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Abstract Let &, denote a compact semisimple Lie algebra and U a finite dimensionabgeal
- module. The vector spacg, = U & &, admits a canonical 2-step nilpotent Lie algebra struc-
ture with [9,My] = B, and an inner produdt ), unique up to scaling, for which the elements
of &, are skew symmetric derivations 0f,. Let Ny denote the corresponding simply connected
2-step nilpotent Lie group with Lie algebf,, and let(, ) also denote the left invariant metric on
No determined by the inner produgt) on9%,. In this article we investigate the basic differential
geometric properties of Nby using elementary representation theory to study the complexification
N =N5 = Va6, where V= U® and® = &§. The weight space decomposition for V and its real
analogue for U describe the bracket structuregtor M5 anddy. The Weyl group W of$s acts on
the real Lie algebrat, by automorphisms and isometries. The Lie algefiggadmits a Chevalley
rational structure for which the the weight spaces of U are rational. We use the raStaraf the
weights of V to construct totally geodesic, rational subalgebr&of U & &.
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INTRODUCTION

Let Ny denote a simply connected, 2-step nilpotent Lie group with a left invariant metric
and let)i, denote the Lie algebra of NWrite 9ty = Uy 30, Where3, is the center oty andy,
its orthogonal complement. If Ricy x 91y — R denotes the Ricci tensor, then it is well known
that Ric@y, 30) = {0}, Ric is negative definite of, and positive semidefinite ofy. If Ny has no
Euclidean de Rham factor then Ric is positive definité3gn(See for example [Eb 3].) This means
that the comparison methods, which have been used so widely to study Riemannian manifolds with
curvature of a fixed sign, do not apply in this situation. In compensation, one has the usual algebraic
advantages common to all homogeneous spaces and a few others that are specific to 2-step nilpotent
Lie algebras.

One of the most interesting classes of examples of 2-step nilpotent Lie groups with a left invariant
metric arises from finite dimensional real representations of compact semisimple Lie algebras. These
examples are central to this article.

Let &, be a compact, semisimple real Lie algebra, and let U be a finite dimensionabgeal
- module. Let(,)y and{(,)s, be inner products on U ané, such that X : U— U and ad X :

By — & are skew symmetric for all X &,. The orthogonal direct sufty = U & &y admits a
2-step nilpotent Lie algebra structure such that [UUB, and®, is contained in the center 81,.
Given u, u; € U we define [ , we] € &, by the condition thatu;, us], X)e, = (X (u1),u2)v

for all X € &,. The isomorphism type ofty, (, )} is independent of the inner produgts and
(,)®,- The metric Lie algebrédMNy, (, )} determines a simply connected 2-step nilpotent Lie group
No with Lie algebradt, and a left invariant Riemannian metiic ). See section 2.

The goal of this article is to develop the basic structure of the Lie alggiga(, )} in order to
study the geometry of Ny, (, )}. If 91, and V denote the complexifications ¥, &, and U,
then® is a complex semisimple Lie algebra, V issa-module andt = V' @ & as a vector space.

Our approach is to use elementary representation theory to study the geometry and basic structure

of %t = V & & and then deduce the geometry and basic structure of the reabtgrea U & &.

Some of the complex representation theorgadnd its interplay with the real representation theory

of &, does not seem to be easily locatable in the literature. Where needed, we develop this theory.
If $yis a Cartan subalgebra &, then$) determines a Chevalley basis= {X3 : § € ®;7, :

a € A} that is unique up to a certain type of rescaling. Here $* denotes the roots determined

by $, A is a base for the positive roots ang ¥ a suitably chosen element of the 1-dimensional

root space®s. The vectors(r, : @ € A} are normalized root vectors and fornCa basis of$).

Each Chevalley basis has structure constantsZand determines in a canonical way a basisf

each® - module V such that leaves invarianZ - span 8). The setd = ¢ U % is aC - basis for

2N =V ¢ & whose structure constants are integers.

All of this structure has an analogue for the real fditg = U & &, of 9. If § is a Cartan
subalgebra o# = &§ that is the complexification of a maximal abelian subalgefhyaf &, then
we say tha®) is adapted to &y. If § is a Cartan subalgebra adapte@ig then the Chevalley basis
of & determines a compact Chevalley bagisof &, and each$, - module U admits a basis,
such that®, leaves invarianf) - span @B,)([R1]). If £, = €5 U By, thenLy is anR - basis of)ty
with structure constants i@. In fact, the basi$s, of U may be chosen so thdt leaves invariant
Z - span (By), and in this cas&, has structure constants i We call9t o = Q - spang) a
Chevalley rational structure for 9y. See sections 4 and 8 for details.

Let exp : 99 — Ny denote the Lie group exponential map. It is well known that exp is a
diffeomorphism. Ifl'y is the subgroup of N generated by exf - span £)), then a result of
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Mal'cev ([M], [R2]) says thatl’y is a lattice in N; that is,I'y is a discrete subgroup ofgN\and
Lo\ Ny is compact.

We are particularly interested in developing methods for studying the geomdtgy, 6f,. Con-
sider for example aational subalgebrat), of My; that is, a subalgebr2t;, spanned by vectors in
No,g- If Nj = exp®1p), then it is well known (cf. Theorem 5.1.11 of [CG]) thBf = T’y N N}
is a lattice in N). We obtain an isometric immersion Bf)\ N/ into T'y\ Ny. These compact, totally
geodesic immersed submanifoldsIaf\ Ny may be regarded as higher dimensional analogues of
closed geodesics @\ No.

In section 10, as we explain in more detail below, we construct totally geodesic, rational subalge-
bras;, from the roots and weights @ and V.

