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Introduction  Simply connected homogeneous Riemannian manifolds with negative

sectional curvature are closely connected with nilpotent Lie algebras, and if the sectional

curvature is normalized to satisfy the inequalities − 4 ≤ K ≤ −1 (quarter pinched), then the

connection is with 2-step nilpotent Lie algebras.  In particular, any 2-step nilpotent Lie

algebra N gives rise to a homogeneous Riemannian manifold whose sectional curvature is

negative and quarter pinched.  See section 0 for details.

Let p ≥ 1 and q ≥ 2 be integers and let N(p,q) denote the space of all 2-step

nilpotent Lie algebras N such that the commutator ideal [N , N] has dimension p and

codimension q.  The space N(p,q) admits a C∞ manifold structure and is a fiber bundle

over the Grassmann manifold G(p,p+q) of p-dimensional subspaces of Â
p+q.  The group

GL(p+q,Â) acts in a natural way on N(p,q), and each orbit is an isomorphism class

inN(p,q).

In this article we study  X(p,q) = N(p,q) /  GL(p+q,Â), the space of isomorphism

classes in N(p,q).   We show that X(p,q) with the quotient topology is homeomorphic to the

compact, connected quotient space G(p, so(q,Â)) / SL(q,Â), where SL(q,Â) acts on

so(q,Â) and the associated Grassmann manifold G(p, so(q,Â)) by g(Z) = gZgt  for Z ∈
so(q,Â) and g ∈ SL(q,Â).  It follows immediately that X(p,q) is homeomorphic to

X(D−p,q), where D = dim so(q,Â) = (1/2)q(q−1) (duality).

For each (p,q) we compute the dimension of X(p,q) = G(p, so(q,Â)) / SL(q,Â),

which is defined to be the minimum codimension of an SL(q,Â) orbit in G(p, so(q,Â)).

We reduce the problem to computing the integer cd(p,q), which is defined to be the

minimum codimension of sl(q,Ç)·sl(p,Ç) acting on V(p,q) = Hom (so(q,Ç)*,Çp) §

so(q,Ç)⊗ Çp.  The action is that induced by the standard action of sl(p,Ç) on Çp and the

action of sl(q,Ç) on so(q,Ç) given by X(Z) = XZ + ZXt for all X ∈ sl(q,Ç) and all Z ∈
so(q,Ç).

For ƒ ∈ V(p,q) let sl(q,Ç)·sl(p,Ç)
ƒ

= {(X,Y) ∈ sl(q,Ç)·sl(p,Ç) : (X,Y)(ƒ) =

0}, and define d'p,q to be the minimum dimension of a stabilizer sl(q,Ç)·sl(p,Ç)
ƒ

, ƒ ∈
V(p,q).  Clearly

cd(p,q) = p(D−p) + 2 − q2 + d'p,q  = (
p
2 − 1) q2 − (p2) q + (2−p2) + d'p,q.

For p ≥ 3 very few of the integers d'p,q are nonzero, and work of Elashvili [El] allows one to

compute the nonzero integers d'p,q, where p ≥1 and q ≥ 2.  See also Tables 2a, 2b of [KL],

which add the case d'
3,6 = 1 to the list of [El].
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We show that dim X(p,q) = 0 if cd(p,q) = 0 or 1.  More generally, if cd(p,q) ≥ 1 then

dim X(p,q) = cd(p,q) −1.

In particular we find that X(p,q) has dimension zero precisely for the following pairs

(p,q) and their dual pairs (D−p,q) :

1)  (1, q) and (D−1, q), q ≥ 2  2) (2, 2k+1) and (D−2, 2k+1)   k ≥1

3) (D,q) , q ≥ 2 (free on q generators) 4) (2, 4) and (4, 4)  

5) (2, 6) and (13, 6)  6) (3, 4)  (self dual)

7)  (3, 5) and (7, 5)  8)  (4, 5) and (6, 5).

The first four examples are well known.

To complete the description, dim X(3,6) = dim X(12,6) = 2, dim X(2, 2k) = dim

X(2k2−k−2,2k) = k−3 for k ≥ 4 and dim X(p,q) = p(D−p)+1− q2 > 0 for all remaining

cases.

 Remark  (Scarcity of lattices)  Let N be a nilpotent Lie algebra with k ≥ 2 steps, and let N

denote the unique simply connected nilpotent Lie group with Lie algebra N.  A discrete

subgroup Γ of N is said to be a lattice if the quotient space Γ \ N is compact.  A well known

criterion of Mal'cev says that N admits a lattice Γ ⇔ N admits a basis B with rational

structure constants.  Specializing to the case that N is 2-step nilpotent, it follows that for

each pair of integers (p,q) with p ≥ 1 and q ≥ 2 there are at most countably many

isomorphism classes in X(p,q) that admit rational structures.  In particular, if dim X(p,q) > 0,

then for all but countably many elements of X(p,q) the corresponding simply connected Lie

groups N will fail to admit lattices.

Note that if p ≥ 3, then (
p
2 − 1) > 0 and the formula above for cd(p,q) shows that

there exists a positive integer qo, depending on p, such that dim X(p,q) > 0 for all q ≥ qo.

I would like to thank P. Belkale, R. Bryant, J. Damon, P. Etingof, A. Kable, F. Knop

and S. Kumar for helpful conversations and communications.  I am especially grateful to A.

Kable for bringing the paper [El] to my attention.

Section 0 Connection between negative curvature and nilpotent Lie algebras

The horospheres of a Riemannian symmetric space X with variable quarter pinched

negative curvature are isometric to certain 2-step nilpotent Lie groups N with a left invariant

metric.  The space X itself is isometric to a solvable subgroup S of isometries equipped with

a left invariant metric, and N is the commutator subgroup [S,S] of codimension 1 in S.  The

Lie algebra S of S with the inherited inner product < , > admits a unit element A orthogonal

to the Lie algebra N of N such that ad A = 2Id on the center Z of N and ad A = Id on

Z
–, the orthogonal complement of Z in N.
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If KAN is an Iwasawa decomposition of G = Io(X), then the solvable group S = AN

has the properties listed above, but the isomorphism type of S is not uniquely determined by

these properties ([AW], Lemma 4.2).

The metric Lie algebra {N, < , >} has further strong geometric properties that make

it a Lie algebra of Heisenberg type.  See [K1, 2] or [BTV] for futher details.

More generally, Heintze showed in [H] that a homogeneous Riemannian manifold

with strictly negative sectional curvature is isometric to a solvable Lie group S with a left

invariant metric such that N = [S, S] is a codimension 1 nilpotent ideal in S.  In addition

S admits a unit element A orthogonal to N such that ad A has eigenvalues in N with

positive real parts.  Conversely, Heintze also showed in [H] that if N is a nilpotent Lie

algebra that admits a derivation D whose eigenvalues have positive real parts, then S =

Â·N admits a solvable Lie algebra structure such that ad 1 = D and an inner product < , >

such that the corresponding simply connected solvable Lie group S with left invariant metric

< , > has strictly negative sectional curvature.

