
THE RICCI TENSOR AND KILLING VECTOR FIELDS IN RIEMANNIAN
SYMMETRIC SPACES

We recall the general framework of Riemannian symmetric spaces of the form G/K. Let G be a
connected Lie group, and letσ : G→G be an automorphism of order 2 such that ifK̃ = Fix(σ) then
Ad(K̃) has compact closure in GL(G). Let K be a closed subgroup of G such thatK̃0 ⊂ K ⊂ K̃.
Let 〈, 〉 be a G-invariant Riemannian structure on the coset manifold G/K. We showed elsewhere that
G/K with the Riemannian structure〈, 〉 is a Riemannian symmetric space.

Let G = K ⊕ P be the decomposition ofG into +1 and−1 eigenspaces of dσ : G → G. We
have seen elsewhere that the tangent space TeK G/K may be identified withP as follows : for each
x ∈ TeK G/K let X be the unique element ofP such that x= α′(0), whereα(t) = exp(tX)K for
all t ∈ R. If x,y,z ∈ TeK G/K are identified with X,Y,Z∈ P in this manner, then we have seen that
R(x,y)z∈ TeK G/K is identified with [ [X,Y], Z ] ∈ P.

Proposition A Let G/K be a Riemannian symmetric space with a G-invariant Riemannian
structure〈, 〉 as defined above. Let x,y∈ TeK G/K be identified with X,Y∈ P. Then Ric(x,y)=
− 1

2 B(X,Y), where Ric denotes the Ricci tensor on G/K and B denotes the Killing form onG.
We shall need several steps.

I The metric 〈, 〉∗ on P
Let π : G→ G/K be the projection map. We recall from the handout on G/H thatπ∗ : P(e) →

TeK G/K is an isomorphism, whereP(e) = {X(e) : X ∈ P} ⊂ TeG. Let〈, 〉∗ be the unique inner
product onP such that〈X, Y 〉∗ = 〈π∗X(e), π∗Y (e)〉 for all X,Y ∈ P.

Lemma 1. Let x∈ TeK G/K, and let X∈ P be the unique element that corresponds to x as above.
Then x= π∗X(e) = X̃(eK), whereX̃ is the vector field on G/K such with flow transformations
{Lexp(tX)}.

Proof. Note thatx = α′(0), whereα(t) = Lexp(tX)(eK) is an integral curve of̃X. This shows
that X̃(eK) = α′(0) = x. Next, write α(t) = (π ◦ β)(t), whereβ(t) = exp(tX). Then x
= α′(0) = π∗β

′(0) = π∗X(e). �

Lemma 2. Let x,y∈ TeK G/K correspond to X,Y∈ P as above. LetTX = (ad X)2 : G → G and
let Rx : TeK G/K→ TeK G/K be the curvature transformation given by Rx(y) = R(x,y)x. Then

1) TX leaves invariant bothK andP.
2) Rx(y) ∈ TeK G/K corresponds to−TX(Y ) ∈ P.
3) TX : P → P is symmetric relative to〈, 〉∗.

Proof. 1) SinceK andP are the+1 and−1 eigenspaces of dσ : G → G it follows that [K,K] ⊂
K, [K,P] ⊂ P and[P,P] ⊂ K. If X ∈ P, and Y∈ K, then [X,Y] ∈ [P,K] ⊂ P andTX(Y ) =
adX([X, Y ]) ∈ [P,P] ⊂ K. HenceTX leavesK invariant, and a similar argument shows thatTX

leavesP invariant.
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2) By the formula above for the curvature tensor we have Rx(y) = R(x,y)x corresponds to
[[X, Y ], X] = −[X, [X, Y ]] = −(ad X)2(Y ) = −TX(Y ).

