Lietriple systemsin compact semisimple Lie algebras

The elementary theory of Lie triple systems is not easily found in the literature, and
for this reason we present a brief self contained treatment of some parts of the theory.
Let 8 be a finite dimensional Lie algebra oWiersuch that the Killing form % IS
negative definite. It is known that if G is any connected Lie group with Lie al&kteen
G is compact (See for example Proposition 6.6 and Theorem 6.9 of ([He, pp. 132-133]).
A subspace W o is called d.ie triple system ir® if [X, [Y, Z]] OW forall X,Y, 20
W. Fix a bi-invariant metric on any compact connected Lie group G with Lie aleblia

X = exp(W), where exp denotes the matrix exponential map, then it is a well known fact
from the theory of Riemannian symmetric spaces that X is a totally geodesic submanifold of
G = Wi is a Lie triple system if8.

We are interested in the case tat= o(m), the Lie algebra of m x m skew
symmetric matrices, and G is the special orthogonal group SO(m)3@&. @ur
motivation for studying Lie triple systems here is somewhat different. We have already
seen that if Cl V is the Clifford algebra determined by a finite dimensional real inner
product space V and if j : CI' & End (U) is a representation on a finite dimensional real
vector space U, then there exists an inner product <, > on V such that W = j(CI V) is a Lie
triple system iro(U,<, >). Moreover, if m = dim \& 2, then W + [W,W] =o(m+1) if m#
3 and either W + [W,W] ©(4) or W =0(3) if m = 3. These facts are generalized by the
following result, which is relevant for us in the case tBat o(m).
Proposition

Let 8 be a finite dimensional Lie algebra oWiersuch that the Killing form % IS
negative definite. Let W be a Lie triple systen®in Then

1) The subspaces [W, W] afd = W + [W,W] are subalgebras 6f.

2) Let W0 ={X OW:[X,Y]=0forall YOW}. Then W0 is the center of

and$ =W, @& %, whereh =[5, H]is a semisimple ideal db.
Moreover, the direct sum is orthogonal for any advariant inner product
<,>ony.

Remark

An inner product <, > on a Lie algebfais called ag)-invariant fad X:%H - 9
is skew symmetric relative to <, > for every element %inlf & is a finite dimensional
Lie algebra ovelR such that the Killing form E is negative definite, then by well known
properties of the Killing form the inner product <, >B(s is ad@-invariant. See for
example section 6 of [He , p. --].
Pr oof



For the remainder of the proof we §et= W and§f =[W,W]=[R, B8], a
notation that is familiar when discussing Cartan decompositions of semisimple Lie algebras.
We note that from the definitions &f, 8 and Lie triple system we obtain the bracket
relations {}, B] 0 B and [B, B] = K.

Lemmal

The subspacef and$ = §+ are Lie subalgebras ¢ .
Proof of Lemma 1

LetP, P, P/ and B be arbitrary elements &. To show that§, 8]0 & it
suffices to show that [ EF,’PZ] , [Pl', P2']] O&/. IfX= [Pl', P2'], then [[Pl, P2] , X]=ad
([Pl, P2]) (X) =[ad P ad F%] (X) =ad R (ad P (X)) —ad P (ad R (X)) by the Jacobi
identity. Now ad 5>(X) O[RB, 81 0 8 and hence ale(ad P X)) O[R, B]1O K.
Similarly ad Fé (ad F’1 (X)) O &, which proves thafi is a Lie subalgebra ¢8. From the
bracket relations§f, 8] O B [B, B] =8/ and [], &] O & it follows immediately that
$ = {8+R isa Lie subalgebra @8 -

Lemma 2

Let 8 be a finite dimensional Lie algebra oWiersuch that the Killing form % IS
negative definite. LeH be a subalgebra &, and let3 denote the center §. Then

1) B55 (X, X) <0 forall Xin$ with equality -~ X 0 3.

2) H =3 B [H, H], an orthogonal direct sum for anysgarmvariant inner

product <, > or®.

