq) = IRq} by the discussion in (3.4) and Remark 3.4c of
[E2].

We now construct an explicit isomorphism betwéers {D O Der(@):D(R) =
{0} and

Lemma5.3 Let Dbe an element of De&) such that DR) = {0}, and let D denote the
restriction of Dto t = [&, &]. Then D is an element of D&t such that D[Rq) oRY
Conversely, let D be an element of ORj(such that []Rq) 0 RY. If we define DO
End@&) by D=D on® and O(R) = {0}, then DO Der(S).

Proof Let Dbe an element of De) such that PR) = {0}, and let D denote the
restriction of Dto t. Define Cl O End([Rq) and (i O Hom([Rq, W) by setting D(v) =
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C,(v) + C2(v) forallvO RY. Ifwelet Adenote 1ilR 0& =RE N, thenad A = Id on
R™and ad A =2 Id on W by the definition &. For v RYit follows that AV] =
D(v) =D(v) =C ,(V) + C(v). However, since [k a derivation o5 we also have [AV]
= [D(A)V] + [A, D(v)] [A DV)]=[A,C (v)] +[A, Cz(v)] C (v) +2 Cz(v) It follows

that (‘2 0 and Dﬂ?q) oRY Conversely, if D[Rq) 0 RY for some DO Der(1), then a
similar argument shows that if D is extended to an elemaftEhd(@) such that PR) =
{0}, thenD [ Der(®).

Step 5) The assertion of step 5 follows immediately from Proposition 5.1 and the
equivalence of 1) and 3) in the next result.
Lemmab4 Let {1t = RYBW, < , >} be a standard, metric 2-step nilpotent Lie algebra of
type (p,q), and let®& =REB N, <, >*} be the corresponding 3-step Carnot solvmanifold.
Let$ = {D ODer(&) ; D(R) ={0}}. LetH = T(G ) ={9 O Aut(n): (.p(|Rq) =
IRq} Then the following assertions are equwalent

1) % is self adjoint with respect to the metric transpose®@n< , >*}.

2) H is self adjoint with respect to the metric transposeon<, >}.

3) (GW) is self adjoint with respect to the metric transpos@gn
Proof 1)0 2). Let35 = L(HO) {D ODer(R): D(IRq) O [Rq} Relative to the metric
transpose on®, < >} it is evident that | '6' is self adjoint= % o is selfadjoint. We show
that35 is selfadjoint. Let DO 35 be given and let Denote its extension to an element of
5. If E denotes the metric adjomt ofiDEnd@), then EO] 5 by 1). Hence the
restriction Eof Eto 1 is an element o by Lemma 5.3.

By definition E is the metric adjomt of D di relative to <, >*. Moreover, E{q)
0 RYand E(W)X W since D has these properties. It follows th& the metric adjoint
of D on Tt relative to the canonical inner product <, > since <, >* =< ,R%rand <, >*
=(1/4q9)<,>onW.

The arguments above show tEa(B is self adjoint relative to <, > B is self adjoint
relative to <, >*. This proves I) 2) and reversing the argument shows that 21))

We prove 2Y1 3). Let g (G ) be given. Then g] (GW ) and T(g) O H
by Proposition 3.4b of [E2]. By 2) there exist§lgG ) such that T(g) T(tg* the
metric adjoint of T(b in It. It follows that g = gl (GW ) since < g'(v), w>=<T(g)(V),
w>=<y, T(g})(w) >=<v, é(w) > =< g(v), w > for aI\Iva irRY. Since g1 (G L)0 it
follows that é [ (GW)O. Hence (b =o(g) (GW)O, which proves that V(\B/)O is self
adjoint.