3) Let x,y,z∈ TeK G/K correspond to X,Y,Z∈ P. From Lemma 1, 2) of Lemma 2 and the sym-
metry of Rx we obtain〈TX(Y ), Z〉∗ = 〈π∗TX(Y )(e), π∗Z(e)〉 = 〈−Rx(y), z〉 = 〈−y, Rx(z)〉 =
〈Y, TX(Z)〉∗. The last equality comes from reversing the argument used in the previous equali-
ties. �

II The action of TX on K
We saw in 1) of Lemma 2 that TX leaves invariantK as well asP. By 3) of Lemma 2 it fol-

lows that TX is diagonalizable overR on P. The goal of this section is to show that TX is also
diagonalizable overR onK, and has the same eigenvalues with the same multiplicities as onP.

Lemma 3. Let X∈ P and consider the map TX : K → K. Then
1) The eigenvalues of TX onP are the same as the eigenvalues of TX onK.
2) Letλ ∈ R be an eigenvalue for TX on bothP andK, and letPλ andKλ be the corresponding

eigenspaces inP and K for TX . Then the maps ad X :Pλ → Kλ and ad X :Kλ → Pλ are
isomorphisms.

Proof. Let ΛP ⊂ R be the set of nonzero eigenvalues of TX |P and letΛK ⊂ C be the set of nonzero
eigenvalues of TX |K. Let λ ∈ ΛP be given, and let Y∈ P be a nonzero vector with TX (Y) = λY.
Since ad X commutes with TX = (ad X)2 we haveTX(adX(Y ) = adX(TX(Y )) = λ(adX(Y )).
Note ad X(Y) is nonzero since0 6= λY = TX(Y ) = adX(adX(Y )). Since ad X(Y)∈ [P,P] ⊂ K
it follows thatλ is an eigenvalue for TX acting onK with eigenvector ad X(Y). We have proved

(a)ΛP ⊂ ΛK andadX(Pλ) ⊂ Kλ.
Next, we show thatΛK ⊂ ΛP ⊂ R. A priori, the elements ofΛK might be complex numbers, but

the inclusion assertion above will show they are real numbers. Letµ ∈ ΛK be given, and letξ ∈ KC

be a nonzero vector such thatTX(ξ) = µ ξ. Note thatadX(KC) ⊂ {adX(K)}C ⊂ [P,K]C ⊂ PC.
In particular,ξ

′
= adX(ξ) ∈ PC andTX(ξ

′
) = (TX ◦ adX)(ξ) = (adX ◦ TX)(ξ) = µ adX(ξ) =

µ ξ
′
. Again,ξ

′
= adX(ξ) is nonzero since0 6= µ ξ = TX(ξ) = adX(adX(ξ)) = adX(ξ

′
).

The arguments above show thatµ is a nonzero eigenvalue of TX onPC. However, the eigenvalues
of TX on P are the same as the eigenvalues of TX on PC. Henceµ ∈ ΛP, and sinceµ ∈ ΛK was
arbitrary we have proved thatΛK ⊂ ΛP. Combining this statement with (a) yields

(b) ΛP = ΛK = Λ ⊂ R.
We have completed the proof of 1), and we now complete the proof of 2). An argument almost

identical to that used in the proof of (a) shows
(c) adX(Kλ) ⊂ Pλ.
To prove 2) we show that ad X :Kλ → Pλ and ad X :Pλ → Kλ are injective. It will then follow

that dimPλ ≥ dim Kλ and dimKλ ≥ dim Pλ respectively. We conclude that dimPλ = dim Kλ,
and 2) will now follow from the injectivity of ad X.

Let Z ∈ Kλ be an element such that ad X(Z)= 0. Then Z∈ Ker adX ⊂ Ker (adX)2 =
Ker TX , which implies that Z∈ K0 ∩Kλ = {0}. Hence ad X :Kλ → Pλ is injective, and a similar
argument shows that ad X :Pλ → Kλ is injective. �

Lemma 4. TX : K → K is diagonalizable overR.