In [EH] the method of Heintze was adapted to study homogeneous Riemannian

manifolds with strictly negative and quarter pinched sectional curvature.  A solvable Lie

algebra S is said to be a QP-algebra if 1)  The commutator ideal N = [S , S] has

codimension 1 in S and 2) There exists a nonzero vector A in S such that a)  S =

< A >·N b)  The derivation ad A of N has eigenvalues whose real parts lie in [1,2].

c)  If Re λ = 1 or 2 for an eigenvalue λ of ad A, then ad A = λId on Nλ
Ç = {ξ ∈ NÇ :

(ad A − λId)n(ξ) = 0 for some positive integer n}.

In [EH] it was shown that a simply connected solvable Lie group S admits a left

invariant Riemannian metric with sectional curvature satisfying − 4 ≤ K ≤ −1 ⇔ the Lie

algebra S is a QP-algebra.

The simplest QP-algebras arise from 2-step nilpotent Lie algebras N.  Let N

denote a 2-step nilpotent Lie algebra with center Z and let ◊ be a subspace of N such that

N = ◊·Z.  Let D be the derivation of N such that D = Id on ◊ and D = 2 Id on Z.

Let S = Â·N be given the solvable Lie algebra structure such that ad 1 = D on N.  Then

S is clearly a QP-algebra.

Section 1 Basic framework for studying 2-step nilpotent structures on ÂÂÂÂn

1.1  Definitions and notation

Let V,W be finite dimensional real vector spaces, and let T : V x V → W be an

alternating bilinear map.  Recall that there exists a unique linear map T^ : Λ2(V) → W such

that  T̂(v ^ v*) = T(v,v*) for all v,v* in V.
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A 2-step nilpotent structure on Ân is a nonzero alternating, bilinear map [ , ] : Â
n x

Â
n such that  [x, [y, z]] = 0 for all x,y,z in Ân.  Let  ρ : Λ2(Ân) → Ân be the nonzero

linear map such that [x, y] = ρ(x ^ y) for all x,y in Ân.  If Z(ρ) = {x ∈ Ân : ρ(x ^ y) = 0

for all y in Ân}, then the condition that [x, [y, z]] = 0 for all x,y,z in Ân is equivalent to the

condition that ρ{Λ2(Ân) } ⊆ Z(ρ).  Hence we arrive at the following :

Definition

 A 2-step nilpotent structure on Ân is a linear map  ρ : Λ2(Ân) → Ân such that

ρ{ Λ2(Ân) } ⊆ Z(ρ), where  Z(ρ) = {x ∈ Ân : ρ(x ^ y) = 0 for all y in Ân}.  The center of

ρ is defined to be the subspace Z(ρ).

Notation

Let N
2
(n) denote the set of all 2-step nilpotent structures on Â

n.

1.2  Action of GL(n,ÂÂÂÂ) on NNNN
2
(n)

For every g ∈ G = GL(n,Â) and every ρ ∈ N
2
(n) let be gρ ∈ N

2
(n) be defined by

(gρ) (ξ) = g(ρ(g−1ξ) for all ξ ∈ Λ 2(Ân).  Equivalently, if [x,y] = ρ(x ^ y) for x,y in Ân,

and [ , ]g = g([ , ]), then [x, y]g = g([g−1x, g−1y]) for all x,y in Ân.

The action of G = GL(n,Â) on N
2
(n) is a left action, and the orbit G(ρ) is the set of

2-step nilpotent structures in N
2
(n) that are Lie algebra isomorphic to ρ.  The group Gρ =

{g ∈ G : gρ = ρ} is the automorphism group of the the Lie algebra ρ.

1.3  Abelian and nonabelian factors

It is useful to observe that one may always split off an abelian Lie algebra ‰ from a

2-step nilpotent Lie algebra N and thereby reduce consideration to the case that [N,N] =

Z, the center of N.  We call the ideals ‰ and N* in the proposition below the abelian and

nonabelian factors of the 2-step nilpotent Lie algebra N.

Proposition

Let N be a 2-step nilpotent Lie algebra with center Z.  Then there exist ideals N*

and ‰ of N with ‰ ⊆ Z such that

1)  N = N*·‰ and Z = [N,N]·‰.

2)  N* is a 2-step nilpotent Lie algebra such that  [N,N] =  [N*,N*] = Z*, the 

      center of N*.

3)  The ideals N* and ‰ are uniquely determined up to isomorphism by 1).

4)  ‰ = {0} ⇔ [N,N] = Z.
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Proof

We begin by proving 3).  Suppose that we can write N = N
1
*·‰

1
 =

N
2
*·‰

2
,where {N

1
*, ‰

1
} and {N

2
*, ‰

2
} satisfy hypothesis 1) of the Proposition.  If

◊ is a subspace of N such that N = ◊·Z, then N = ◊·[N,N]· ‰i for i = 1,2.

Let T : N → N be a linear isomorphism such that T = Id on ◊·[N,N] and T(‰
1
) = ‰

2
.

It is easy to check that T is a Lie algebra isomorphism, and hence T induces a Lie algebra

isomorphism T
_

: N / ‰
1 

→ N / ‰
2
.  However, N / ‰

1 
~= N

1
* and

N / ‰
2 

~= N
2
* by 1).  This proves that N

1
* ~= N

2
*, and ‰

1
* ~= ‰

2
* since by 1)‰

1
* and

‰
2
* are abelian Lie algebras of the same dimension.

To prove the existence of N* and ‰ we choose ‰ to be any subspace of Z such

that Z = [N,N]·‰.  Let ◊ be a subspace of N such that N = ◊·Z.  If N* =

◊·[N,N], then it is easy to check that N* and ‰ satisfy 1) and 2).  Finally, 4) is an

immediate consequence of 1).

Section 2 Free 2-step nilpotent Lie algebras

We define and discuss some important examples that can be regarded as universal

covers in the collection of all 2-step nilpotent Lie algebras.  See assertion 2) of proposition

2.2a.

2.1 Definition

A 2-step nilpotent  Lie algebra N is said to be free on q ≥ 2 generators if there

exists a generating set {x
1
, ... , xq} for N with the following property :

(#)  Let N* be any 2-step nilpotent Lie algebra, and let {x
1
*, ... , xq*} be any

subset of q elements in N*.  Then there exists a unique Lie algebra homomorphism

T : N → N* such that T(xi) = xi* for 1 ≤ i ≤ q.

A generating set {x
1
, ... , xq} of the type above will be called an admissible

generating set for the free 2-step nilpotent Lie algebra N.

2.2 Basic results

We list some basic results about free 2-step nilpotent Lie algebras on q generators

and for each integer q ≥ 2 we construct two models of such Lie algebras.  Proofs of these

results are given in Appendix 2 if they are not included in this section.