3) The Killing form of [, ] is negative definite and in particuldb [ $] is

semisimple.
Corollary 2

Let 8 be a finite dimensional Lie algebra oWiersuch that the Killing form % IS
negative definite. Le® be any subalgebra @é. Then

a)  issemisimple= § =[%, $] « H has trivial center.

b) There exists a Lie triple system W@ such thathy =W + [W, W].

Proof of Corollary 2

The assertion a) follows immediately from 2) and 3). To prove b) we start by
writing $ =3 &6 350, where3 is the center of) and850 =[%, $] has negative definite
Killing form by 3) of Lemma 2. Next, we use the well known fact that for any Lie algebra
) o whose Killing form B is negative definite there exists a Lie algebra automorptiism
350 - 850 of order two. (See for example [He, pp.451-455] for the casébtga'ﬂ
simple.) Now letg and & be the eigenspaces®in 350 corresponding to the
eigenvalues-1 and 1 respectively. Thdp is a Lie triple systemf =[R, 8] and 350 =
KSBR. Finally, fW=3@BR ,then [W,W]=[8, B]=8 and W + [W, W] =



3
3B{RDBR}=3F 350 = §. The subspace W is a Lie triple system since [W, [W, W]]
=[B, 8]0 OW.
Proof of Lemma 2

1) Let<,>bean ag)drinvariant inner product of. Then E%(X, X) = traceb (ad
X)2 <0, and equality holds- ad X =0 on$ since (ad X3 is symmetric and negative
semidefinite ory.

2) We must show th& =[$, $] —, the orthogonal complement &5 [ $]in %
relativeto <, >. If Z1[%H, H] — and X, YO $ are any elements, then 0 =
<Z [X,Y]>=<][Z X], Y >since ad X is skew symmetric. Hence [Z, X] =0 and Z
since X and Y were arbitrary. Reversing the argument above show$ ttsa} [~ O 3
and completes the proof of 2).

3) Any element Z in the center db[ %] would also lie in the center 6§, which is
ruled out by 2) unless Z = 0. Hendg,[%] has trivial center and the Killing form of
[$, $]is negative definite by 1) applied B[ $].

Lemma3

Let Wo ={X OW:I[X,Y]=0forall YOW} and let®, $ and3 be as in
Lemma 2. Then

a) Wo 03.

b) If 3 #{0}, then W, # {0}.

Proof of Lemma 3

a) Sincef =[W, W] it follows from the Jacobi identity and the definition OBW
that adf (Wo) ={0}. The proof is now complete since MWO) = {0} by the
definition of W0 .

b) If 3 #{0}, thenby Lemma 2%, H]= 8 +[8&, B]is a proper subspace of
$, which implies that §, B8] is a proper subspace $f. Let <, >be any abdinvariant
inner product orfy, and let R, 8] denote the orthogonal complement 8f [R] in 5.
ThenR n {[ &, B] "} is nonzero, and it suffices to show thatn {[ &, ]} O W,

If Pl, P2 and Fé are elements df and Zis an element & n {[ &, 8]}, then

[Pl, [P2, P3]] O[8&, Bland 0 =< Z, [Fl>, [P2, P3]] >=<]Z, Pl], [P2, P3] > since

ad F’1 is skew symmetric. This shows that [£] is orthogonal to B, 8] = &. Since
[Z, B] O[R, B] = 8 we conclude that [ZR] = {0}. .