Proof. For λ ∈ Λ let K∗λ = {Z ∈ K : (TX − λI)N (Z) = 0 for some positive integer N}
and letP∗

λ = {Z ∈ P : (TX − λI)N (Z) = 0 for some positive integer N}. Let K∗0 =
{Z ∈ K : TN

X (Z) = 0 for some positive integer N} and letP∗
0 = {Z ∈ P : TN

X (Z) =
0 for some positive integer N} The eigenvalues of TX on K andP are real, and hence by the
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primary decomposition theorem it follows thatK = K∗0 ⊕
∑

λ∈Λ K∗λ andP = P∗
0 ⊕

∑
λ∈Λ P∗

λ.
Clearly,P0 ⊂ P∗

0 andPλ ⊂ P∗
λ, whereP0 andPλ denote the kernel andλ - eigenspace of TX in

P. By 3) of Lemma 2P = P0 ⊕
∑

λ∈Λ Pλ, and it follows thatP∗
0 = P0 andP∗

λ = Pλ for all
λ ∈ Λ.

Similarly,K0 ⊂ K∗0 andKλ ⊂ K∗λ. It suffices to show that the reverse inclusions hold. Let Z∈ K∗λ
be given. Then(TX −λI)N (Z) = 0 for some positive integer N. If Y = ad X(Z), then Y∈ [P,K] ⊂
P and(TX −λI)N (Y ) = (TX −λI)NadX(Z) = adX{(TX −λI)N (Z)} = 0. This shows that Y
∈ P∗

λ = Pλ. Hence(TX − λI)(Z) lies in the kernel of ad X sinceadX{(TX − λI)(Z)} = (TX −
λI)(adX(Z)) = (TX − λI)(Y ) = 0. Note thatKer(adX) ⊂ Ker(adX)2 = Ker(TX) = K0.
Hence(TX − λI)(Z) ∈ K∗λ ∩ K0 ⊂ K∗λ ∩ K∗0 = {0}, and Z∈ Kλ. This proves thatK∗λ ⊂ Kλ, and
hence equality must hold. A similar argument shows thatK∗0 = K0. HenceK = K0⊕

∑
λ∈Λ Kλ. �

III Proof of Proposition A

Proof. Let x,y ∈ TeK G/K be identified with X,Y∈ P as described above. We wish to show that
Ric(x,y)= − 1

2B(X,Y). Since both Ric and B are symmetric bilinear forms it suffices by polarization
to show that Ric(x,x)= − 1

2 B(X,X). By 2) of Lemma 2 it follows that Ric(x,x)= trace Rx =
− trace (TX |P) = − trace (ad X)2|P. Note that B(X,X)= trace (ad X)2 = trace (ad X)2|K+ trace
(ad X)2|P. Hence it suffices to prove that trace (ad X)2|K = trace (ad X)2|P.

Let λ be an eigenvalue ofP and hence also ofK by Lemma 3. Lemma 3 also shows that dim
(Pλ) = dim (Kλ). Hence trace (ad X)2|P =

∑
λ∈Λ λdim(Pλ) =

∑
λ∈Λ λdim(Kλ) = trace (ad

X)2|K. �

IV Killing vector fields on γX and eigenvectors of TX

The eigenvectors of TX give rise to special Jacobi vector fields on the geodesicγX(s) = exp(sX)K
in G/K. Before making a precise statement in Proposition C below we derive a result that is interest-
ing in its own right.

For A ∈ G let Ã denote the vector field on G/K with flow transformations{Lexp(tA}. We recall
from Lemma 1 that for each a∈ TeKG/K there exists a unique element A ofP such that a= Ã(eK).
The vector fieldÃ is a Killing vector field since its flow transformations are isometries of G/K, and
hence the restriction of̃A to any geodesicγ(s) of G/K is a Jacobi vector field onγ(s).

Proposition B Let γX(s) = exp(sX)K, a geodesic in G/K. Let Z∈ G be given, and consider
the geodesic variation f(s,t)= exp(tZ)γX(s) = exp(tZ)exp(sX)K. Let Y(s) be the variation vector
field onγX(s).

1) If Z ∈ K, then Y(s) is the unique Jacobi vector field onγX(s) such thatY (0) = 0 and

Y ′(0) = [̃Z,X](eK).
2) If Z ∈ P, then Y(s) is the unique Jacobi vector field onγX(s) such thatY (0) = Z̃(eK) and

Y ′(0) = 0.
Remark Note that if Z∈ K and X∈ P, then [Z,X]∈ [K,P] ⊂ P.