This article sets up a general framework that should be useful for studying the geomejrsirad N
its quotient manifolds. For example, the bracket operatidfign= U & &, and its complexification
M = V @ & can be nicely described in terms of the roots¢of= &S and the weights of the
® - module V. A Cartan subalgebma of & decomposes V into a direct sum of weight spaces
{Vyu,n € A}. If pand\ are weights, thefiV,, V] = &, 5, where®,, ., = {0} if u+ Nisnota
root, and®,, . » is a root space ob if 11+ A is a root. 1§ is adapted ta,, then this simple bracket
relation fordt = V & & has a somewhat more complicated analogue for the realftym U & &,.

The details may be found in sections 4 and 6 where we derive a ” weight space ” decomposition of
U from the weight space decomposition of V U The weight space$U,,n € A} and the

zero weight space Jare rational with respect to the Chevalley rational structéfg o for 91.
Equivalently, we can find a basis of U that is a union of bases contairiggl inof the weight spaces
{Uo,Upus 1 € A}

It is also useful to know the range of individual transformations addty: — &g, where u is
an arbitrary element of U. We obtain partial results in section 4 for the complexXtasd” & &
and in section 6 for the real cas®) = U @ &,. The results in the real case are relevant to the
problem of computing the lengths of closed geodesics of the compact nilmahifold, defined
above. (See Proposition 4.2 of [Eb 3]). The results in the real case are also useful for computing the
Lie algebra of almost inner derivations 9, which in turn is important for determining isometry
classes among compact, Laplace isospectral nilmanifolds ([GW]). Furthermore, for compact 2-step
nilmanifolds a knowledge of the almost inner derivations is also important for resolving the question
of when two compact nilmanifolds with conjugate geodesic flows are isometric. See [GM] for further
details. For a 2-step nilpotent Lie algeg with center3, a derivation D 91y — 91 is said to be
almost inner if D({) € ad((MNy) for all ¢ € N,.

The Lie algebrast, = U & &, have large groups of isometries that are also automorphisms. In
particular, the Lie algebr&, and the Weyl group W o = &5 determine natural subgroups of
Aut(9) N 1(DM), where [91,) denotes the linear isometry group®f. The identity component
of Aut(9y) N (M) has previously been described by J. Lauret in Theorem 3.12 of [L]. The finite
subgroups of AuBty) N 1(91y) determined by the Weyl group W appear to be previously unknown.
Section 6 contains the details, which depend on complex analogug@s$ol” & & established in
sections 4 and 5.

Let $ be a Cartan subalgebra &éf= @g that is adapted t&, and let$y be a maximal abelian
subalgebra 08, such thath = 5. Let¢ = {X3 : 3 € ®;7, : « € A} be a Chevalley basis for
& determined by). For each positive rogt we define & = Xg — X_gand B; = iXg +iX_3.
Then¢, = {A43,Bs : B € t;ir, : a € A} is the compact Chevalley basis &f, that was
mentioned earlier. The elemerfigr, : a € A} are a basis fofy, and leave invariant the weight
spaces{Uy, U, : pn € A}. The behavior of Az, Bs : 3 € ®*} as elements of End(U) encodes
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the basic information of U as &, - module. In section 7 we discuss basic information about the
transformationg Az, Bg}.

Let, = U B, with complexificatiordt = V ¢ &. Fix a Cartan subalgebsathat is adapted to
Bo. A weight\ for V is said to beadmissible if there are no solutions to the equatiok 2 ka + (3
for any integer k and any roots, 3 € ®. In section 9 we show that almost every weight for ahy
- module V is admissible and we classify, up to action of the Weyl group W, those weights that are
not admissible. Proofs of the classifications stated in section 9 are given in section 11, the appendix.

We discuss two applications of the notion of admissible weight.

1) If X is an admissible weight, then we may determine the range of adty — &, for any
element y in the real weight space \Jdefined by\. See Proposition 6.12.

2) In section 10 we show that admissible weights may be used to construct various types of
rational, totally geodesic subalgebrasthf. To every weight\ we may associate a complex weight
vector H, in the Cartan subalgebsa If $ = §5 is adapted tab,, then we also obtain a real weight
vectorH) € ) C &. Fix Hy C By and$H = 95 C &.

a) If X is an admissible weight, theft,(\) = U, @ RH, is a rational, totally geodesic
subalgebra of1, with 1- dimensional center. In fack, need only satisfy the weaker condition that
2) not be a root of). As a special case we may choose an arbitrary nonzero elemehtly. Then
R - span{u,, FIA(uk), ﬁk} is a 3-dimensional, totally geodesic subalgebrétgf which is rational
whenever y is a rational element of {J Any such 2-step nilpotent Lie algebra must be isomorphic
to the 3-dimensional Heisenberg algebra.

b) Let A be an admissible weight, and |@éte any root ofy. Let A = X3 — X_gand By =
iXs+iX_pasabove. LetU,; =377 Usprp and let®y 5 = R - span{Ag, Bs, Hy, H,}.

Let9 (A, B) = Ugﬁ @ 6, 5. Theny (A, 5) is arational, totally geodesic subalgebradtf whose
center®, g is 4-dimensional and Lie algebra isomorphic to the quaternions.

We note that by the discussion of rational subalgebras above we obtain totally geodesic, isometric
immersions intd’o\ Ny of the compact nilmanifold®o()\)\No(A) andTo(A, 3)\No(A, 5), where
N()E)\) T exp(‘ﬁo(/\))fo(/\) =TynN NO()\),NO()\,ﬂ) = exp(‘ﬁo()\,ﬂ)) andFo(/\,ﬁ) =TIgnN
No(A, B).

