THE RICCI TENSOR AND KILLING VECTOR FIELDS IN RIEMANNIAN
SYMMETRIC SPACES

We recall the general framework of Riemannian symmetric spaces of the form G/K. Let G be a
connected Lie group, and let: G — G be an automorphism of order 2 such thakif= Fix(c) then
Ad(K) has compact closure in G8). Let K be a closed subgroup of G such th& ¢ K C K.
Let (,) be a G-invariant Riemannian structure on the coset manifold G/K. We showed elsewhere that
G/K with the Riemannian structurg) is a Riemannian symmetric space.

Let® = R & B be the decomposition @ into +1 and—1 eigenspaces ofd: & — &. We
have seen elsewhere that the tangent spaged@/K may be identified withd3 as follows : for each
x € Tex G/K let X be the unique element 8 such that x= o/ (0), wherea(t) = exp(tX)K for
allt e R. If x,y,z € T.x G/K are identified with X,Y,Zc B in this manner, then we have seen that
R(x,y)z € T.x G/K is identified with [ [X,Y], Z] € B.

Proposition A Let G/K be a Riemannian symmetric space with a G-invariant Riemannian
structure(, ) as defined above. Let xg T.x G/K be identified with X,Ye . Then Ric(x,y)=
— £ B(X,Y), where Ric denotes the Ricci tensor on G/K and B denotes the Killing for.on

We shall need several steps.

I  The metric (,)* on P

Let 7 : G — G/K be the projection map. We recall from the handout on G/H that3(e) —
T.x G/K is an isomorphism, whef8(e) = {X(e) : X € P} C T.G. Let(,)* be the unique inner
product o3 such that X, Y)* = (m. X (e), 7. Y (e)) for all X,Y € .

Lemma 1. Let xe Tex G/K, and let Xe ‘B be the unique element that corresponds to x as above.
Then x= 7, X (e) = X(eK), whereX is the vector field on G/K such with flow transformations

{Leapiex)}-

Proof. Note thatr = o/(0), wherea(t) = L..p¢x)(eK) is an integral curve oK. This shows
that X (eK) = o/(0) = z. Next, writea(t) = (7 o )(t), where§(t) = exp(tX). Then x
=a/(0) = m.0'(0) = m. X (e). O

Lemma 2. Let x,y€ T.xx G/K correspond to X,¥ 3 as above. LeTx = (ad X)? : & — & and
let R, : T.x G/K— T.x G/K be the curvature transformation given by(R) = R(x,y)x. Then

1) T'x leaves invariant bott® and‘p.

2) R.(y) € Tex G/K corresponds te-T'x (V) € B.

3) Tx : P — P is symmetric relative tg, )*.

Proof. 1) Sincef and®3 are the+1 and—1 eigenspaces ofd: & — & it follows that[g], K] C
KRB c Pand[P,P] € & IfX € P,and Ye &, then [X,Y] € B, 8] € PandTx(Y) =
adX ([X,Y]) € [B, ] C K. HenceTx leavesR invariant, and a similar argument shows tiiat
leaves]s invariant.

Date April 11, 2005.



2 THE RICCI TENSOR AND KILLING VECTOR FIELDS IN RIEMANNIAN SYMMETRIC SPACES

2) By the formula above for the curvature tensor we haygyR= R(x,y)x corresponds to
[X, Y], X]=—[X,[X,Y]] = —(ad X)Z(Y) =-Tx(Y).

3) Let x,y,z€ T.x G/K correspond to X,Y,Z . From Lemma 1, 2) of Lemma 2 and the sym-
metry of R, we obtain(Tx (Y), Z)* = (m.Tx(Y)(e),mZ(e)) = (—R.(y), 2) = (—y, Rz(2)) =
(Y, Tx(Z))*. The last equality comes from reversing the argument used in the previous equali-
ties. O

II The action of Tx on &

We saw in 1) of Lemma 2 that{ leaves invarianf as well as3. By 3) of Lemma 2 it fol-
lows that Ty is diagonalizable oveR on 3. The goal of this section is to show thakTis also
diagonalizable ovelR on £, and has the same eigenvalues with the same multiplicities g on

Lemma 3. Let X< P and consider the mapx: & — K. Then

1) The eigenvalues ofxTon ‘B are the same as the eigenvalues gf dn K.