Let FN
2
(q) denote the collection of all 2-step nilpotent Lie algebras on q

generators.  We show next that the elements of FN
2
(q) are all isomorphic and have

dimension (1/2)q(q+1).  Equivalently, the group GL(N,Â) acts transitively on FN
2
(q),

where N = (1/2)q(q+1).  In section 4 (Proposition 4.2b) we show that FN
2
(q) has the
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structure of a smooth manifold that is also a fiber bundle over a Grassmann manifold.  The

manifold FN
2
(q) has two connected components, which are the orbits of the index two

subgroup GL(N,Â)+.

2.2a  Proposition

1)  For every integer q ≥ 2 there exists a free 2-step nilpotent Lie algebra N on q

generators, and N is unique up to Lie algebra isomorphism.  Moreover, dim N =

(1/2)q(q+1).

2)  Let N* be a 2-step nilpotent Lie algebra such that dim N* / [N*, N*] ≤ q.

Then N* is the homomorphic image of a free 2-step nilpotent Lie algebra on q generators.

Remark  The proof of this result will show that a 2-step nilpotent Lie algebra N* has a

generating set with r = dim N* / [N*, N*] elements, and every generating set for N* has

at least r elements.

2.2b  Proposition  Let q ≥ 2 be an integer, and let N be a free 2-step nilpotent Lie algebra

on q generators.

1)  Any generating set for N contains at least q elements.  Any generating set for N

with exactly q elements is admissible.

2)  If {x
1
, ... , xq} and {x

1
*, ... , xq*} are any two generating sets for N with q

elements, then there exists a unique Lie algebra isomorphism T : N → N such that T(xi) =

xi* for 1 ≤ i ≤ q.

2.2c  Proposition   Let q ≥ 2 be an integer, and let N be a free 2-step nilpotent Lie algebra

on q generators.  Let Z denote the center of N.  Then

1)  [N , N] = Z has dimension (1/2)q(q−1).

2)  If {x
1
, ... , xq} is any  generating set for N with q elements, then {[xi, xj] : 1 ≤ i

< j ≤ q} is a basis for Z.

2.2d  Proposition  (Homomorphism lifting property)  Let N and N' be 2-step nilpotent

Lie algebras with generating sets of at most q elements.  Let F
2
(q) be a free 2-step nilpotent

Lie algebra with q generators, and choose surjective homomorphisms ρ : F
2
(q) → N and

ρ' : F
2
(q) → N'.  If T : N → N' is a Lie algebra homomorphism, then

1)  There exists a Lie algebra homomorphism T
~
 : F

2
(q) → F

2
(q) such that ρ' ο T

~
 =

T ο ρ.

2)  If T is an isomorphism and q = dim N / [N, N] = dim N' / [N', N'], then the

Lie algebra homomorphism T
~
 from 1) is an isomorphism.
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Other characterizations of free 2-step nilpotent Lie algebras

If [ , ] is a 2-step nilpotent structure on Ân associated to ρ ∈ Hom (Λ2(Ân), Ân),

then since Im ρ ⊆ Z, the center of Ân, we may define an alternating bilinear map [ , ]' :

(Ân / Im ρ) x (Ân / Im ρ) → Im ρ = [Ân , Ân] ⊆ Ân by [ x + Im ρ, y + Im ρ]' = [x, y]

for all x,y ∈ Ân.  Let ρ' : Λ2(Ân / Im ρ) → Im ρ be the unique linear map such that

ρ'((x + Im ρ) ^ (y + Im ρ)) = [ x + Im ρ, y + Im ρ]' = [x, y] = ρ(x^y) for all x,y ∈ Ân.

The map ρ' is obviously surjective, but ρ' is injective only under special circumstances.

2.2e  Proposition

Let ρ ∈ Hom (Λ2(Ân), Ân) be a 2-step nilpotent Lie algebra structure on Â
n, and

let  ρ' : Λ2(Ân / Im ρ) → Im ρ be the associated surjective linear map.  Then ρ' is an

isomorphism ⇔ {Ân, ρ}  is a free 2-step nilpotent Lie algebra on q = n − dim (Im ρ)

generators.  In this case n = (1/2)q(q+1).

2.2f  Corollary

Let ρ ∈ Hom (Λ2(Ân), Ân) be a 2-step nilpotent Lie algebra structure on Â
n and

let p = dim Im ρ.  If q = n−p and D = (1/2)q(q−1), then p ≤ D with equality ⇔ {Ân, ρ}  is
a free 2-step nilpotent Lie algebra on q generators.

Proof  If p = dim Im ρ, then q = dim Ân / Im ρ.  By the work above Im ρ = ρ(Λ2(Ân)) =

ρ'(Λ2(Ân / Im ρ)), and hence p = dim Im ρ ≤ dim Λ2(Ân / Im ρ) = D.  Equality holds ⇔
ρ' is injective, but by  Proposition 2.2e ρ' is injective ⇔ {Ân, ρ}  is a free 2-step nilpotent

Lie algebra on q generators.
æ

The next result is a restatement of part of Proposition 4.2b.

2.2g  Proposition

For any integer q ≥ 2 the set FN
2
(q) has the structure of a smooth manifold of

dimension (1/4)q2(q2−1) with two connected components.  Moreover, FN
2
(q) is a fiber

bundle over G(D,n), where D = (1/2)q(q−1) and n = (1/2)q(q+1).

2.3  Existence of a free 2-step nilpotent Lie algebra on q generators

Let q ≥ 2 be given and let D = (1/2)q(q−1).  We construct two models of a free 2-

step nilpotent Lie algebra on q generators, and we define an explicit isomorphism between

them.  In Appendix 2, in the proof of Proposition 2.2a, we show that the first model is a free

2-step nilpotent Lie algebra on q generators.
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Model 1 Let F
2
(q) = Âq·Λ2(Âq) and let [ , ] denote the 2-step nilpotent Lie algebra

structure on F
2
(q) such that Λ2(Âq) lies in the center of Âq and [v,w] = v̂ w for all v,w ∈

Â
q.  It is easy to check that [F

2
(q), F

2
(q)] = Λ2(Âq) is the center of F

2
(q).

Model 2 Let F
2
(q)* = Âq·so(q,Â), where so(q,Â) denotes the set of q x q real

skew symmetric matrices.  Let [ , ]* denote the 2-step nilpotent Lie algebra structure on

F
2
(q)* such that so(q,Â) lies in the center of Âq and [v,w]* = −(1/2) {vwt − wvt} for all

v,w ∈ Âq, where we regard the elements of Â
q as q x 1 column vectors.  It is again easy to

check that [F
2
(q)*, F

2
(q)*] = so(q,Â) is the center of F

2
(q)* since [ei, ej]* =

(1/2){Eji  − Eij } for 1 ≤ i, j ≤ q, where {e
1
, ... , eq} is the natural basis of Âq and Eαβ is the

q x q matrix with1 in position (α,β) and zeros elsewhere.