We prove 3)1 2). Leth =T(g)d H for some ¢J (G ) By hypothesis
(G ) = (G ) andéD (G ) Hence it sufflces to show that 'I’Xg T(@)*. Ifv, V'
are any eIements &Y andz, Z are any elements of W, then < T(g)*(v+ 2Z2),v' + Z'> =
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<v,g(V)>+<Z, gZ'b> =<v, g(v) >trace (ZgZ'é) =< gt(v), V' >-—trace (é Z97) =
<gW).v>+<92,2>=<TQV+2),v+Z >,

Remark For the discussion in the remainder of this article we consider stabilizers in
SL(q,R) rather than GL(dR). For a p-dimensional subspace Wso(q,R) G ={g O
SL(q,R) : g(W) = W}, where g(W) = g\/\/tg As usual@ denotes the Lie algebra of
G-

Section 6 Relation between self adjoint and reductive groups GW

Definition 6.1 A Lie group G igeductive if the Lie algebr& is the direct sum of the
center3 and a semisimple subalgeli$a

If a Lie group GJ GL(q,R) is self adjoint, then it is easy to see that G is reductive.
We omit the details. Clearly, if G is reductive, then any conjugate group c=2 F&dso
reductive since G' is isomorphic to G for anyi &L(qg,R). Mostow in [Mo] has shown a
converse, stated below.

Proposition 6.2 Let t = RYDW, and suppose that GO SL(g,R) is reductive. Then
there exists @1 GL(qg,R) such that gGg O SL(q R) is self adjoint with
respect to the metric transposel]bﬂ
Proof By hypothesis the real algebraic grouVQ/ (S reductive. The main theorem of [Mo]
says that there exists an inner product <, >R&such that G is self adjoint with
respect to the metric transpose of <, >*. Let g be the element oflGLlggch that
<v, w>*=<g(v), g(w) > for aII V,W |riROI where <, > denotes the standard inner product
onRY. Then G( )= g G g lis self adjoint with respect to < .g
Remark The standard metrlc 2-step nilpotent Lie algelitas [Rq®W andnt' =
IRqGEg(W) are isomorphic by Proposition 3.1 of [E3]. One effect of the result above is
that in some cases the purely algebraic condition ob&ng reductive is just as
satisfactory as the metric condition of Being self adjoint.

In the proposition of (4.2) in [E2] we showed that the isotropy group’:sG
isomorphic to the isotropy group {SL{|) x GL(p, [R)}S on the real vector space V=
S0(q, [R)p where S = (§ Sp) [0V is a point such that {IQ" Sp} is a basis of W.
Hence we can pass from the problem of determining the isotropy groups of a nonlinear
action of SL(gR) on the Grassmann manifold G§o,(q,R)) to the more tractable problem
of computing the isotropy groups of a linear action of SRjo GL(p,R) on a vector space
V.

g(W)
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The result above becomes applicable if we can find conditions under which
{SL(q,R) x GL(p,IR)}S is reductive.

Section 7 Structure of self adjoint Lie algebras (SW

We begin with some general results about the structure of self adjoint Lie algebras
(SW.
A distinguished ideal

Proposition 7.1 Let it = RI9®BW and suppose thﬂw is self adjoint. Write(?b’w =
S‘?WGB SISW, whereﬁw and SISW denote the skew symmetric and symmetric elements of
(?b’W respectively. Then

1) [SISW, SISW] is an ideal inﬁw.

2) B, =B, B BB, s anideal ir(SW.
Proof 1) Clearly EBW, SISW] 0 S%Wsince the bracket of two symmetric transformations is
skew symmetric. The subspadé\/{,, SISW] is invariant under aé for & O S‘?W by
Proposition 4.2 and the Jacobi identity.

2) Note thalﬁw is invariant under af for & [ S‘?W by Proposition 4.2 and the
Jacobi identity. It follows from 1) and Proposition 4.2 tb% is invariant under ag for
¢ [ SISW. Hencebw is invariant under ag for & O S‘?WEB SISW: (SW

Examples
We give some examples of the idefau/, SISW] in 6W and the ideabW in ®

W
1) Subspaces W $0(q,R) of Clifford type acting irreducibly oY

[B Byl =1{0} if p = 4k, 4k+3 or 8k+6
_90= o
[B,, B\l is 1-dimensional if p Bk+1
[By B! ={0} if p = 8k+5
Hy=10} if p = 4k+3 or 8k+6
%,y = B,y is the 1-dimensional if p = 4k
center of,
Hy 55031 if p = 8k+2
B, =50(2,1) if p = 8k+1
5 =10} if p = 8k+5

2) W =$0(3,R) 0s0(q,R), where q is even and W acts irreduciblyl]bgl
5,,= {0}
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3) Subalgebras W s0(q,R) acting irreducibly oRY.
In this situation we have the following partial result.