1. NOTATION AND PRELIMINARIES

The following notation will be standard in this paper :

B, = a compact, semisimple real Lie algebra, a compact real forrmé for

By = the Killing form of &, (negative definite)

$o = a maximal abelian subalgebra®f,

Jy = conjugation in® = & determined by,

® = a complex, semisimple Lie algebra, the complexificatiosgf

G = the connected Lie subgroup of SL(V) with Lie algek¥aV a complex$-module
B = the Killing form of  (nondegenerate)

£ = a Cartan subalgebra ¢f

H,. = the root vector irf) determined byy ¢ ®, B(H, H,) = a(H) forallH ¢ $

To = 2Hy I B(Hy, Hy)  fora e @

TaZiTq foraec®

(A, @) := M(7q) for A € Hom(®, C) anda € &

Hr=R-span{H, :ae®}=R-span{r, :aec A} ={He$H: a(H)eRforall a e &}
® = the finite collection of roots in Homsy, C) determined by

A ={ay, ..., a,}, abase of simple roots fdr
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& = the positive roots determined iy

W = the Weyl group in Hom$, C) determined byb

U = a finite dimensional read, module

V = a finite dimensional comple®% module

J = conjugation in V = § determined by U

A = A(V) = the finite collection of weights in Horsi, C) determined by V andh

AT = AT(V),V = U®, = a subset of\ that contains exactly one §f\, —\} for each\ € A
A= {A € Hom($, C) : A(7.) € Z for all « € ®}, the abstract weights determined 9y
Vy={veV:Hv=\H)vforall He$H}, the weight space determined hy A

&, ={Xe®:[HX]= a(H)Xforall H e $H}, the root space determined by ®
V=Vg+ > . Va the complex weight space decomposition determined by
U=Uy+ > .+ V2, the real weight space decomposition determinegpy

& =9H+> . Ba the root space decomposition®fdetermined by

Go = Ho + Y.+ Do,a, the root space decomposition®f, determined by,

Ny = U @ &, areal 2-step nilpotent Lie algebra

N =V @ &, the complexification of1y.

¢ = a compact Chevalley basis.

B, = a basis of U such tha&, leaves invarian) - span 8)

Moo = Q -span By U &), a Chevalley rational structure fét,

We recall that B is nondegenerate §rand positive definite oshg (cf. [He, p.170]). Itis well
known that3(r,) € Z for all o, 8 ¢ ®, and dim&,, = 1 for all « ¢ ®. Typically, we will consider the
situation that = 85, § = §§ and V = LF.

2. SOME 2-STEP NILPOTENTLIE ALGEBRAS ARISING FROM REPRESENTATIONS

In this section we describe some complex and real 2-step nilpotent Lie algebras that arise from
finite dimensional representations of a semisimple Lie algebra, either complex or real.

Complex 2 — step nilpotent Lie algebras

Let & be a complex, semisimple real Lie algebra, and let V be a finite dimensional, complex
® -module. As a complex vector space we defifiee Vp®. Let B* denote a nondegenerate,
symmetric, bilinear form o such that

1) V and® are orthogonal relative to B*.

2) B*(Xv, v’ ) +B*(v,Xv')=0forallv,V ¢V andall X¢ &.

3) B*(ad X(Y), Z) + B*(Y, ad X(Z) ) =0 for all X,Y, Z ¢ &.

We now let [, ] denote the complex, 2-step nilpotent Lie algebra structufg sach thats lies
in the center of1, [91,91] C & and B*([v, V], Z) =B*(Zv, v’ ) forall v,v' ¢ V and all Z¢ &.

Remarks

1) A nondegenerate, symmetric bilinear form B* oamodule V will be called® — invariant
if it satisfies property 2) above. Property 3) may be restated by saying that®rigariant on®
relative to the adjoint representation. If B* = B, the Killing form &f then B* satisfies 3).

2) To construct an example satisfying 2) #&§ be a compact real form @, and let U be a finite
dimensional rea$,-module. Let G be the simply connected Lie group with Lie algeldig. The
group G is compact since the Killing form Bon & is negative definite. See for example [He,
pp.133-134]. Let , ) be a positive definite Ginvariant inner product on U. Then the elements of
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B, are skew symmetric relative to, ). Let V = U® | which becomes a compla-module, and
let B* denote the complex extension 6f ) from U to V. It is easy to see that B* is &-invariant
nondegenerate, symmetric complex bilinear form on V.

The next result says that the example above is the only way to find a nondegenerate, symmetric,
B-invariant bilinear form B* on a comple®-module V.

Proposition 2.1. Let V be a comple®-module, and let3, be a compact real form ab. Suppose
that V admits a nondegenerat&;invariant, symmetric, complex bilinear form B*. Then

1) There exists a reab,-module U such that V = B and the restriction of B* to U is a positive
definite, real valued bilinear form.

2) If J: V — V denotes the conjugation determined by U, then

B*(Jv,w)= B*(v, Jw) for all vw e V.

3) B*(v,Jv) is a positive real number for all nonzerew.

Proof. 1) We follow the proof of Proposition 6.4 of [B-tD]. Letdde the compact simply connected
Lie group with Lie algebra®,. It follows that V is a complex @-module since @ is simply
connected. Let, ) be a fixed G-invariant Hermitian inner product on V, and define a conjugate
linear isomorphism f: V— V by B*(v,w) = (v, fw) for v,w ¢ V. Then f commutes with G and
{(f2v,w) = (f*w, f*v) for all vw € V. It follows that £ is self adjoint and positive definite with
respecttd , ). On the eigenspace\for f2, which is invariant under & we define h =/X Id. Then

h extends to a complex linear isomorphism of V such that h commutes witth= f2 and hf = fh.
Moreover, h is self adjoint and positive definite with respect td since it has these properties on
the orthogonal subspacég), }.

IfJ=hf~1, then J: V— Vs a conjugate linear map such thatJid and J commutes with G If
U is the +1 eigenspace of J, then U is invariant undgradd U° = V since iU is the—1 eigenspace
of J. Note that h = fon U, and h(W) U since h commutes with J.

We observe that B*(u/)i = (u, fu') = (u, hu') for all u, U € U. The restriction of B* to U has
real values since #w, hu') = (hu/, u) =(u’, hu) = B*(U’ , u) = B*(u, U) = (u, hu') forallu, U € U.
Since h is positive definite on V it follows that B* is positive definite on U.