Isomorphism between the models

The map ƒ: Âq x Âq → so(q,Â) defined by ƒ(v,w) = −(1/2) {vwt − wvt} is

alternating and bilinear, and hence there is a unique linear map T : Λ2(Âq) → so(q,Â) such

that T(v̂ w) = −(1/2) {vwt − wvt} = [v,w]* for all v,w in Âq.  The map T is surjective by the

remarks above, and hence T is an isomorphism since Λ2(Âq) and so(q,Â) both have

dimension D = (1/2)q(q−1).  If F : F
2
(q) = Âq·Λ2(Âq) → Âq·so(q,Â) = F

2
(q)* is

given by F(v,ξ) = (v,T(ξ)), then it is easy to check that F is a Lie algebra isomorphism.

2.4 A metric description of F
2
(q)* = ÂÂÂÂq···· ssssoooo(q,ÂÂÂÂ)

Proposition Let < , >* denote the standard inner product on Â
q that makes the standard

basis {e
1
, ... , eq} orthonormal.  Let < , > denote the canonical inner product on so(q,Â)

such that < Z, Z' > = − trace (ZZ') for all Z, Z' ∈ so(q,Â).  Then < [v,w]*, Z > = < Zv, w >*

for all v,w ∈ Âq and all Z ∈ so(q,Â).

Proof  Regarding the elements of Âq as column vectors we note that < u, v >* = trace (uvt)

for all u,v ∈ Âq.  Hence for v,w ∈ Âq and Z ∈ so(q,Â) we have

(*) < v, Zw >* = trace (v(Zw)t) = − trace (vwtZ)

From (*) and the definition of [ , ]* we obtain < [v,w]*, Z > = − trace {[v,w]*Z } =

(1/2) trace (vwtZ) − (1/2) trace (wvtZ) = −(1/2) < v, Zw >* + (1/2) < w, Zv >* = < Zv, w >*

since Z is skew symmetric.
æ

2.5  The automorphisms of F
2
(q)* = ÂÂÂÂq···· ssssoooo(q,ÂÂÂÂ)

As in (2.3) we regard Âq as the set of q x 1 column vectors, and we regard GL(q,Â)

as the group of invertible real q x q matrices acting on Â
q by left multiplication.

Proposition  For every automorphism ƒ of F
2
(q)* = Âq·so(q,Â) there exist unique

elements g of GL(q,Â) and S of Hom (Âq, so(q,Â)) such that
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a)  ƒ(v) = gv + S(v) for all v ∈ Âq.

b)  ƒ(Z) = gZgt for all Z ∈ so(q,Â).

Conversely, given (g, S) ∈ GL(q,Â) x Hom (Âq, so(q,Â)) there is a unique automorphism

ƒ of F
2
(q)* that satisfies a) and b).

In particular Aut (F
2
(q)*) is a closed Lie subgroup of GL((F

2
(q)*)) of dimension

q2 + qD, where D = (1/2)q(q−1).

Remark  If we define g(Z) =  gZgt for Z ∈ so(q,Â), then we obtain a left action of

GL(q,Â) on so(q,Â).  The set GL(q,Â) x Hom (Âq, so(q,Â)) becomes a group with unit

(Id, 0) under the multiplication (g, S).(g*, S*) = (gg*, S ο g* + g ο S*).  The bijection ƒ

→ (g, S) defined above between Aut (F
2
(q)*) and GL(q,Â) x Hom (Âq, so(q,Â)) now

becomes an isomorphism of groups.

Proof of the proposition   Given an automorphism ƒ of F
2
(q)* = Âq·so(q,Â) there

are unique elements g,h of End(Âq) and S,T of Hom (Âq, so(q,Â)) such that a) holds for

ƒ and ƒ−1 respectively.  It is easy to verify that g and h are inverses and hence are elements

of GL(n,Â).

We now show that b) holds for ƒ and g as well.  Given elements v,w of Â
q we

know that [v,w]* = − (1/2) {vwt − wvt} by the definition of the bracket [ , ]* in F
2
(q)*.

Since ƒ is a Lie algebra homomorphism we obtain ƒ([v,w]*) = [ƒ(v), ƒ(w)]* = [gv +

S(v), gw + S(w)]* = [gv, gw]* = − (1/2) {gv(gw)t − gw(gv)t} = − (1/2) {gvwtgt − gwvtgt }

= g ( − (1/2) {vwt − wvt}) gt = g [v, w]*gt.  Hence b) holds for all linear combinations of

elements Z in so(q,Â) of the form Z = [v,w]*, where v,w are arbitrary elements of Â
q.

Since [F
2
(q)*, F

2
(q)*] = so(q,Â) it follows that b) holds for all Z in so(q,Â).

Conversely, if we are given (g, S) in GL(q,Â) x Hom (Âq, so(q,Â)), then we may

define a linear isomorphism ƒ : F
2
(q)* → F

2
(q)* uniquely by conditions a) and b) above.

The argument of the previous paragraph shows that ƒ([v,w]*) = [ƒ(v), ƒ(w)]* for all v,w ∈
Â

q, and this proves that ƒ is an automorphism of F
2
(q)*.

æ

Section 3 Models for 2-step nilpotent Lie algebras

3.1 The structure constants and the structure space

Let N be a 2-step nilpotent Lie algebra with dimension p+q, where p = dim [N, N].
Let B = {v

1
, ... , vq, Z

1
, ... , Zp} be a basis of N such that {Z

1
, ... , Zp} is a basis of

[N, N].  We call B an adapted basis of N.  Let {C1, ... , Cp} be the skew symmetric real

q x q matrices such that [vi, vj] = Σ 
k=1

p
 Ck

ij  Zk for 1 ≤ i, j ≤ q.  We call the matrices
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{C1, ... , Cp} the structure matrices determined by B and the space W = span {C1, ... , Cp}

the structure space determined by B.

We show first that the structure space W has dimension p by showing that the

matrices {C1, C2, ... , Cp} are linearly independent in so(q,Â).  Let {α
1
, α

2
, ... αp} be real

numbers such that 0 = Σ
k=1
 

p

  αkCk.  Let Z* = Σ
k=1
 

p

  αkZk.  Define < , >' to be the inner product

on [N, N] that makes { Z
1
, Z

2
, .. Zp} an orthonormal basis.  Then for 1 ≤ r, s ≤ q we have

< [vr, vs], Z*>' =  Σ
k=1
 

p

  αkC
rs
k  = ( Σ

k=1
 

p

 αkCk)rs = 0 .  Hence Z* is orthogonal to [N, N] =

span{ Z
1
, Z

2
, .. Zp}.  It follows that Z* = 0 ,  which implies that αk = 0 for all k.

æ

Next we show that the collection of structure spaces W, taken over all adapted bases

B of a 2-step nilpotent Lie algebra N, is a single GL(q,Â) orbit in the Grassmann manifold

G(p, so(q,Â)) of p-dimensional subspaces of so(q,Â),

Proposition  Let N be a 2-step nilpotent Lie algebra with dimension p+q, where p = dim

[N, N].  Let B = {v
1
, ... , vq, Z

1
, ... , Zp} and B' = {v

1
', ... , vp', Z

1
', ... , Zp'} be adapted

bases  of N, and let W = span {C1, ... , Cp} and W' = span {C'1, ... , C'p} be the structure

spaces defined by B and B'.  Let g ∈ GL(q,Â) be the nonsingular q x q matrix such that

vi' = Σ 
k=1

q
 gij vj,  Then gWgt = W'.