Proposition 7.2 Let W $s0(q,R) be a subalgebra acting irreducibly BA. Then either
a) [B,, B, )03,
or b) [SISW, SISW] n W is a nonzero ideal in W.

Remarks i) d|m8 < 3 by Proposition 6.1c
i) If Wis S|mple then eithefy,, , B ] O 8 orwnQ [‘BW, B ] by b).

Proof of the examples The proof of 2) follows immediately from Proposition 4.5. To
justify the assertions in 1) we use the results of Proposition 4.4. The assertions for p =
4k+3 or 8k+6 follow immediately from that result.

If p = 4k, then dlmil?s =1 by a) of Proposition 4.4, and the proof of that result
shows that]S = span {z}, Where% Id, z is a product of elements in W and z
antlcommutes with the eIements in W. Herﬂ%ev[ B ] = {0} and 35 = 5[3 = span
{z}. Now z commutes WltrB since z is a product of elements in W Moreover z
commutes with the eIements in [W, VV] since z anticommutes with the elements in W. It
follows that z commmutes Witﬁ =39 GB[VV W] by Proposition 3.2. Hence zisa
central element o@ =R @ 5[3 Conversely, the center (Si‘ must lie |n8 S5 5]3
srnceil3 = span{z} lies in the center cﬁ% and [W, VV] So(p, [R) has trivial center
However by Proposition 33 ={0}ifp = 8k and8 is isomorphic to the imaginary
guaternions and has trivial center if p=8k+4. In elther case it foIIow%W&i&s the 1-
dimensional center dBW

If p = 8k+2, then by b) of Proposition 4.4 and the proof of b) in that result we know
that dim EISW =3 and H3W, !ISW] =span{l, J, K} :8\?\/ =50(3,R), where {l, J, K} satisfy
the standard quaternion relations. By consulting the list of E. Cartan (cf. [Hel, pp.444-455
and 515-520]) it becomes clear th‘;a\tv = [§|3W , EBW] B 5[3W =$0(3,1), the Lie algebra of
S0O(3,1), which is the identity component of the isometry group of real hyperbolic 3-space.

If p = 8k+1, then dlrrﬂ3 = 2 by e) of Proposition 4.4. By the remark in the proof
of e), 2) of Lemma 4.6 and Proposrtlon 2.4 it follows tm\t\l[ B ] =span {z} = 8
where Z =—Id. From the list of E. Cartan it now becomes clear I‘qﬁt—

[EISW , SISW] &b 5[3W =580(2,1), the Lie algebra of SO(2,1), which is the identity component of
the isometry group of real hyperbolic 2-space.

If p = 8k+5, then35W = {0} since SISW = {0} by f) of Proposition 4.4. This
completes the discussion of the examples W of Clifford type.
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We prove Proposition 7.2. By Propositions 7.1 andﬁ?vg,— [2]3 , B ] is an
|deaI in ﬁ = 8 O pw. Let& be any element oft’ D S? and write€ = z + w, where z
O 3 and wlJ W Now ad WE) O /' smce wO ﬁ On the other hand,
ad W@) =ad W(w)O [W, W] OW. ThIS proves that ad V@(‘W n W) O ad W& 'W) O
Q'W n W ; that is, ?t' n Wis anideal in W.

If /' n W = {O} then ad WE) = 0 for allg O S? , and by definition this means
that &' D 8 , which completes the proof of Proposmon 7.2.