The proofs of 2) and 3) are straightforward, and we omit the details. O

For later use we relate B* to the existence®yf - invariant Hermitian inner products on V.

Proposition 2.2. Let V be a comple®-module, and let, be a compact real form a$. Suppose
that V admits a nondegenerate, symmetric, complex bilinear form B* such that the elenm@mteof
skew symmetric relative to B*. Let U be a ra#)-module such that V = O and the restriction of
B* to U is a positive definite, real valued bilinear form (, ). Let J =¥V denote the conjugation
determined by U. Defing ) on V by(v,w) = B*(v,Jw) for all v,we V. Then

a) (,) is a Hermitian inner product such that X* — X for all X € &, where X* denotes the
metric adjoint of X.

b) (Jv, V) = (v,v') forall v,V € V.

Proof. a) It is easy to see thdt) is conjugate bilinear on V since J is conjugate linear on V. It now
follows from 2) and 3) of (2.1) that ) is a Hermitian inner product on V. Note th@) = B* = (, )

on U. Hence(, ) is the unique Hermitian extension to V of the inner product (, ) on U. By condition
2) in the definition of B* we see that the elementsfaf are skew symmetric on U relative to B*. It
follows that the elements @, are skew Hermitian on V relative 10).
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b) Use the definition of, ) and 2) of (2.1). O

Uniqueness of the complex Lie algebra structure

The Lie algebra structure 0 = V@6 seems to depend on the choice of a nondegenerate sym-
metric bilinear form B* that satisfies the three properties listed at the beginning of this section.
However, the next result shows that the isomorphism type is uniquely determined.

Proposition 2.3. Let B;* and By* be two nondegenerate symmetric bilinear formsdmr Vo ®
that satisfy properties 1), 2) and 3) above, and let [;,and [ , ]o be the corresponding 2-step
nilpotent Lie algebra structures dit. Then{91, [, ]} is isomorphic to{MN, [,]2}.

We shall need a preliminary result. If B* : V x W C is a bilinear form on V, then we say that
T e End(V) is symmetric relative to B* if B*(Tx, y) = B*(x, Ty) for all X,y € V.

Lemma. Let V be a finite dimensional complex vector space. For evetyGA (V) there exists
Y e End(V) such that

D exp(Y)=A

2) If X e End(V) and X commutes with A, then X commutes with Y.

3) If B* is a bilinear form on V and A is symmetric with respect to B*, then Y is symmetric with
respect to B*.

Corollary. For every Ac GL(V) there exists & GL(V) such that

1)T*=A

2) If X e End(V) and X commutes with A, then X commutes with T.

3) If B* is a bilinear form on V and A is symmetric with respect to B*, then T is symmetric with
respect to B*.

Proof of the lemma

1) and 2) From a Jordan canonical form for A we may construct S and N in End(V) such that A
=S+ N, SN = NS, S is semisimple and N is nilpotent. Moreover, the transformations S and N are
polynomials in A ([HK, Theorem 8, p.217]).

Since A is nonsingular the transformation S is also nonsingular, and we may write A = SU, where
U=1+SIN.IfZ = SIN, then Z is nilpotent since S commutes with N.

Since S is semisimple we may write V as a direct supaY ... ® Vg, where S =)\, Id on V; for
some distinct nonzero complex numnbéhs, ..., A, }. Note that Z leaves each, Vhvariant since Z
commutes with S. From the Taylor series for log(1+x) we defi(@) = >, (—-1)"Z"/n . This
sum is finite since Z is nilpotent, and it is known that exf)) =1 + Z = U (cf. [He, Lemma 4.5,

p. 270]). The transformatiop(Z) leaves each Yinvariant since Z does. Moreover, A = SU leaves
each V, invariant since U = | + Z does.

Chooseu; ¢ C so that & = \; and define Ye End(V) by Y =p; Id + ¢(Z) on each V. On V, ,
exp(Y) = \; exp(p(Z2)) = SU = A, and hence exp(Y) =Aon V.

Now let X e End(V) be an element that commutes with A. Then X commutes with both S and N,
which are polynomials in A, and it follows that X commutes with Z =!8l and(Z). Note that X
leaves invariant the eigenspadds$} of S, and X commutes with Y g, 1d + ©(Z) on V;. Hence X
commutes with Y on V, which proves 2).

3) Let B*: V x V — C be a symmetric bilinear form, and let Sym(B*){F ¢ End(V) : B*(Tx,

y) = B*(x, Ty) for all x,y ¢ V}. It is easy to see that Sym(B*) is a subspace of End(V) with the
following additional properties :

a) A Id e Sym(B*) forall A e C.

b) If T e Sym(B*) is invertible, then T! ¢ Sym(B*).
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C) If T1,T2 e Sym(B*) and T, T, commute , then TT5 € Sym(B*).

d) If T e Sym(B*), then Sym(B*) contains any convergent power series in T.

We use the notation in the proof of 1) and 2). lleAym(B*), then from d) it follows that S and
N are in Sym(B*). Note that ZS™'N ¢ Sym(B*) by b) and c), ang(Z) ¢ Sym(B*) by d). The
restriction of Y to each Yis p; Id + ¢(Z), which is symmetric with respect to B* on;\by a). We
conclude that Ye Sym(B*) since & Sym(B*) implies that B*(V;, V) = {0} if i #].

Proof of the corollary LetY e End(V) be chosen as in the lemma, and let T = exp(Y/2). Clearly
T2 = A. If X commutes with A, then X commutes with Y by 2) of the lemma, and hence X commutes
with T. Finally, suppose that ASym(B*). Then Ye Sym(B*) by 3) of the lemma, and € Sym(B*)
by d) in the proof of 3).

