The two variable Newton method for solving equations

Let a(x,y) and b(x,y) be two differentiable functions of x andy. In caculuswe
sometimes need to solve the equations

(*)  akxy)=0andb(xy) =0
simultaneoudly. Here are two examples.
Example 1 Find the critical points of afunction f(x,y).

We need to find simultaneous sol utions to the equations gj((x,y) =0and g;(x,y) =
0. Thisis(*), wherea(x,y) = g—:((x,y) and b(x,y) = g;c/(x,y).

Example 2 Find the maximum and minimum values of afunction f(x,y) on a curve of the
form g(x,y) = ¢. The method of Lagrange multipliers says that we must solve the equation
Vi(x,y) = AVg(x,y), which becomes the two equations
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Multiplying (1) byag and multiplying (2) by 5,/ we obtain 0)(63 - 6y6>g<]' Hence we must
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solve the equations (*), where a(x,y) = g(x,y) — c and b(x,y) = axdy ~ dy ox’
Newton's method of solution

In genera there is no method for getting solutionsto (*) that you can write down.
However the Newton method gives a numerical procedure that solves the equation (*) to
any desired degree of accuracy. The idea behind the Newton method isvery smple. We
describeit first and then illustrate the method with two examples.

Step 1 By some method we find an approximate solution (xo,y o) to (*).

One way to find an approximate solution to (*) would be to graph the curves a(x,y)
= 0and b(x,y) =0, and then look to see where these two curvesintersect. A computer
program with azoom finder can be useful here.

Step 2 We replace the linear equations (*) by the approximate equations

()p  B,xy) =0andby(xy) =0
where ao(x,y) and bo(x,y) are the linear approximations of a(x,y) and b(x,y) at (xo,yo). The
equation (*)0 isalinear equation in two unknowns x and y, and it can be easily solved by



hand. The solution (Xl’yl) to (*) o is not the true solution to the original equation (*), but
in generd it is a better approximation than (xo,yo).
Recall that the linear approximation of afunction f(x,y) at a point (Xo'yo) isgiven by
f(xy) =A+B(x-x ) +Cly -y,)
where A = f(xo,yo) ,B= a—x(xo,yo) andC= W(Xo’yo)’ al rea numbers.

Step 3 Wereplace the linear equations (*) by the approximate equations

()1 @ (xy)=0andb,(xy)=0
where a,(x,y) and b, (x,y) are the linear approximations of a(x,y) and b(x,y) at (x;.y,). Let
(x2,y2) be the solution to (*) 1

Step 4 Continue as described above. In genera we get a sequence of approximate
solutions (xl,yl), (x2,y2), s (xk,yk) that converge rapidly to the true solution if the
beginning approximate solution (x oY 0) isreasonably accurate. To obtain the next
approximate solution (Xk+1yk+ 1) we solve the equations

(") axy)=0andby(xy) =0
where ak(x,y) and bk(x,y) are the linear approximations of a(x,y) and b(x,y) at (Xk’yk)'

A matrix formula for the approximate solutions (xk,yk)

In order to solve the approximate equations (*)k above rapidly with acomputer itis

useful to have aformulathat one can program into the computer. First we define the
a oa

Jacobian matrix J(X,y) = )t; g% If wewrite (xk,yk) and (Xk+1’yk+1) as column vectors
X 0y

g;igand g;kﬂ @ then the equation (*), can be written in matrix form as
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The solution gkﬂg to (*)k in matrix form now becomes
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where J(xk,yk)_1 denotesthe inverse of the matrix J(xk,yk).



Example 1 Find an intersection point of the ci rdex? + y2 = 1 and the parabolay = X2,

We need to solve the equations
(*) axy)=0 where a(x,y) = y — X
b(x,y) =0 where b(x,y) = X2 + y2 -1

We pick (Xo’yo) = (1,1) as an approximate solution. 1f ao(x,y) and bo(x,y) denote the linear
approximations at (xo,yo), then we obtain ao(x,y) =-2x+y+land bo(x,y) =2X+2y -
3. Hence the equations ao(x,y) =0and bo(x,y) = 0 have the solution (Xl' yl) =

(576, 213).

If al(x,y) and bl(x,y) denote the linear approximations at (Xl’yl)’ then we obtain
al(x,y) = - (5/3)x +y + (25/36) and bl(x,y) = (5/3)x + (4/3)y — (77/36). Hencethe
equations al(x,y) =0and bl(x,y) = 0 have the solution (x2, y2) =(331/420, 13/ 21).

If we continue this process we obtain the following approximate solutions

(Xl’ yl) =(5/6,2/ 3k (.8333, .6667)

(x2, y2) =(331/420, 13/ 215 (.7881, .6190)

(x3, y3) = (.7861, .6180). In two more steps we obtain 15 digit accuracy

(x5, y5) = (.786151377757423, .618033988749894)

Example 2 Find acritical point of the function f(x,y) = 2x2y2 + xzy -2X - y2
Wecaculate a(x)y) = gf((x,y) = 4xy2 +2xy -2

blxy) = gylxy) = 4xy +x% - 2y
The critical points of f(x,y) are the solutions to the equations a(x,y) = 0 and b(x,y) = 0.
We start with the approximate solution (x oY O) = (1,-1) and we obtain the equations
0=a,(xy)=0+2(x-1) - 6(y+1) =2x -6y - 8
0= bo(x,y) =-1-6(x-1) +2(y+1l) =-6x+2y +7
The solution to these equations is the next approximate solution
(Xl’ yl) =(13/16 ,~17/16)=( .8125,- 1.0625) Continuing we obtain
(x2, y2) = (.8069,- 1.0759) In two more steps we obtain 15 digit accuracy
(x 2 y4) = (.80706841989708651.075848752008690)