The center S(GW) of (SW

If (SW is self adjoint, then its cent@r(@w) is also self adjoint, and we may write
S(GW) = (3((BW) N ﬁw)@(S((BW) N EI3W). We have seen that((SW) N EI3W may
be nonzero, which happens, for example, if W is of Clifford type with dimension 4k.
However, this does not occur if W is a subalgeboéd,R) that acts irreducibly oRY,

Proposition 7.3 Let W be a subalgebra &0(q,R) that acts irreducibly oRY9. Then
3(6 ) 0 (center of3 )@(center of WYJs0(q,R).
Remark The center oB has dimension at most 1 by Proposition 1.3. If W is
semisimple, then W has trivial center. Hence 8i(® ) < 1if W is semisimple.
Proof of the proposition We show first thaB (& ) N 5]3 ={0}. IfA O3(6 ) N
SI3 , then A commutes with W since W&, ., [ (35 Slnce W leaves invariant each
elgenspace of A and W acts |rredUC|ny[R>¢(vt foIIows that A =A Id for some real
numberA. Finally,A = 0 since the elements @f have trace zero.

From the prewous paragraph and Proposmon 3.1we know&h@RN) [ (35
So(q,R) = = 8 ° Bw. Hence3 (6 ) [0 center 6 GBW) = (center ofd ) @
(center of W)D

The structure of (SW and its center when W has Clifford type

We first derive a general result about the structur@\ﬁfwhen W has Clifford
type.
Proposition 7.4 Let W s0(q,R) be a p-dimensional subspace of Clifford type that acts
irreducibly onIRq Then

*) =3 0@ R, BIW, W] (direct sum)
and the subspac%@ 5]3 and [W, W] are ideals ||(B . Moreover, [W, W] is
isomorphic taso(p,R).
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Proof By Proposition 5. ZB is self adjoint, and henc@ =8 @ 5]3 . By the remark
foIIowmg (2.1) Wis a Lie trlple system with trivial centersm(q IR) Henceﬁ
3 @[W W] by Proposition 3.2. This proves (*).

Next we show that the eIements&N@ SI3 commute with the elements of
[W, W]. By def|n|t|0n8 commutes with W, and hen% also commutes with [W, W].
By 1) of Proposition 4. 33 anticommutes with W, and hen% commutes with
[W, W]. We conclude tha% 0D ﬂ3 commutes with [W, W].

From the theory of Cllfford algebras it follows that [W, W] is a subalgebl%\ﬁf
isomorphic taso(p,R), where p = dim W. See, for example, Lemma 2 and Proposition 3 in
section 3 of [E2] for a proof. KE ={&0 (35 cad¢(JW, W]) = {0}}, then € isa
subalgebra 0(8 that contam% b 5[3 Equality holds by (*) since the semisimple
subalgebra [W, VV] has trivial center In particu@&/EB §I3 = € is a subalgebra ciB

SlnceS B RB,,, and [W, W] are commuting subalgebraﬁqfv whose direct sum
is (S it foIIows thatS &b ﬂ3 and [W, W] are ideals |(E . This completes the proof
of Proposition 7.4ﬁ

We now determine the cent@(@w) of @W in the case that W has Clifford type.
It is simplest just to list the various possibilities @)\5\/ = S?W@ SISW , using the result
above and information previously obtained about the structtﬁe/\ptﬁnd SISW. One can
then easily determine the cen&(r(SW).

Description of (SW

It follows from the list below tha@W is semisimple and has trivial center unless p
= 4k or 8k+5, in which cas@w has 1-dimensional center. In the list below all of the
direct summands commute with each other.

If p = 8k ®,, = RBs0(8k.R)
If p = 8k+1 ®,, = 50(2,)BS0(8k+LR)

If p = 8k+2 ®,,, = 50(31)BS0(8k+2R)

If p = 8k+3 ®,,, = 50(3R)Ds0(8k+3R)

If p = 8k+4 ®,, = RB50(3,R)Ds0(8k+4R)
If p = 8k+5 ®,, = RBS0(BK+5R)

If p = 8k+6 ®,, = 50(8k+6 R)

If p = 8k+7 ®,, = 50(8k+7.R)

To verify the details of the assertions above one uses Proposition 7.4 , which asserts

that(S =@ @ (S Where(S 8 0@ 5[3 and@)‘ = [W,W] =s0(p,R) are ideals in
(35 We now use Proposmons 2. 4 and 4 4to evalaéfte 5[3 and@‘ 8 0D 5[3



We also recall from the examples following Proposition 7.1 that if p = 4k,§l$hv9is the
1-dimensional center c@w. The assertions above now follow immediately except in the
cases p = 8k+1 or 8k+2.