Proof. Let f(s,t) be the geodesic variation given by f(s,t)= exp(tZ)exp(sX)K ofγX(s) = f(s,0),
and let Y(s) be the variation vector field. By definitionY (s) = ft(s, 0) = d

dt |t=0f(s, t), and
Y ′(s) = ∇fs

ft(s, 0). By the first variation lemmaY ′(0) = ∇ft
fs(0, 0) = the covariant derivative

at t = 0 of the vector fieldfs(0, t) along the curve f(0,t).

1) In this case exp(tZ)∈ K for all t ∈ R since Z∈ K = LK. Hence f(0,t)= exp(tZ)K = eK
for all t, and it follows that Y(0)= d

dt |t=0f(0, t) = 0.



4 THE RICCI TENSOR AND KILLING VECTOR FIELDS IN RIEMANNIAN SYMMETRIC SPACES

Since exp(tZ)∈K for all t we may writef(s, t) = exp(tZ)exp(sX)exp(−tZ)K = exp(sX(t))K,

where X(t)= Ad(exp(tZ))(X). Hencefs(0, t) = X̃(t)(eK) ∈ TeKG/K for all t. Since f(0,t)≡ eK is

a constant curve it follows thatY ′(0) = limt=0{ fs(0,t)−fs(0,0)
t } = limt=0{ X̃(t)(eK)−X̃(0)(eK)

t } =
Ỹ (eK), whereY = limt=0{X(t)−X(0)

t }. We use the fact thatA → Ã is a linear map betweenG

andX(G/K). Finally, Y = limt=0{Ad(exp(tZ)X−X
t } = adZ(X) = [Z,X]. This completes the

proof of 1).
2) In this casef(0, t) = exp(tZ)K = γZ(t), a geodesic of G/K that starts at eK. It follows that

Y (0) = d
dt |t=0f(0, t) = Z̃(eK).

To computeY ′(0) we first computefs(0, t) = d
ds |s=0 f(s, t) = d

ds |s=0 exp(tZ)γX(s) =
exp(tZ)∗γ′X(0). Since G/K is a symmetric space and Z∈ P we know thatexp(tZ)∗ : TeKG/K →
TγZ(t)G/K is parallel translation along the geodesicγZ(t). Hencefs(0, t) is a parallel vector field
X(t) alongγZ(t). SinceY ′(0) = the covariant derivative at t = 0 of the vector fieldfs(0, t) along
the curve f(0,t)= γZ(t), we conclude thatY ′(0) = 0. �

We recall from Lemma 3 that for X∈ P the nonzero eigenvalues for TX onP andK are the same
real numbers with the same multiplicities. Moreover, ad X :Kλ → Pλ and ad X :Pλ → Kλ are
isomorphisms. As before we letKλ andPλ denote the eigenspaces inK andP respectively for TX .

Proposition C For X ∈ P we letγ(s) = exp(sX)K, a geodesic in G/K. Let Z∈ G be given,
and consider the geodesic variation f(s,t)= exp(tZ)γ(s) = exp(tZ)exp(sX)K. Let Y(s) be the
variation vector field onγ(s) = exp(sX)K. Let λ ∈ R be an eigenvalue of TX .

1) If Z ∈ Kλ, then Y(s) = y(s) E(s), where E(s) is a parallel vector field onγ(s), and y(s) is the
C∞ function such thaty(0) = 0, y′(0) = 1 andy′′(s)− λy(s) = 0.

2) If Z ∈ Pλ, then Y(s) = y(s) E(s), where E(s) is a parallel vector field onγ(s), and y(s) is the
C∞ function such thaty(0) = 1, y′(0) = 0 andy′′(s)− λy(s) = 0.

To prove 1) we first derive a preliminary result. Recall that for x∈ TeK the curvature transfor-
mationRx : TeKG/K → TeKG/K is given byRx(y) = R(x, y)x.