2) Let\ € R be an eigenvalue for j on both®3 and &, and let]3,, and K, be the corresponding
eigenspaces i3 and 8 for Tx. Then the maps ad X, — Ky and ad X : R, — ‘B, are
isomorphisms.

Proof. Let Az C R be the set of nonzero eigenvalues af[%; and letAz C C be the set of nonzero
eigenvalues of T |z. Let A € Ag be given, and let Y 3 be a nonzero vector withJ(Y) = AY.
Since ad X commutes withJ = (ad X)* we haveT'x (adX (Y) = adX (Tx (Y)) = AMadX (Y)).
Note ad X(Y) is nonzero sind@# \Y = Tx (Y) = adX (adX (Y)). Since ad X(Y)e [B,B] C R

it follows that\ is an eigenvalue for ¥ acting onf with eigenvector ad X(Y). We have proved

(@) Agp C Ag andadX (PBr) C K.

Next, we show thah z C Ay C R. A priori, the elements o x might be complex numbers, but
the inclusion assertion above will show they are real numbersu leef\ ¢ be given, and leg € &€
be a nonzero vector such thag (¢€) = u €. Note thatad X (R®) € {ad X (R)}C c [, &€ c RC.
In particular,” = adX (€) € P andTx (¢') = (Tx 0 adX)(€) = (adX o Tx)(§) = padX (£) =
1€ . Again,& = adX (£) is nonzero sinc@ # u & = Tx (€) = adX (adX (€)) = adX (€).

The arguments above show theis a nonzero eigenvalue ofTon3¢. However, the eigenvalues
of Tx on‘P are the same as the eigenvalues gf @ PBC. Henceu € Ag, and since: € Ag was
arbitrary we have proved thatg C Ag. Combining this statement with (a) yields

(b)Agp =Ag=ACR

We have completed the proof of 1), and we now complete the proof of 2). An argument almost
identical to that used in the proof of (a) shows

(c) ad X (Ry) C Pa.

To prove 2) we show that ad Xk, — P, and ad X 53, — K, are injective. It will then follow
that dim3, > dim K, and dimg, > dim 3, respectively. We conclude that dif, = dim R,
and 2) will now follow from the injectivity of ad X.

Let Z € &) be an element such that ad X(2) 0. Then Ze Ker adX C Ker (adX)? =
Ker Tx, which implies that Z= &, N &) = {0}. Hence ad X R\ — ‘B, is injective, and a similar
argument shows that ad X3, — R, is injective. ]

Lemma4. Tx : R — Ris diagonalizable oveR.
Proof. For A € Alet & = {Z € & : (Tx — A)N(Z) = 0 for some positive integer N}
and let; = {Z € P : (Tx — N)N(Z) = 0 for some positive integer N}. Let &) =

{Z € & : TY(Z) = 0 for some positive integer N} and letB; = {Z € P : T¥(Z) =
0 for some positive integer N} The eigenvalues of ¥ on 8 andp3 are real, and hence by the
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primary decomposition theorem it follows that= &5 © >, &} andP = PBH D > cx P
Clearly,Bo C B andP, C B3, whereP, and’B, denote the kernel ankl- eigenspace of ¥ in
L. By 3) of Lemma 2 = Py @ >, P, and it follows thatPy = Po andP3 = P for all
A €A

Similarly, 8y C & andf, C K3. It suffices to show that the reverse inclusions hold. Let &5
be given. Ther{Tx — AI)™¥ (Z) = 0 for some positive integer N. If Y = ad X(Z), then& [, K] C
Band(Tx — M)V (Y) = (Tx —M)NadX(Z) = adX{(Tx — M\)N(Z)} = 0. This shows that Y
€ P31 =P Hence(Tx — AI)(2) lies in the kernel of ad X sinced X {(Tx — A\I)(Z)} = (T'x —
M) (adX(Z)) = (Tx — MI)(Y) = 0. Note thatKer(adX) C Ker(adX)? = Ker(Tx) = Ro.
Hence(Tx — M\)(Z) € R, N Ry C & N K = {0}, and Ze K. This proves thaR} C &), and
hence equality must hold. A similar argument shows fjat= Ro. HenceR = Ko@) ., fx. O

IIT  Proof of Proposition A

Proof. Let x,y € T.x G/K be identified with X,Ye B as described above. We wish to show that
Ric(x,y) = f%B(X,Y). Since both Ric and B are symmetric bilinear forms it suffices by polarization
to show that Ric(x,x)= —% B(X,X). By 2) of Lemma 2 it follows that Ric(x,x}= trace R, =
— trace (Tx|y) = — trace (ad XJ|g. Note that B(X,X)= trace (ad Xj = trace (ad Xj|x+ trace
(ad X)|. Hence it suffices to prove that trace (ad)g) = trace (ad Xj|q.