Conversely, given an adapted basis B = {v
1
, ... , vq, Z

1
, ... , Zp} of N and an

element g of GL(q,Â) let B' = {v
1
', ... , vp', Z

1
, ... , Zp}, where vi' = Σ 

k=1

q
 gij vj.  Then gWgt

= W', where W' is the structure space defined by the adapted basis B' of N.

Proof  Suppose first that B, B' and g ∈ GL(q,Â) are given as above.  Define h ∈ GL(p,Â)

by Zk' = Σ 
r=1

p
 hkr Zr.  From the definition of h and the structure matrices  {C'1, ... , C'p} a

routine computation yields,  for 1 ≤ i, j ≤ q,

(1) [vi', vj'] = Σ 
r=1

p
 ( Σ 

k=1

p
 hkr C'k)ij Zr.

From the definition of g and the structure matrices {C1, ... , Cp} another computation yields

(2) [vi', vj'] = Σ 
r=1

p
 { Σ 

k'…=1

q
 gik C

r
k… gj… } Z r = Σ 

r=1

p
 {g Crgt } ij  Zr

Comparing (1) and (2) yields

(3)  g Crgt = Σ 
k=1

p
 hkr C'k for 1 ≤ r ≤ p



1 1

Hence gWgt = span { g Crgt : 1 ≤ r ≤ p} = span { Σ 
k=1

p
 hkr C'k : 1 ≤ r ≤ p} ⊆

span {C'1, ... , C'p} = W'.  Equality holds since both W and W' have dimension p in

so(q,Â) and the map Z → gZgt is an invertible linear map of so(q,Â).

Conversely, let an adapted basis B = {v
1
, ... , vq, Z

1
, ... , Zp} of N and an element g

of GL(q,Â) be given.  Let B' = {v
1
', ... , vp', Z

1
, ... , Zp}, where vi' = Σ 

k=1

q
 gij vj.  Then the

argument above shows that gWgt = W', where W' is the structure space defined by the

adapted basis B'.
æ

3.2 Standard metric 2-step nilpotent Lie algebras

We describe a simple family of 2-step nilpotent Lie algebras that come equipped

with an inner product.  We show that every 2-step nilpotent Lie algebra is isomorphic to one

of the elements in this family.  We have seen already in (2.4) that F
2
(q)* = Âq·so(q,Â)

belongs to this family.

3.2a Definition

Let so(q,Â) denote the real q x q skew symmetric matrices.  Let p be an integer with

1 ≤ p ≤ D = (1/2)q(q−1), and let W be a p-dimensional subspace of so(q,Â).  Let N

denote the vector space Âq·W, where the elements of Âq are regarded as column vectors.

Fix an inner product < , >* on Âq, and let < , > be the canonical inner product on so(q,Â)

given by < Z, Z* > = − trace (ZZ*).  Let < , >  also denote the inner product on N=

Â
q·W which extends the inner products on the subspaces Â

q and W and which makes

these subspaces orthogonal.  Let [ , ] denote the 2-step nilpotent Lie algebra structure on N

such that W lies in the center of N, and < [v,w], Z > = < Zv, w >* for all v,w ∈ Âq and all Z

∈ so(q,Â).  We call {Âq·W, [ , ]} a standard metric 2-step nilpotent Lie algebra.

It is not difficult to show that if N = Âq·W is a standard metric 2-step nilpotent

Lie algebra, then [N , N] = W.  Moreover, if Z denotes the center of N, then Z =

W·{v ∈ V : Zv = 0 for all Z ∈ W}.

3.2b  Prescribing structure constants

Proposition    Let p be an integer with 1 ≤ p ≤ D = (1/2)q(q−1).  Let {e
1
, ... , eq } denote

the natural basis of Âq.  Let W be a p-dimensional subspace of so(q,Â), and let N =

Â
q·W be the corresponding standard metric 2-step nilpotent Lie algebra.
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Let {C1, ... , Cp} be a basis of W.  Then there exists a basis {ρ
1
, ... , ρp} of W such

that B =  {e
1
, ... , eq , ρ

1
, ... , ρp} is a basis for N with structure matrices {C1, ... , Cp} ;

that is, [ei, ej] = Σ 
k=1

q
 Ck

ij  ρk.

Proof  Let < , > denote the canonical inner product on so(q,Â) defined above, and let { ρ
1
,

... , ρp} be the basis of W such that < ρα, Cβ > = − δαβ for 1 ≤ α, β ≤ p.   We show that

B = {e
1
, ... ,eq , ρ

1
, ... , ρp} is the desired basis of W.

Let  {D1, ... , Dp} be the skew symmetric structure matrices defined by the bracket

relations of the basis B; that is [ei, ej] = Σ 
k=1

q
 Dk

ij  ρk.  Then < [ei, ej], C
β > =

Σ 
α=1

q
 Dα

ij  < ρα, Cβ >  = − Dβ
ij  = Dβ

ji .  On the other hand < [ei, ej], C
β > = < Cβ(ei), ej > =

Cβ
ji .  Hence Cβ = Dβ for 1 ≤ β ≤ p.

3.3 Reduction to standard form

The next result is Proposition 2.6 from [Eb], but we include the proof here for

completeness.

Proposition  Let N be a 2-step nilpotent Lie algebra of dimension p+q such that [N, N]

has dimension p.  Let B = {v
1
, ... , vq, Z

1
, ... , Zp} be an adapted basis for N with structure

matrices {C1, ... , Cp} and structure space W = span {C1, ... , Cp}.  Then N is isomorphic

to the standard metric 2-step nilpotent Lie algebra Â
q·W.

For N = Âq·W we observed above that [N, N] = W, a p-dimensional subspace

of the D-dimensional vector space so(q,Â), where D = (1/2)q(q−1).  From this observation

and the discussion in (2.3) of models for free 2-step nilpotent Lie algebras we obtain

another proof of Corollary (2.2f), namely

Corollary  Let N be a 2-step nilpotent Lie algebra of dimension p+q such that [N, N] has

dimension p.  Then p ≤ D = (1/2)q(q−1), with equality ⇔ N is a free 2-step nilpotent Lie

algebra on q generators.