Proof of the Proposition

Let S:91= Va6 — N be the invertible linear transformation such that®&,n) = B1*(S(£),n)
for all elementg,n in 91. Note that S is symmetric with respect to bott*Bnd B,* , and S leaves
invariant both V and$. Since B* and B,* are nondegenerate amtinvariant it follows from the
definitions that for all Xe & , S commutes with ad X o and with X on V.

Note that S is a composition of transformations in EXp6f the following two types :

1) S=IdonV and S is arbitrary o8.

2) S=Id on® and S is arbitrary on V.

Hence it suffices to prove the Proposition for S in these two special cases.

1) Definep : {M, [,]1} — {M,[,]2} by p=1donV andy = S—! on&. We assert thap is a Lie
algebra isomorphism. For X,¥V and Ze & we have B*(¢([X,Y] 1), Z) = Bo*(S~1([X,Y]1),2) =
B1*([X,Y] 1,2) = B1*(ZX,Y) = B2*(ZX,Y) = B 2*([X,Y] 2, Z) = Ba*([ X, ¢Y]2,Z). Hencep([X,Y] 1)
= [eX,¢Y]2 by the nondegeneracy ohb,R The proof is complete sincé lies in the center of1.

2) By the corollary to the lemma above we may chooseGL(V) such that F =S , T commutes
with & on V and T is symmetric with respect to both*Band B,*. Now definey : {M,[,]2} —
{M,[,]1} by o =TonV andy = 1d on &. We assert thap is a Lie algebra isomorphism. For
X,Y eV and Ze 6 we have B*(¢([X,Y]2), Z) = Bo*([X,Y] 2, Z) = Bo*(ZX, Y) = B1*(SZX, Y) =
B1*(TZX, TY) = B1*(ZTX, TY) = B1*([TX,TY] 1, Z) = Bo*([TX,TY] 1, Z) = Bo*([ X, Y11, 2).
Hencep([X,Y] 2) = [¢X, ©Y]1 by the nondegeneracy o£B and the proof is complete.

Real 2 — step nilpotent Lie algebras

We now define the real analogue of the complex 2-step nilpotent Lie algebra discussed above,
and we prove in similar fashion the uniqueness of the Lie algebra structure, up to isomorphism.

Let &, be a compact, semisimple real Lie algebra, and let U be a finite dimensiona yeal
module. As a real vector space we defiig = U9®,. Let(, ) denote a positive definite inner
product ordt such that

1) U and®, are orthogonal relative tp, ).

2) (Xu,u') + (u, Xu'y = 0forallu, Ue U and all Xe 8.

3) (ad X(Y),Z)+ (Y,ad X(Z)) =0forall XY, Z e &,,.

We now let [, ] denote the real 2-step nilpotent Lie algebra structufoauch that®, lies in
the center 0By, [90, o] C &, and([u, '], Z) = (Z(u),u’) forall u,u e U and all Ze &.

Remarks
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1) If Gy is the compact simply connected Lie group with Lie algaebsathen 2) holds for any 6
invariant inner product, ) on U. If U is an irreducible G-module, ther{ , ) is uniquely determined
up to a constant positive multiple. As above we define an inner produty@o be®, — invariant
if property 2) holds.

To define an inner produgt, ) on &, such that 3) holds we could sgt ) = — By, where B is
the Killing form of &, or we could defing X, Y ) = — trace XY for all XY e &,, where we use
the fact that the elements @f; are skew symmetric relative {g ). If & is simple, then the choice
of {, ) on®, satisfying 3) is unique up to a constant positive multiple.

We call an inner produgt, ) on &, such that 3) holds aad — & invariant inner product.

2) If U is a finite dimensional reab,-module, then the elements &f, C End(U) have eigenval-
ues in R since the elements @, are skew symmetric relative to a@variant inner product , )
on U.

3) It is not difficult to show thatty, DMg] = &y. Moreover,&, = 3, the center of%,, < Ker
(Bp)={ueU:Z(u)=0forall Ze &y} = {0}. We omit the details.

Uniqueness of the real Lie algebra structure

Proposition 2.4. Let(, ); and{(, )2 be two positive definite inner products 8y = U & &, that
satisfy properties 1), 2) and 3) above, and let | dnd [, ]. be the corresponding 2-step nilpotent
Lie algebra structures ofit. Then{, [,]1} is isomorphic to{ Ny, [, ]2}

Proof. We proceed as in (2.2) but the proof is slightly easier. Let)®:= U & &, — N, be
the invertible linear transformation such thgtn). = (S&,n); for all £, 7 in 9%y. Note that S is
symmetric and positive definite with respect to bdth); and(, )». Since(, ); and(, ), are
nondegenerate anfi,-invariant it follows that for all Xe &y, S commutes with ad X o, and
with X on U.

Since S is symmetric we may write U as a direct sumdy ... @ Uy, where S =); Id on V;
for some distinct positive real numbefs;, ..., A\x}. Note that®, leaves each Uinvariant since
&, commutes with S. Define T on U by setting T\A\; Id on each U. Itis clearthat F=S, T
commutes with&, and T is positive definite and symmetric with respect to both; and(, ).
The proof of the proposition is now completed exactly as in the proof of (2.3). O

Commutativity of irreducible submodules

Proposition 2.5. Let9ly = U & &g, and let U = U;@...»U be an orthogonal direct sum decom-
position of U into irreducibleB,-submodulesU; }. Then [U;, U,;] = {0} if i#].

Proof. If Z is any element of5, and y,u; are any elements of YU; with i#j, then([u, , u;], Z )
= ( Z(u;),u;) = 0 since | is orthogonal to . It follows that [U;,U,] = {0}. O

3. CHEVALLEY BASES AND THE UNIVERSAL ENVELOPING ALGEBRA

Let & be a complex semisimple Lie algebra, andsiebe a Cartan subalgebra &f. Let® C
Hom($, C) denote the roots determined By Let A be a base of simple positive roots fér and
let &* denote the positive roots. L&t = § + Y, &, denote the root space decomposition
determined by$. The root space$,, are 1-dimensional for alk € §).