Let A be an eigenvalue ¢f and hence also of by Lemma 3. Lemma 3 also shows that dim
(B) = dim (Ry). Hence trace (ad X}y = >, .4 Adim(Br) = D cp Mdim(Ky) = trace (ad
X)?| - O

IV Killing vector fields on 7x and eigenvectors of Tx

The eigenvectors of ¥ give rise to special Jacobi vector fields on the geodesic) = exp(sX)K
in G/K. Before making a precise statement in Proposition C below we derive a result that is interest-
ing in its own right.

For A € & let A denote the vector field on G/K with flow transformatio’s, ;4 }. We recall
from Lemma 1 that for each@aT. x G/K there exists a unique element ABfsuch that a= fl(eK).
The vector fieldd is a Killing vector field since its flow transformations are isometries of G/K, and
hence the restriction o to any geodesig(s) of G/K is a Jacobi vector field of(s).

Proposition B Letyx (s) = exp(sX)K, a geodesic in G/K. Let Z & be given, and consider
the geodesic variation f(s ) exp(tZ)yx (s) = exp(tZ)exp(sX) K. Let Y(s) be the variation vector
field onyx (s).

1) If Z € R, then Y(s) is the unique Jacobi vector field og(s) such thatY' (0) = 0 and
Y'(0) = [Z, X](eK). )

2) If Z € B, then Y(s) is the unique Jacobi vector field 9R(s) such thaft’(0) = Z(eK) and
Y'(0) = 0.

Remark Note that if Ze g and Xe R, then [Z,X] € [&,B] C P.

Proof. Let f(s,t) be the geodesic variation given by f(sst)exp(tZ)exp(sX)K ofyx (s) = f(s,0),
and let Y(s) be the variation vector field. By definitidf(s) = fi(s,0) = %h:of(s,t), and
Y'(s) = Vy, fi(s,0). By the first variation lemma&™(0) = Vy, fs(0,0) = the covariant derivative
at t = 0 of the vector field (0, ¢) along the curve f(0,t).

1) In this case exp(tZE K for all t € R since Ze R = LK. Hence f(0,t)= exp(tZ)K = eK
for all t, and it follows that Y(0)= 4 |,_, f(0,t) = 0.
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Since exp(tZg K for all t we may writef (s, t) = exp(tZ)exp(sX)exp(—tZ)K = exp(sX (t)) K,

—

where X(t)= Ad(exp(t2))(X). Hencef(0,t) = X (t)(eK) € T.x G/ K forallt. Since f(0,t)= eK s
a constant curve it follows that’ (0) = lim—o{ £2@0=F00 — 3, (XOEKIZXO)(R)y
Y/(eK), whereY = limtzo{w}. We use the fact thal — A is a linear map betwee@
andX(G/K). Finally, Y = lim,_o{ AePUZXXY — q7(X) = [Z, X]. This completes the
proof of 1).

2) In this casef (0,t) = exp(tZ)K = vz(t), a geodesic of G/K that starts at eK. It follows that
Y(0) = £li=0f(0,t) = Z(eK).

To computeY”’(0) we first computef,(0,t) = L|_g f(s,t) = 2|smo exp(tZ)yx(s) =
exp(tZ)«v (0). Since G/K is a symmetric space an&2Zp we know thaexp(tZ). : TexG/K —
T,, G/ K is parallel translation along the geodesijg(t). Hencef, (0, 1) is a parallel vector field

X(t) along~z(t). SinceY’(0) = the covariant derivative at t = 0 of the vector figlgl0, ¢) along
the curve f(0,t)= vz (t), we conclude that” (0) = 0. O

We recall from Lemma 3 that for X 3 the nonzero eigenvalues foxTon ‘P and{ are the same
real numbers with the same multiplicities. Moreover, ad Xy: — B, and ad X B, — K, are
isomorphisms. As before we Ig&t, and®l3, denote the eigenspacesirand’} respectively for T.