Proof of the Proposition The discussion in (3.1) shows that {C1, ... , Cp} is a basis for

W.   Let {ρ
1
, ... , ρp} be the basis of W such that < ρα, Cβ > = − δαβ for 1 ≤ α, β ≤ p.

Let {e
1
, ... , eq} be the standard basis for Âq, and let [ , ]* denote the Lie bracket in N* =

Â
q·W.  Let  T : N → N*  be the unique linear isomorphism such that T(vi) = ei for 1 ≤

i ≤ q and T(Zα) = ρα for 1 ≤ α ≤ p.  It is routine to check that T([vi, vj]) and [ei, ej]* have

the same inner product in so(q,Â) with Cα for 1 ≤ i, j ≤ q and 1 ≤ α ≤ p.  Since {C1, ... ,
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Cp} spans W it follows that T([vi, vj]) = [ei, ej]* = [T(v i), T(vj)]* for 1 ≤ i, j ≤ q , which

proves that T is a Lie algebra isomorphism.
æ

(3.4) Quotients of free 2-step nilpotent Lie algebras

Proposition  Let N be a 2-step nilpotent Lie algebra of dimension p+q such that [N, N]

has dimension p ≥ 1.  Let B = {v
1
, ... , vq, Z

1
, ... , Zp} be an adapted basis for N with

structure matrices {C1, ... , Cp} and structure space W = span {C1, ... , Cp} ⊆ so(q,Â).  Let

F
2
(q)* = Âq·so(q,Â) be the free 2-step nilpotent Lie algebra on q generators, and let

{e
1
, ... , eq} denote the standard basis of Âq.

Let ρ : F
2
(q)* → N be the unique Lie algebra homomorphism such that ρ(ei) = vi

for 1 ≤ i ≤ q.  Then ρ is surjective and Ker ρ = W–, the orthogonal complement of W in

so(q,Â) relative to the canonical inner product < , >.

Proof  Since B = {v
1
, ... , vq, Z

1
, ... , Zp} is an adapted basis for N it is clear that

span {Z
1
, ... , Zp} = [N, N] = span {[vi, vj] : 1 ≤ i, j ≤ q}.  Hence the vectors {v

1
, ... , vq}

generate N, and it follows immediately that ρ is surjective.

Let [ , ]* denote the canonical Lie bracket in F
2
(q)* = Âq·so(q,Â) defined by

[v,w]* = − (1/2) {vwt − wvt} for all v,w ∈ Âq.  Let Zij  = [ei, ej]* = (1/2) {Eji − Eij }, where

Eαβ is the q x q matrix with 1 in position (α, β) and zeros elsewhere,  Then ρ(Zij ) = [vi, vj]

= Σ 
k=1

p
 Ck

ij  Zk.  Given an element A = (aij ) of so(q,Â), we write A = −  Σ 
i'j=1

q
 aij  Zij  , and we

compute ρ(A) = −  Σ 
k=1

p
 { Σ 

i'j=1

q
 aij C

k
ij } Zk =    Σ 

k=1

p
 trace (ACk) Zk = −  Σ 

k=1

p
 < A , Ck > Zk .

 Since W = span {C1, ... , Cp} and {Z
1
, ... , Zp} is a basis for [N, N]  it follows that A ∈

Ker ρ ⇔  < A , Ck > = 0 for 1 ≤ k ≤ p ⇔ A ∈ W–.
æ

3.5  Isomorphism classes

Let N be a 2-step nilpotent Lie algebra of dimension p+q such that [N, N] has

dimension p ≥ 1.  In (3.4) we saw that N is isomorphic to F
2
(q)* / W, where F

2
(q)* =

Â
q·so(q,Â), W is a (D−p)-dimensional subspace of so(q,Â) and D = (1/2)q(q−1).  We

now state a criterion for determining when two such quotients are isomorphic as Lie

algebras.
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3.5a  Proposition  Let p be an integer with 1 ≤ p ≤ D−1, where D = (1/2)q(q−1).  Let W
1
,

W
2
 be p-dimensional subspaces of so(q,Â).  Then the Lie algebras F

2
(q)* / W

1
 and

F
2
(q)* / W

2
 are isomorphic ⇔ there exists an element g of GL(q,Â) such that gW

1
gt =

W
2
.

Remark  Since so(q,Â) is the center of F
2
(q)* = Âq·so(q,Â) the subspaces W

1
 and

W
2 

are ideals of F
2
(q)*.

Proof

We suppose first that there exists an element g of GL(q,Â) such that g(W
1
) = W

2
.

By (2.5) there exist inverse automorphisms  T
~
 and S

~
 of F

2
(q)* such that T

~
 = g and S

~
 = g−1

on so(q,Â).  For i = 1, 2 let Ni = F
2
(q) / Wi , and let ρi : F2

(q)* → Ni be the projection

homomorphism with Ker ρi = Wi.  Since T
~
(Ker ρ

1 ) = Ker ρ
2 

and S
~
(Ker ρ

2 ) = Ker ρ
1

there exist Lie algebra homomorphisms T : N
1
 → N

2 
and S : N

2
 → N

1 
such that ρ

2 
ο T

~
 =

T ο ρ
1 

and ρ
1 

ο S
~
 = S ο ρ

2
.   Hence S ο T ο ρ

1 
= S ο ρ

2 
ο T

~
 = ρ

1 
ο S

~
 ο T

~
 = ρ

1
 , which

proves that S ο T is the identity on N
1
.  A similar argument shows that T ο S is the identity

on N
2
, which proves that S and T are inverse isomorphisms.

Next, we assume that N1 = F
2
(q)* / W1 and N2 = F

2
(q)* / W2 are isomorphic Lie

algebras, and for i = 1, 2 we let ρi : F2
(q)* → Ni denote the surjective Lie algebra

homomorphism with Ker ρi = Wi.  Let T : N
1 

→ N
2 

be a Lie algebra isomorphism.  By 1)

of Proposition 2.2d there exists a Lie algebra homomorphism T
~
 : F

2
(q)* → F

2
(q)* such

that ρ2 ο T
~
 = T ο ρ1.

It suffices to prove that T
~
 is an automorphism of F

2
(q)*.  From (2.5) it will then

follow that there exists g ∈ GL(q,Â) such that T
~
(Z) = g(Z) = gZgt for all Z ∈ so(q,Â).  In

particular g(W
1
) = g(Ker ρ

1
) = T

~
(Ker ρ

1
) = Ker ρ

2 
= W

2
 since W

1
, W

2
 are subspaces of

so(q,Â) and ρ2 ο T
~
 = T ο ρ1.

To prove that T
~
 is an automorphism of F

2
(q)* it suffices by 2) of Proposition 2.2d

to prove that q = dim Ni / [Ni, Ni] for i = 1, 2.  We show first that ρi
−1([Ni, Ni]) =

so(q,Â) for i = 1, 2.  For i = 1, 2 note that  ρi(so(q,Â)) = ρi[F2
(q)*, F

2
(q)*] = [Ni, Ni]

since  ρi : F2
(q)* → Ni is surjective.  This proves that so(q,Â) ⊆ ρ i

−1([Ni, Ni]).

Conversely, if ξ ∈ ρ i
−1([Ni, Ni]) for i = 1 or 2, then choose Z ∈ so(q,Â) such that ρi(ξ) =

ρi(Z).  Then ξ − Z ∈ Ker ρi = Wi ⊆ so(q,Â), which proves that ξ ∈ so(q,Â) and

ρi
−1([Ni, Ni]) ⊆  so(q,Â).