If B is the Killing form on &, then B is nondegenerate én We definer, = 2H,,/B(H,, H,),
where H, € $ is the unique vector such that H) = B(H, H,) forallH € $.

Let X, € &, , a € ® be elements such that

1) [Xa, X_o] =7 forall a € @.
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Q)lfo, B, a+ B e ® then[X,, Xg]=C, 3 Xaqp, Where G, 3 =—-C_, _3.

Abasis€={Xg: 3 € ®;7,:ac Aliscalled aChevalley basis of & (determined by))
if the elements % € &3, 8 € @, satisfy 1) and 2) above. In this case the structure constards of
liein Z . See [Hu, pp.144-145] for a more precise statement about the structure constants and the
nonuniqueness of Chevalley bases.

Chevalley bases and & — Automorphisms of order 2

The existence of Chevalley bases is closely connected with the existence of automorplbisms
& of order two such thap = — Id on a Cartan subalgebsa This is explained in part by the next
two results.

Proposition 3.1. Let® be a complex semisimple Lie algebra, andsjdbte a Cartan subalgebra of
&. Lety be an automorphism of order 2 such that= — Id on §). Let X, be the unique element of
&, suchthat X, , o(Xa)] = — 7o. Then€ = {Xz: 8 € ®; 7, : @ € A } is a Chevalley basis of
®.

Proof. See [Hu : p.145]. O

We note thatifp = — Id on 9, thenp(®,) = & _,, for all « € &, and it follows that [X, , ©(X4)]
is a multiple ofr,, for any choice of X, in &,,.

Proposition 3.2. Let & be a complex semisimple Lie algebra, andsjdbe a Cartan subalgebra of
. Let¢={X3: € ®;7,: o€ A} beaChevalleybasisd. Fora € Alet7, =i 7,, and for
BedtletAg=Xg—X gandB3=iXg+iX_p. Let€y={7,:ac A;AgBz: 3@t}
Then

(1) 8¢ = R-span ) is a real, compact, semisimple Lie algebra such thgt= &.

(2) Ho = R-span{7,: a € A } is a maximal abelian subalgebra &f, and 5 = $.

(3) h(Xg) = — X_g forall g8 € ¢, where § denotes the conjugation i& determined by,.

(4) Ifp: & — &is theC-linear map such thap = — Id on$ andp(Xg) = Jo(Xg) forall 3 €
, theny is an automorphism a® such thaty? = Id.

Remarks

1) Property (3) is equivalent to the conditior)(BX 5, (X g)] = — 75 for all 3 € ® since J(Xg)
€ 63 by (6.2) below and5 4 is 1-dimensional for alb € ®.

2) The automorphisms @ act transitively on both the Cartan subalgebfeand the compact
real forms®, of &. It follows that every compact real fori, of & can be obtained as in (1) of
(3.2) for an appropriate choice of Cartan subalgefra

Proof of Proposition 3.2. Assertion (1) is well known, and a proof may be found, for example,
in [He, pp. 181-182]. We prove (2). We note that by J) is clearly an abelian subalgebra®f
such thaty = H5. If H, were contained in some abelian subalgedfeof larger dimension, then
9 = 9;,* would be a Cartan subalgebra®fthat properly containg. This is impossible, which
completes the proof of (2).

(3) By definition A3 = Xg — X_gand Bs =i Xg +i X_g € &g forall 3 € ®. It follows
immediately that 2% = Ag — i Bg and—2X_g = Ag + i Bg. Hence J(Xg) = —X_3.

(4) Lety : & — & be theC-linear map such thap = — Id on $ andp(Xz) = J(Xg) for all
B € ®. Clearlyy? = 1d. To show thatp is an automorphism a8 it suffices to show thap([H, X 5])
=[p(H), o(Xg)] forallH € $, 8 € ® andp([Xq, Xs]) = [©(Xa), p(Xg)] forall o, 5 € ®. These
equalities follow immediately from 3), the definition of the definition of a Chevalley basis and the
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fact that §(&3) = &_g.

Universal enveloping algebra U(&) and the subring U(B)z

Let & be a complex semisimple Lie algebra. The universal enveloping alg&lgia may be
regarded as the set of fini&linear combinations of formal expressions X, ... X,,, where n is
any positive integer and the;)are arbitrary elements @. Multiplication and addition are defined
in the obvious way. The only relations #(&) are those that come from the bracketin: XY
— YX =[X,Y] for elements X,Y of &. For a complex finite dimensional vector space V every Lie
algebra homomorphism: & — End(V) extends to an algebra homomorphisatl(&) — End(V).
Moreover,p(L(®)) is the subalgebra of End(V) generateddfy).

Let ) be a Cartan subalgebra éfwith roots® and baseA for . Let& ={Xg: g€ & ; 7, :
a € A } be a Chevalley basis fab. Let{l(®); denote the subring di(®) generated by 1 and the
elements (1/n!)(X,)™ : n is any positive integer and o € @ }.

Remarks

1) We note that each element, Xrom the Chevalley basi& is nilpotent as an element of End(V)
since ad X, is a nilpotent element of EnéX). In particular the power series exp(Xis a finite
sum and belongs not only to GL(V) but (&), regarded as a subring 8f&) C End(V). This
observation will be used in section 5 in the discussion of the Weyl group.

2) Note that® C 4(&)z. To verify this, observe that the vectofX,, : « € @ } line in 4(&)z
by the definition oftl(&)z. The vectors{rz : 5 € A } lie in 4(&)z sincerg = [Xg, X_g] =
X5 X_5—X_5 Xs.

3) The ringi(®)z is an infinitely generate@-module with a particularly nice basis due to
Kostant. See [Hu, pp. 149-154] for details.