If p = 8k+1, then(?S1 = 8\?\/@ !ISW =span{l} & SISW =5$0(2,1) by the proof of
Proposition 7.1 in this case.

If p = 8k+2, then® 1~ 8\?\/@ SISW =$0(3,1) by the proof of Proposition 7.1 in this
case.

Consequences of the condition that 3 ((SW) O0s0(q,R)

Before stating the next result we recall some notationp L&L(q,R) -
GL(50(g,R)) be the Lie group homomorphism such ih@f)(Z) = ng} forall g
GL(qg,R) and all ZO0 s0(q,R). Letdp: End(IRq) - End@o(q,R)) be the induced Lie
algebra homomorphism given bp(X)(Z) = XZ + zxt forall X O End(IRq) and all ZJ
S0(q,R).

Proposition 7.5 Let W be a subpace sb(q,R) such tha(SW is self adjoint an® ((BW)
050(q,R). Then

1) The elements opr(SW) have trace zero as elements of End(W).

2) p(GW)O [0 SL(W); that is, each element p¢GW)o has determinant 1 in W.

3[Ry, By 1= By,

Proof We observe th@W is reductive since it is self adjoint , and it follows t@% =
3(6,,)B[6,,. 6,1 Hence §(6,) =dp(3(6,)) + [dp(6,,) , dp(G,,)]. The
elements of d(3 (@W)) act skew symmetrically on W by (3.2) of [E2] sir&e@w) 0
S0(q,R). In particular the elements gb(@B ((SW)) have trace zero on W. Clearly, every
element of [@((BW, dp(@w] has trace zero in W, which proves 1). Assertion 2) follows
immediately from 1).

We prove 3). We know thatﬁ[w, SISW] O SISW by Proposition 4.2, so we must
prove the reverse inclusion. Note tltﬂﬁv 0so(q,R) + [(SW, (SW] by the discussion
above, and@,, , G, I=[& . & I+[B,, . B, I+[&,, B0 s0(@,R)+
[ﬁw, 5[3W]. We conclude thai%w O @WDSO(q,[R)+ [ﬁw, SISW]. Since [QW, SISW]

O SISW andso(q,R) n !ISW: {0} it follows that SISW O [ﬁw, EI?sW].D

Section 8 Consequences of the self adjointness of (SW

Structure of Aut(1t) and Der(Tt)

25
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We return to a consideration of the full stabilige/\r/Gf W in GL(gq,R). If ((_SW)0
0 GL(q,R) is self adjoint, then we can sharpen the statements of the canonical
decompositions of Auﬁ() and Der{t) in (3.4) of [E2]. In the next result we suppress
the notatiorp and ¢ used above for the actions of GLRg,and EndRq) onso(q,R).

Proposition 8.1 LetTt = RIDW and suppose tha?s\(/ao is self adjoint.
a) Letp [ Aut(‘R) Then there exist unique elements g of GRjoand A of
Hom([ROI W) such that

1) g(W)OW and det g> 0 on R where g1 GL(50(q,R))
2) ©(v) = g(v) + A(g(v)) for all v RY.
0(2) = gz¢ forall Z O W.

Conversely, every elementof GL(Tt) that has the form above lies in AntXO
b) Let D be a derivation dk. Then there exist unique elements A of Ehg)(and
B of Hom([Rq,W) such that

1) AW)OW where AL End@o(q,R))
2) D(v) = A(v) + B(v) for all v RY,
D(Z) = AZ + ZA for all Z 01 W.

Conversely, every element D of EAtYthat has the form above is a derivatiorfof

Proof For an arbitrary subspace Wsof(q,R) an element g of GL(@,) lies in (G )

g lies in (G ) Hence when ( (53) is self adjoint it follows that ( (G) = (G i)o.