For i = 1, 2 let πi : Ni → Ni / [Ni, Ni] denote the projection homomorphism.  For i

= 1, 2 the map πi ο ρi : F2
(q)* → Ni / [Ni, Ni] is surjective, and Ker (πi ο ρi) =

ρi
−1([Ni, Ni]) = so(q,Â) by the discussion above.  Hence Ni / [Ni, Ni] is isomorphic to

F
2
(q)* / so(q,Â) ≈ Âq , and in particular dim Ni / [Ni, Ni] = q for 1 = 1, 2.

æ
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For a subspace W of so(q,Â) let W– denote the orthogonal complement of W in

so(q,Â) relative to the canonical inner product < , > defined in (2.4).

3.5b  Proposition  Let p be an integer with 1 ≤ p ≤ D−1, where D = (1/2)q(q−1).  Let W
1
,

W
2
 be p-dimensional subspaces of so(q,Â).  Then the Lie algebras F

2
(q)* / W

1
 and

F
2
(q)* / W

2
 are isomorphic ⇔ the Lie algebras F

2
(q)* / W

1
– and F

2
(q)* / W

2
– are

isomorphic.

Proof

If F
2
(q)* / W1 is Lie algebra isomorphic to F

2
(q)* / W2, then g(W1) = W2 for

some element g ∈ GL(q,Â) by Proposition 3.5a.  It follows that h(W1
–) = W2

–, where h

= (gt)−1 = (g−1)t , and Proposition 3.5a now says that F
2
(q* / W1

–
 is Lie algebra

isomorphic to F
2
(q)* / W2

–.  Conversely, since (Wi
–)– = Wi for i = 1, 2 this argument

also shows that if F
2
(q)* / W1

–
 is Lie algebra isomorphic to F

2
(q)* / W2

–, then

F
2
(q)* / W1 is Lie algebra isomorphic to F

2
(q)* / W2.  

æ

3.5c  Corollary  Let W
1
 and W

2
 be p-dimensional subspaces of so(q,Â), and let N

1 
=

Â
q·W

1
 and N

2 
= Âq·W

2 
be the corresponding standard metric 2-step nilpotent Lie

algebras.  Then N
1 

is isomorphic to N
2 

⇔ there exists g ∈ GL(q,Â) such that gW
1
gt =

W
2
.

Proof  By the proposition in (3.4) Ni is isomorphic to F
2
(q)* / Wi

– for i = 1, 2.  The

assertion now follows immediately from Propositions 3.5a and 3.5b.
æ

(3.6) The case of a 1-dimensional commutator ideal

Let N be a 2-step nilpotent Lie algebra with a 1-dimensional commutator ideal

[N, N].  By the proposition in (3.3) N is isomorphic to Âq·W for some integer q ≥ 2,

where W is a 1-dimensional subspace of so(q,Â).  If O = {Z ∈ so(q,Â) : rank Z is

maximal}, then O is Zariski open in so(q,Â) and standard linear algebra shows that O(q,Â)

acts transitively by conjugation on O.

Let No(1,q) = {Âq·ÂZ : Z ∈ O}.  Since gZgt = gZg−1 for g ∈ O(q,Â) it follows

from Proposition 3.5a that the elements of No(1,q) are all isomorphic.

If q = 2k, then the elements of O are nonsingular.  The elements of No(1,q) are

isomorphic to the (2k+1)-dimensional Heisenberg algebra that is typically described by the

basis {X
1
, Y

1
, ... , Xk, Yk, Z} and the nonzero bracket relations [Xi, Yi, ] = − [Yi, Xi, ] = Z

for 1 ≤ i ≤ k.  In this case N has a 1-dimensional center Z = [N, N] spanned by Z.

If q = 2k+1, then the elements Z of O have a 1-dimensional kernel in Â
q.  If A

spans the kernel of Z and Z spans W = [N, N], then N = Âq·W has a basis {X
1
, Y

1
, ... ,
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Xk, Yk, A, Z}, where {X
1
, Y

1
, ... , Xk, Yk, A} spans Âq, {A , Z} spans the center Z and the

nonzero bracket relations of the basis are given by [Xi, Yi, ] = − [Yi, Xi, ] = Z for 1 ≤ i ≤ k.

Alternatively, we may say that if Z ∈ O and W = ÂZ, then N = Âq·W = N*·Â, where

N* is a Heisenberg algebra of dimension 2k+1 and Â is a 1-dimensional abelian factor.

Section 4  Stratification of the space of  2-step nilpotent structures on ÂÂÂÂn

We recall from (1.1) that N
2
(n) denotes the set of all 2-step nilpotent structures on

Â
n.   There are two basic ways to stratify the space N

2
(n) into sets that are invariant under

GL(n,Â).  One way is defined in terms of the dimension of [Â
n, Ân] and the other in terms

of the dimension of the center of Ân.  The results of section 3 suggest that the first

stratification is the most natural.  One may further choose to define strata of N
2
(n) that have

the structure of a real algebraic variety or the structure of a smooth manifold that fibers over

a Grassmann manifold.

We make the statements above more precise by defining the strata and some of their

qualitative properties.  We postpone the proofs of these statements until section 6.

4.1  Varieties of 2-step nilpotent structures
In this section p,q n will always denote positive integers.

4.1a  Proposition
Let N

2
(n) denote the space of 2-step nilpotent structures on Â

n.  Then N
2
(n) is an

algebraic variety in Hom (Λ2(Ân),Ân) that is invariant under GL(n,Â).

4.1b  Proposition
Let Z

2
(p,q) = {ρ ∈ N

2
(p+q) : dim Z(ρ) ≥ p}.  Then Z

2
(p,q) is an algebraic variety

in Hom (Λ2(Âp+q),Âp+q) that is invariant under GL(p+q,Â).

4.1c  Proposition
Let R

2
(p,q) = {ρ ∈ N

2
(p+q) : rank(ρ) ≤ p}.  Then R

2
(p,q) is an algebraic variety

in  Hom (Λ2(Âp+q),Âp+q) that is invariant under GL(p+q,Â).

4.2  Manifolds of 2-step nilpotent structures

Notation
We standardize some notation that will be used in the discussion of the next three

results.  Let G(k,n) denote the Grassmann manifold of k-dimensional subspaces of Â
n.  Let

p ≥1 and q ≥ 2 be integers and let D = (1/2)q(q−1).  Let U be the vector space so(q,Â) x ...
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x  so(q,Â) (p times).  Recall that  FN
2
(q) denotes the set of 2-step nilpotent Lie algebra

structures on ÂD+q = Â(1/2)q(q+1) that are free on q generators.

The next three results describe a stratification of N
2
(p+q) into strata that are smooth

manifolds that fiber over a Grassmann manifold.  These strata are Zariski open subsets of

the varieties above and are also invariant under the action of GL(p+q,Â).