For later convenience we introduce the following.

Chevalley bases of compact real forms &

A compact Chevalley basis of a compact, semisimple real Lie algel#a is a basisty = {7,:
a€A;Ag Bg: 3 e dt}for &, as definedin (3.2).

Since the structure constants of a Chevalley bdsié & = & are integers we immediately
obtain the following

Proposition 3.3. The structure constants of the bagisof &, are integers.

We recall that an inner product, ) on & is ad — &¢ invariant if ad X : &y — B¢ is skew
symmetric relative td , ) for every X &

Proposition 3.4. Let &, be a compact, semisimple Lie algebra olgrand let&, be a compact
Chevalley basis o$,. Then¢, is an orthogonal basis oB, for everyad — & invariant inner
product( , ) on&,.

Lemmallet®, =6, & ... &y be adecomposition ab, into a direct sum of its simple
ideal®q, ... ,6y. If (, )isanyad — &, invariant inner product o, then the ideal§®;} are
orthogonal.

Proof. Fix distinct integers i,j. Lef); = {X € &, : (X,®;) = 0}. It follows that$, is an ideal
of &, since(, ) is ad — B¢ invariant. Thead — &, invariance of( , ) also shows thaf); contains
adX (®;) for all X € &,. The subspaced X (8,) is nonzero for all nonzero X &, since®; has
trivial center. We conclude thag;, = &, since®; is simple. O
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Lemma 2 Let &, be a compact, simple Lie algebra ofrThen everyud — &, invariant inner
product(, ) on &, is a negative multiple of the Killing form 8

Proof. We recall that- By is anad — & invariant inner product o%,. Now let(, ) be an arbitrary
ad — & invariant inner product o®,. Write (X,Y) = —By(SX,Y) forall X,Y € &, where S :
&y — B is a linear transformation that is symmetric with respect to oth and—B,. Since ad
X: By — B is skew symmetric with respect to both ) and— B, it follows that ad Xo S = S o
ad X for all X € 8,. Hence any eigenspace of Sdr, is an ideal of&,. Since®, is simple and
both(, ) and— B, are positive definite it follows that S is a positive multiple of the identity. O

Proof of 3.4 Every compact Chevalley basis &f, is a union of compact Chevalley bases from
its simple ideals{®,}. Hence by Lemma 1 it suffices to consider the case ¢hats simple. By
Lemma 2 it suffices to consider thad — & invariant inner product By on &.

We note thats = &§ is a complex semisimple Lie algebra. If B,Blenote the Killing forms
for &, B, respectively, then it is routine to check that B(X,Y) 5(&,Y) for all X,)Y € &g. It now
follows immediately from (4.5) below and the definition of a compact Chevalley asthat®, is
orthogonal relative to B and hence tg.B1

4. WEIGHT SPACE DECOMPOSITION OF A COMPLEX5-MODULE

We collect some useful facts. In this section we fix a Cartan subalggbfe®, and a complex
& - module V. We letA € Hom($),®) denote the set of weights determined by V, and we let V =
Vo + ) ,.a Vabe the weight space decomposition determineshbyVe letA denote a base for the
roots® of 9, and let€ = {X3: 3 € ®; 7, : a € A } be a Chevalley basis @ as defined above in
section 3. Let; = {7,: a € A ; Ag, Bg: € &} denote the corresponding compact Chevalley
basis for®, as defined in (3.2).

Some relations between roots and weights
Proposition 4.1. LetA € Aandg € ®. Then {13 # 0 & &3(Vy) # {0}.

Proof. Since®3(Vy) C Viyg itis obvious that M43 # 0 if &5(V)) # {0}. Suppose now that
V4 # 0. Since) is a weight we know that(73) is an integer. Recall thai(rz) = 2 for all € ®.
Choose elements Xe &z and X_g € &_3 such thafXg, X_3] = 73. Then[rg, X3| = 2X3
and[r3, X_g] = —2X_3. If we defines((2, §) = R-span{ X3, X_g, 73}, then clearlys((2, 3) is a
subalgebra o® isomorphic tosl(2, C) for eachs € ®.
We need a preliminary result that is known but not so easy to find in the literature. We include a
proof for completeness.

Lemma. For A € Aandg € ® we letk> 0 and j> 0 be the largest integers such tHat , .3 # {0}
andV,_;z # {0}. Then

a)\(7g) =j — k.

b) V)\_;,_T@ 75 {0} if —j<r< k.

Proof of the Lemma Let V!, ; = > 72 V.. Clearly V, 5 Is ansl(2, 3)-module. The
representation theory af (2, (C) states that there is a positive integer N such that N is the largest
eigenvalue and- N the smallest eigenvalue fof; on V, ;. Moreover, the eigenvalues of; on
Vigcontain{N —2p : 0 < p < N }. In partlcularN (A + kB)(m3) = A(1s) + 2k and
—N = (A —jB)(13) = A(73) — 2j. The proof of a) follows immediately.
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If —j <r <k, then(A+rB)(73) = N — 2p, wherep = k —r > 0. Note thatp < N since
N —-2p = —N+2(r+j) > —N. By the discussion of the previous paragrdph+ r3)(73)
is an eigenvalue ofg on V’W and this eigenvalue can only occur on_V.5. This proves b) and
completes the proof of the Lemma.

We now complete the proof of the proposition. Choose a largest integelr &uch that \{ ;3 #
{0}. If N = A\(7g) + 2Kk, thenrz = N Id on V;43. We let v =y, be a nonzero element ofy\\ ;. For
every integer &> 1 we define inductively y= (1/r)X_g(v,.—1) or equivalently, y = (1/r!) (X_g)"Vo.
Observe that on V we havegX _g = X_g Xz + [Xg, X_g] = X_3 X3 + 7. By induction on r we
obtain in standard fashion (cf. section 7.2 of [Hu])

a)Forr>0

v, € Vg (k—r)8 =713(v,) = (N — 2r)v,.
i) X _g(vy) = (r + 1)V, 41.
i) X g(v) = (N—=r 4+ 1)v,._;.