Corollary 3

Let 8 be a finite dimensional Lie algebra oWiersuch that the Killing form % IS
negative definite. Let W be a Lie triple systen@ipand letH =W + [W,W]. Let W, =
{(X OW: :[X, Y] =0 forall Y OW}, and suppose that W& {0}. Then§ is semisimple.
Proof of Corollary 3



By b) of Lemma 3 the center @f is trivial, and the result now follows from

Corollary 2.D
Irreducible Lietriple systems

To complete the proof of the Proposition we discuss a natural decomposition of Lie
triple systems. A Lie triple system W &f is calledirreducible if W cannot be written as
W= Wl@WZ, where V\{ and V\é are Lie triple systems such that {WVZ] ={0}.
Remark

By using arguments similar to those that have been used above one can show that a
Lie triple system W =88 is irreducible= ad § acts irreducibly orf3. We shall not need
the full strength of this statement.
Lemma4

Let B, W, Wo and$) be as in Corollary 3, and let W be nonabelian. Let <, > be an
adﬁ-invariant inner product ofp .

a) If W0 #{0} and Wl is the orthogonal complement ofo\/m W, then V\{ is a
nonabelian Lie triple syNstem and W :O‘HWI

b) W= WOGB{ S5 Wi}’ where for 1<i <N each VYis a nonabelian irreducible
i=1

Lie triple system with [V|V Wj] =0fori#j.
Pr oof

a) If P1’ Pz’ P3, are elements of Wand X is an element of XVthen
<[ Pl, [ P2, P3]], X>==<] P2, P3], [ P1' X] > =0 since ad fis skew symmetric.
Hence [W,[ W, W,]] O WoL =W,.

b) This follows immediately from a) by decomposinq \ito irreducible pieceg.
Lemmab

Let @ be a finite dimensional Lie algebra oWersuch that the Killing form % is
negative definite. Let W be an irreducible nonabelian Lie triple systé@mamd let$ =
W + [W,W]. Then

a) % is semisimple. Eithe$y =W =[W, W] or Wn [W, W] ={0}and § =
W&o [W, W].

b) IfH =W D [W, W], then Bﬁ) (W, [W, W]) = {0}, where B53 denotes the
Killing form of 8.
Pr oof

a) Let<,>bean %dinvariant inner product ofp . Letil%1 =8 n B and Iet€|32
denote the orthogonal complemenﬂb{in B =W relative to <, >. We shall show that
€|31 andfl32 are Lie triple systems such thé&{, 5[32] = {0} and then apply the
irreducibility hypothesis to complete the proof of a).



It is easy to check thatl is ad § -invariant (in fact,€l31 is an ideal in%y), and hence
5|32 is also adR -invariant. BothEIS1 and5|32are Lie triple systems sincéﬁ[ , §I3i] , fBi]
O% ., B, S[?si] =[8, Sl3i] O €I3i fori=1,2. Notethat § , [5131, 5[32] > =
<[ &, 5[31] , 5|32 > =0 since [R, 5[31] 0 5]31and adil?slacts on® by skew symmetric
transformations. Hencéy[,, 5[32] = {0} since [B t 5[32] is a subspace di thatis
orthogonal tof .

By the irreducibility hypothesis eithé&lz 8 n R ={0}or 5[31: B. Inthe first
case n B =Wn [W,W]={0}and = WDB[W, W]. Inthe second cas&] B] =
8 08 n B =R, whichimplies thatR, B] O[[ R, B], B] O 8. We conclude that W
=P =[B, RlandH =W +[W, W] =W = [W, W].

To show that) is semisimple in either case it suffices by Corollary 2 to show that
% has trivial centeB. If 3 #{0}, then Wo # {0} by b) of Lemma 3, and W is a
reducible Lie triple system by a) of Lemma 4. This contradicts the irreducibility hypothesis
and completes the proof of a)

b) For any elements K f and PO 8, we obtain %(K, P) = trac% (ad Koad
P) = {0} since (ad Koad P)®) O B, (ad Koad P)B) O & and$ = &S B . Hence
B (8, B)={0}
Proof of the Proposition

We show first that Vg is the center oy =W + [W, W]. By b) of Lemma 4 we

N
may write W = V\669{ S5 Wi}’ where for 1<i <N each VYis an irreducible Lie triple
i=1

system with [VY Wj] =0fori#j. If bi = Wi + [\/Vi , Wi ], then35i is semisimple for
1< i <Nbya)of Lemma5. From the definitions it follows tliat= W + [W, W] =