Proposition C For X € P we lety(s) = exp(sX)K, a geodesic in G/K. Let Z & be given,
and consider the geodesic variation f(s;exp(tZ)y(s) = exp(tZ)exp(sX)K. Let Y(s) be the
variation vector field ony(s) = exp(sX)K. Let X € R be an eigenvalue of .

1) If Z € R), then Y(s) = y(s) E(s), where E(s) is a parallel vector fielchds), and y(s) is the
C* function such thay(0) = 0,4'(0) = 1 andy”(s) — Ay(s) = 0.

2) If Z € P, then Y(s) = y(s) E(s), where E(s) is a parallel vector fielchdsn), and y(s) is the
C= function such thay(0) = 1, 4'(0) = 0 andy”(s) — Ay(s) = 0.

To prove 1) we first derive a preliminary result. Recall that fat X.x the curvature transfor-
mationR, : T.xG/K — T,xG/K is given byR.(y) = R(x,y)z.

Lemma. Let X€ B be given, and leh € R be an eigenvalue of i Let~y(s) = ezp(sX)K, a
geodesic in G/K, and let E(s) be a parallel vector fielddr) such that E(0)= Z(eK) for some
Z € PBx. ThenR,, (5 E(s) = —AE(s) for all s.

Proof. Clearly —\E(s) is a parallel vector field on(s) and R, E(s) is a parallel vector field on
7(s) since G/K is a symmetric space. It remains only to prove that/(s) and R () E(s) have
the same value at-s 0.

Evidently, ~A\F(0) = —\Z(eK) € T.x G/K, which corresponds te-A\Z < B. Since
v'(0), E(0) € T.x G/K correspond to X,Ze 3 respectively, it follows from 2) of Lemma 2
that R,/ (0)E(0) € Tex G/K corresponds te-Tx Z = —\Z € P. O

We now prove 1). From 1) of Proposition B we see that Y(s) is the unique Jacobi vector field on
v(s) such thaty’(0) = 0 andY’(0) € T.x G/K corresponds t6Z, X] € B. From Lemma 3 it
follows that[Z, X] = —ad X (Z) € P, sinceZ € K.

Now let Y (s) = y(s)E(s) where E(s) is the parallel vector field erfs) such that E(0) cor-
responds tdZ, X| € P, and y(s) is the unique function such thgd) = 0,y'(0) = 1 and
y"(s) — Ay(s) = 0. It suffices to prove that (s) is a Jacobi vector field on(s) with the same
initial conditions as Y(s).
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Since E(s) is parallel we comput€’ (s) = y”(s)E(s) for all s. Next,R., ;)Y (s) = y(s) Ry 1 E(s) =
—\y(s) E(s) by the lemma above. Heng&’'(s) —|—R7/(t)5~/(8) = {y"(s) — \y(s)}E(s) = 0, which
proves that’(s) is a Jacobi vector field of(s).

By the definition of y(s) we hav& (0) = y(0)E(0) = 0 andY’(0) = 4/ (0)E(0) = E(0), which
corresponds t§Z, X| € B,. This shows that the variation vector field Y(s) a¥is) have the same
initial conditions at s = 0.

We prove 2). From 2) of Proposition B we see that Y(s) is the unique Jacobi vector fieldpn
such that’ (0) € T.x G/K corresponds t& € B3, andY’(0) = 0.

Let Z € B3, be given, and let Y(s) be the variation vector field of the geodesic variatiofsof
determined by Z as in the statement of the proposition. As in the proof of 1) we d?é(isje:
y(s)E(s), where E(s) is the parallel vector field o1s) such thatF(0) € T.x G/K corresponds to
Z € P, and y(s) is the unique function such thgd) = 1,¢'(0) = 0 andy”(s) — Ay(s) = 0. As
above, it suffices to show that(s) is a Jacobi vector field om(s) with the same initial conditions
as Y(s).

Since E(s) is parallel we obtafi” (s) = y”(s)E(s) for all s. By the lemma used in the proof
of 1) we computeR, ()Y (s) = y(s) Ry (s)E(s) = —\y(s) B(s). HenceY” (s) + Ry (5)Y (s) =
{y"(s) — \y(s)}E(s) = 0, which shows thal’(s) is a Jacobi vector field on(s). We compute
Y (0) = y(0)E(0) = E(0), which corresponds t& € B, andY’(0) = 4/(0)E(0) = 0. Hence
Y(s) andY (s) have the same initial conditions, which completes the proof of 2) and of the proposi-
tion.