Lemma. Let X∈ P be given, and letλ ∈ R be an eigenvalue of TX . Let γ(s) = exp(sX)K, a
geodesic in G/K, and let E(s) be a parallel vector field onγ(s) such that E(0)= Z̃(eK) for some
Z ∈ Pλ. ThenRγ′(s)E(s) = −λE(s) for all s.

Proof. Clearly−λE(s) is a parallel vector field onγ(s) andRγ′(s)E(s) is a parallel vector field on
γ(s) since G/K is a symmetric space. It remains only to prove that−λE(s) andRγ′(s)E(s) have
the same value at s= 0.

Evidently, −λE(0) = −λZ̃(eK) ∈ TeK G/K, which corresponds to−λZ ∈ P. Since
γ′(0), E(0) ∈ TeK G/K correspond to X,Z∈ P respectively, it follows from 2) of Lemma 2
thatRγ′(0)E(0) ∈ TeK G/K corresponds to−TXZ = −λZ ∈ P. �

We now prove 1). From 1) of Proposition B we see that Y(s) is the unique Jacobi vector field on
γ(s) such thatY (0) = 0 andY ′(0) ∈ TeK G/K corresponds to[Z,X] ∈ P. From Lemma 3 it
follows that[Z,X] = −adX(Z) ∈ Pλ sinceZ ∈ Kλ.

Now let Ỹ (s) = y(s)E(s) where E(s) is the parallel vector field onγ(s) such that E(0) cor-
responds to[Z,X] ∈ Pλ and y(s) is the unique function such thaty(0) = 0, y′(0) = 1 and
y′′(s) − λy(s) = 0. It suffices to prove that̃Y (s) is a Jacobi vector field onγ(s) with the same
initial conditions as Y(s).
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Since E(s) is parallel we computẽY ′′(s) = y′′(s)E(s) for all s. Next,Rγ′(t)Ỹ (s) = y(s)Rγ′(t)E(s) =
−λy(s) E(s) by the lemma above. HencẽY ′′(s)+Rγ′(t)Ỹ (s) = {y′′(s)−λy(s)}E(s) = 0, which
proves that̃Y (s) is a Jacobi vector field onγ(s).

By the definition of y(s) we havẽY (0) = y(0)E(0) = 0 andỸ ′(0) = y′(0)E(0) = E(0), which
corresponds to[Z,X] ∈ Pλ. This shows that the variation vector field Y(s) andỸ (s) have the same
initial conditions at s = 0.

We prove 2). From 2) of Proposition B we see that Y(s) is the unique Jacobi vector field onγ(s)
such thatY (0) ∈ TeK G/K corresponds toZ ∈ Pλ andY ′(0) = 0.

Let Z ∈ Pλ be given, and let Y(s) be the variation vector field of the geodesic variation ofγ(s)
determined by Z as in the statement of the proposition. As in the proof of 1) we defineỸ (s) =
y(s)E(s), where E(s) is the parallel vector field onγ(s) such thatE(0) ∈ TeK G/K corresponds to
Z ∈ Pλ and y(s) is the unique function such thaty(0) = 1, y′(0) = 0 andy′′(s) − λy(s) = 0. As
above, it suffices to show that̃Y (s) is a Jacobi vector field onγ(s) with the same initial conditions
as Y(s).

Since E(s) is parallel we obtaiñY ′′(s) = y′′(s)E(s) for all s. By the lemma used in the proof
of 1) we computeRγ′(s)Ỹ (s) = y(s)Rγ′(s)E(s) = −λy(s) E(s). HenceỸ ′′(s) + Rγ′(s)Ỹ (s) =
{y′′(s) − λy(s)}E(s) = 0, which shows that̃Y (s) is a Jacobi vector field onγ(s). We compute
Ỹ (0) = y(0)E(0) = E(0), which corresponds toZ ∈ Pλ, andỸ ′(0) = y′(0)E(0) = 0. Hence
Y(s) andỸ (s) have the same initial conditions, which completes the proof of 2) and of the proposi-
tion.