N
WOGB{ B 35i}. Note that [Sﬁi, bj] ={0} fori #j since [V\{, bj] = {0} by the Jacobi
i=1

N
identity and VYgenerateé‘pi. The subalgebr&»0 =@b bi is semisimple since eatﬂni IS
i=1

semisimple, and hend‘eo has trivial center by Lemma 2. Therefor%WS, the center of
», since V\é 03 by a) of Lemma 3.
Since$H =3 @ 350 it follows that [\, $] = [3‘30, 350] = bosincebo is
semisimple. CIearI;bo =[%, Hlisanideal offy. If <, >is any ag-invariant inner
product on%, then3 and$ pare orthogonal by 2) of Lemma 2.
Warning
From b) of Lemma 5 it is tempting to believe that if W is an irreducible nonabelian
Lie triple system in a Lie algebf& whose Killing form is negative definite and if W[W,
W] = {0}, then 1) % =WEH[W, W] must be a simple Lie algebra and 2) W and



[W, W] are orthogonal with respect to anyﬁabhvariant inner product <, > adfy. Indeed,
if 1) holds then so does 2) by b) of Lemma 5 sindg ik a simple Lie algebra, then any
adb-invariant inner product <, > oi) must be a negative multiple of the Killing forn%B
However, both 1) and 2) may fail, even in the case@hato(m) and <, > is the inner
product oro(m) given by < X, Y> =trace XY for all X,Y in o(m).

Example

Let $ be the Lie algebra of a compact, simple Lie group H, arnil b -

End(UI) be an irreducible representation§pfon a finite dimensional real vector spage U
fori=1,2. Assume that dimlut dim U2' LetU = Ul@ U2 andletp: H5EB9H -

End(U) be the representation such & x {0}) = pl(b) [ End(Ul) andp({0} x %) =
pz(b) O End(Uz).

Let <, > denote an %dEB ﬁ-invariant inner product on U. For example, let <, > be
an inner product on U invariant undgH x H), where H is a compact simply connected
Lie group with Lie algebr&® ando is the product representatim‘hx a,:

HxH - GL(U), wherecri ‘H- GL(Ui) is the representation such tha} d P; fori=1,

2. Therp(H B H) 0 G =0(U, <, >), the Lie algebra of skew symmetric linear
transformations of {U, <, >}, and we may define an ad-invariant inner product <<, >> on
o(U, <,>) by << S, T>>=trace (S T). The ad-invariant inner products on a compact
simple Lie algebra are unique up to constant multiples, and hence there exist positive
constantQ\1 and)\2 such that <<, >> = )\18 on% x{0}and<<,>>=- )\ZB on {0} x

%, where B denotes the Killing form féy. The constantsl, )\2 depend on dim &J dim
Uzand in genera?ll;t )\2 if dim U1 #dim U2. This can be readily computed, for example,
in the simplest case where G = SU(2).

Let B ={(p;(X), =p,00) =p (X, -X) : X 0 D} and let & = {(p,(X), p,(X)) =
p(X, X): X O }. Then[R, B]= &, [B, [, RN O [R.R]10 B andRBR =
» B H. HenceR is an irreducible Lie triple system & =o(U, <, >), but clearly
BDB[B, B]=HDH is not asimple Lie algebra.

Let <, > be any ad-invariant inner product®h = (631* b (82*, where 8* is a
semisimple Lie algebra ar(ﬁl*, (82* are (semisimple) ideals @$*. Then [© 1*, (82*] O
(351* N (352* ={0}and < X [X2, Y2] >=< [Xl, X2], Y,>=0 for any eIementst (51*
and X, Y, 0 (82*. Hence <@ L (52* > = {0} since [(52*, (52*] = @)‘2*. Applying this
observation in our situation we conclude that$x< {0} , {0} x % >>={0}. It follows
immediately thati andR are not orthogonal relative to <<, >3\q¢ )‘2'5