This means that in the canonical decompositions of iIuand Der(R) descrlbed above in
Propositions 3.4b, 3.4e of [E2] and their proofs, we may omit the projection
homomorphisntt: %Z(q) - R. Proposmon 3.4b of [E2] shows that AntXO uU- H
(semidirect product), Where H= T((G )o) T((GW)O) The result now follows
|mmed|ately

Compatibility of self adjointness with the KP decompaosition

The next result (Proposition 8.2) is the group analogue of the fact tZBW i self
adjoint, then@ contains the symmetric and skew symmetric parts of each of its elements.
The last result in this section (Proposition 8.4) is the group analogue of Proposition 4.3.

Proposition 8.2 LetTt = RIDW and suppose that (,@O is self adjoint. For everyd
(G ) let k,p be the unique elements of GLKy such that g = kp, Where[IkO(n [R) and p
isa pOS|t|ve definite symmetric element of GIKy}, Then k[J (G ) and pQ (G )

Proof We shall need the following elementary observation
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Lemma 8.3 Let V be a real, finite dimensional inner product space, and let h be a positive
definite, symmetric linear transformation on V. Then

1) hand A have the same eigenvectors in V.

2) If W is a subspace of V such th&(W) =W, then h(W) = W.
Proof of thelemma Clearly any eigenvector of h is an eigenvectorzof It h2(v) =Av for
some positive numbey, then write v = Y+ ty where h(Y) = )‘i Vi for real numbers
{)\1, ...)\N}. It follows that v is the sum of thos? such tha1>\i =VA. This proves 1).

If W is a subspace of V invariant und& then W admits an orthonormal basis
{w RS V\b} of eigenvectors of h By 1) this is also a basis of eigenvectors of h, which
proves 2).
Proof of the proposition Let g be an element o?(/@o and write g = kp as above. Then
gt g= p2 and 6D (E;W)O since (_(%N)o is self adjoint. Since p and pre positive definite
and symmetric oY they are also positive definite and symmetriso(q,R) by the
proposition in (3.2) of [E2]. SinceZ(W) O W it follows from 2) of the lemma above that
pSW) OW; that is, pO C_BW. It remains only to show thatﬁb(éw)o , for then k = g[_)1 O
Cyo _ _

Since g[ (GW)O there exists a continuous curve g(t) irwxé such that g(0) = Id
and g(1) = g. Letg(t) = k(t)p(t) be the corresponding KP decomposition of g(t). The
argument above shows that p;ﬂt)f_sw for all t. Since p(0) =Id and p(1) = p it follows that

pU (C_BW)O'D
The structure of symmetric elements of (GW)o

Proposition 84 Let Tt = RIBW, where (_QN)O is self adjoint. Suppose that every
nonzero element of W is invertible. Let p be a symmetric positive definite element of
(E;W)O such that det(p) = 1. Then

1) pis the identity on W, where p(Z) = ptZ-ppr forall Zin W.

2) If W acts irreducibly oY, then there exists a positive real numbeuch that
RY= V)\GBVU A where \{\ and V1/ A denote the and1 / A eigenspaces of p iRY,
Proof 1) By the proposition in (3.2) of [E2] the action of p on W is positive definite and
symmetric relative to the canonical inner product <, ¥afq,R). Since p(W)YXJ W it
follows that there exists an orthonormal basi§, Z, Zp} of W and positive real numbers
{)\1, ,)\p} such that p(%) = )‘i Zi for each |t It suffices to prove thkllt: 1 for each i.

We are given thdti Zi = p(ZI) = pZIp = pZIp for each i. SinceiZis invertible it
follows that)\i Id = Zl_lpZip and taking determinants yielldlg = (det pf =1. Hencé\i =
1 foreachi sincéi iS positive.
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2) LetA be an eigenvalue for p RY, and let v be a nonzero vectorR such that
p(v) =Av. If Z is any element of W, then by 1) we know that p(Z(v)) 51@ = Z(Xl V) =
%Z(v). Hence Z(\)<) gV, ,,and Z(V, )\) O VAfor allZinW. The subspace)\‘@v "

/A 1/
is invariant under W and therefore must be equ&%;ince W acts irreducibly oR -
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