If {vg,v1, ..., v, } are all nonzero, then they are linearly independent since they belong to differ-
ent eigenspaces of; by i). Let m be the positive integer such that v 0 but v,,,.1 = 0. By iii)
we haved = X3(v+1) = (N — m)v,,, which implies that N = m. This proves

b) v # 0 but viy41 = 0. If W = C-span{vg, v1,...,un}, then W is asl(2, C)-module of
dimension N+1. The eigenvalues@fon W are{N — 2r : 0 < r < N}.

If j > 0 is the largest integer such thatV;3 # {0}, then it follows from a) of the Lemma
above that N= \(73) + 2k = k +j > k. HenceO # v, € (X_5)*(Vagrrs) C Vi and0 #
(N — k+ 1)vg—1 = Xa(vk) € Xg(Vi). This completes the proof of the Proposition. O

Proposition 4.2. Let V be a comple® - module. IfA N ® is nonempty, then the zero weight space
Vy is nonzero. If ¥ # {0} and \4 is not a submodule of V, thetin ® is nonempty.

Remark If V is irreducible and \§ # {0}, then with only a few exception® C A. Hence if
® N A is nonempty, the® C A exceptin a few cases. See [D] for a list of the exceptions.

Proof. Suppose first that y/# {0} and V; is not a submodule of V. Thetig(V;) # {0} for some
B € ®. This implies that3 € A N ® since®z(Vy) C V.

Conversely, suppose thgdte A N ®. Let k, j be the largest nonnegative integers such that
Vgt # {0} and Vs_,3 # {0}. By a) of the lemma in (4.1) we have§ k = 2. Since j> 2 we
have—j < —1 < k. Hence \§ # {0} by b) of the Lemma. in (4.1). O

&y — invariant Hermitian inner products

Let & be a finite dimensional, complex, semisimple Lie algebra, andjebe a compact real
form for &. Let V be a finite dimensional compl@&-module. We say that a Hermitian inner product
(,) on Vis &y — invariant if X* = — X for all X € &, where X* denotes the metric transpose
of X. We saw already in (2.2) how such Hermitian inner products may arise when ¥, #nifact,
any complex®-module V admits a&,-invariant Hermitian inner produgt ). Let G, denote the
compact, simply connected Lie group with Lie algelif@ If one starts with any Hermitian inner
product on V, then by averaging ovep Gne obtains a Hermitian inner produc} preserved by the
elements of @. It follows immediately that, ) is &,-invariant.

Proposition 4.3. Let V be a finite dimensional, compléxmodule, and let,) be a&-invariant
Hermitian inner product on V. Let G be the connected Lie subgroup of SL(V) with Lie algebra
Let€= {X3: € P;7,: a€ A} beaChevalley basis @. Then
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1) G is self adjoint (invariant under the metric transpose *). |f i& the connected Lie subgroup
of G whose Lie algebra i, then G is the identity component of the subgroup of unitary elements
of G.

2) Xg* =X_pforall g € &.

3)H*=HforallH € 9.

4) The weight space/o,V,, : 1 € A } of V are orthogonal relative tg, ).

Proof. 1) If (,) is a®-invariant Hermitian inner product on V, theéhis self adjoint since X*= —
X forall X € &, and®S§ = &. It follows that the connected Lie group G SL(V) is self adjoint
since G is generated by exp). Moreover,®, is the subalgebra of skew Hermitian elementssof
This proves the remaining assertion in 1).

2) Recall thas, = R-span€,), wherec is the compact Chevalley basis &f, given by¢, =
{Ta: @ € A;Ag,Bg: 5 € &1}, It suffices to prove 1) for alb € & since the metric transpose
operation * is an involution. Now A= X3 — X_gand B; = X3 +iX_s forall 3 € &*. Hence
X3 = 2(Ag — iBg) and X_3 = —1(Ap + iBg). Assertion 2) now follows immediately since;A
:—Aganng*:—Bﬁ.

3) It suffices to prove that,* = 7, for all « € ® since these vectors sp&n. As an element of
End(V) we note that, = [Xo,X_o] = Xp0 X_o— X_40 X,. Hencer,* = 7, foralla € ® by
2).

4) Lety, p* be distinct weights i\, and lety,, v,,- be arbitrary vectors in y, V- respectively.
Since{r, : a € A} spansf there existsx € ® such thatu(r,) # p*(7.). Using 3) we compute
(Ta) (Vs V) = (Ta(vp),vp) = (Vp, Ta(vps)) = p*(Ta)(Vp, V) = p*(7a)(vy, vyx) since
w* (7o) is an integer. We conclude that,, v,-) = 0 sinceu(ra) # ' (7a).

We show that ¥ is orthogonal to V, for all x € A. Givenp € A chooseax € @ such that
(7o) # 0. This can be done singe # 0 and{7, : @ € A } spansf). Given arbitrary elements
Vo € Vg and vy, € V,, we computed = (1,(vp),v,) = (vo, Ta (V) = p(7a)(vo, v,) by 3), which
completes the proof of 4). O

Z — bases adapted to weight spaces

Every complex&-module V admits a basi®* such that the elements af(®)z (defined in
section 3) leave invariat#-span®*). In particular this applies to the elements of a Chevalley basis
¢ of & since¢ C i(&)z. Moreover, the basi®* can be chosen to be a union of bases for the
weight spaces yand V,,, i € A. More precisely we have

Proposition 4.4. Let® be a complex, semisimple Lie algebra, and let V be an irreducibheodule.
Let $ be a Cartan subalgebra a$, and letA be a base for the root®. Let A € A be the unique
highest dominant weight of V, and let v be any nonzero vector in the weight spatb&h