4.2a  Proposition
Let p ≥ 2 and q ≥ 2.  Let Z

2
0(p,q) = {ρ ∈ N

2
(p+q) : dim Z(ρ) = p}.  Then Z

2
0(p,q) is

a connected smooth manifold of dimension pq + pD and a fiber bundle over G(p,p+q).

Moreover, Z
2
0(p,q) is a Zariski open subset of  Z

2
(p,q).

4.2b  Proposition
Let 2 ≤ p ≤ D and q ≥ 3.  Let N(p,q) = {ρ ∈ N

2
(p+q) : dim rank(ρ) = p}.  Then

N(p,q) is a smooth manifold of dimension pq + pD and a fiber bundle over G(p,p+q).

Moreover, N(p,q) is a Zariski open subset of  R
2
(p,q), and N(p,q) is connected if p ≠ D.  If

p = D, then N(p,q) = FN
2
(q), and N(p,q) has two connected components.

4.2c  Proposition
Let 2 ≤ p ≤ D and q ≥ 3.  Let No(p,q) = N(p,q) ∩ Z

2
0(p,q) = {ρ ∈ N

2
(p+q) : Im(ρ)

= Z(ρ) ∈ G(p,p+q)}.  Then No(p,q) is a smooth manifold of dimension pq + pD and a

fiber bundle over G(p,p+q).  Moreover, No(p,q) is a Zariski open subset of both R
2
(p,q)

and Z
2
(p,q),  and No(p,q) is connected if  p ≠ D.  If p = D, then No(p,q)  = FN

2
(q).

Remark
The restriction 2 ≤ p ≤ D and q ≥ 3 is inessential.  We observed already in

Proposition 2.2f or the corollary in (3.3) that p ≤ D always holds.  If q = 2, then D=1 and p

= 1, which is the 3-dimensional Heisenberg Lie algebra and also the free 2-step nilpotent

Lie algebra on two generators.

Section 5 Duality and isomorphism classes

5.1  Duality

If < , > is the natural inner product on so(q,Â) given by < Z, Z* > = − trace (ZZ*),

then the map – : W → W– is a diffeomorphism of G(p, so(q,Â)) onto G(D−p, so(q,Â)).

Given W ∈ G(p, so(q,Â)) and g ∈ SL(q,Â) it is routine to check that if g(W) = W*, then

h(W–) = W*–, where h = (g−1)t = (gt)−1,    Hence the map –carries SL(q,Â) orbits in

G(p, so(q,Â)) onto SL(q,Â) orbits in G(D−p, so(q,Â)).  It follows that – induces a
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homeomorphism of G(p, so(q,Â)) / SL(q,Â) onto G(D−p, so(q,Â)) / SL(q,Â).  We call

this involutive process duality.  For an application of duality see b) of the next result.

5.2   The space of isomorphism classes

If X denotes any of the spaces considered in section 4, then the quotient space X / G

is the space of isomorphism classes in X, where G = GL(n,Â) if X = N
2
(n) and G =

GL(p+q,Â) if X is any of the spaces described by pairs of positive integers p,q.  Each of the

spaces X has a metric space topology since X is a subset of the Euclidean space

Hom (Λ2(Ân), Ân), where n = p+q in the second case.

It would be interesting to determine the topology of these isomorphism classes

X / G.  In this article we consider only the questions of compactness and dimension.  For

compactness it suffices to consider sequential compactness, which is an equivalent property

in a metric space.  The main result is the following

Proposition  The spaces N
2
(n) / GL(n,Â), Z

2
(p,q) / GL(p+q,Â), R

2
(p,q) / GL(p+q,Â)

and N(p,q) / GL(p+q,Â) are compact in the quotient topology.  Moreover,

a)  The space X(p,q) = N(p,q) / GL(p+q,Â) is homeomorphic to

     G(p, so(q,Â)) / SL(q,Â).  In particular X(p,q) is compact.

b)  X(p,q) is homeomorphic to X(D−p,q), where D = (1/2)q(q−1).

c)  The space No(p,q) / GL(p+q,Â) is a dense open subset of X(p,q).

d)  The space Z
2
0(p,q) / GL(p+q,Â) is a dense open subset of Z

2
(p,q) / GL(p+q,Â).

Proof  We first prove a).  Let D = (1/2)q(q−1).  An element of N(p,q) is by definition a 2-

step nilpotent Lie algebra N of dimension p+q such that [N, N] has dimension p.  The

discussion in section (3.4) shows that N is isomorphic to F
2
(q)* / W, where F

2
(q)* =

Â
q·so(q,Â) is a free 2-step nilpotent Lie algebra with q generators and W is a subspace

of so(q,Â) of dimension D−p.  The subspace W is not unique, but Proposition 3.5a shows

that the other possibilities for W are precisely those elements in the GL(q,Â) orbit of W in

G(D−p, so(q,Â)), the Grassmann manifold of (D−p)-dimensional subspaces of so(q,Â).

By the discussion of duality in (5.1) the map –: W → W–maps GL(q,Â) orbits in

G(p, so(q,Â)) onto GL(q,Â) orbits in G(D−p, so(q,Â)).  Note that the GL(q,Â) orbits and

the SL(q,Â) orbits in G(D−p, so(q,Â)) or G(p, so(q,Â)) are the same.

Hence we obtain a map f : N(p,q) / GL(p+q,Â) → G(p, so(q,Â)) / SL(q,Â) in

which the isomorphism class of an element N in N(p,q) is mapped to the orbit

SL(q,Â)(W–) in G(p, so(q,Â)), where W is any subspace of dimension D−p in so(q,Â)

such that N is isomorphic to F
2
(q)* / W.  Proposition 3.5a and duality say that the map f is

injective.  To see that f is surjective let W be any p-dimensional subspace of so(q,Â), and

let N = Âq·W, the standard metric 2-step nilpotent Lie algebra determined by W.  The
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propositions in (3.2b) and (3.4) show that N is isomorphic to F
2
(q)* / W–.  Hence f

maps the isomorphism class of N onto the orbit SL(q,Â)(W) ∈ G(p, so(q,Â)) / SL(q,Â).

The inverse function g = f−1 : G(p, so(q,Â)) / SL(q,Â) → N(p,q) / GL(p+q,Â) maps the

orbit SL(q,Â)(W) in G(p, so(q,Â)) / SL(q,Â) onto the isomorphism class of F
2
(q)* / W–.

It is routine but somewhat tedious to show that both f and g are continuous with

respect to the quotient topologies.  The space X(p,q) § G(p, so(q,Â)) / SL(q,Â) is compact

since G(p, so(q,Â)) is compact.  This completes the proof of a).  The proof of b) follows

immediately from a) and the discussion of duality in (5.1).

Next we prove that N
2
(n) / GL(n,Â), Z

2
(p,q) / GL(p+q,Â) and R

2
(p,q) /

GL(p+q,Â) are compact in the quotient topologies, and we conclude with the proofs of b)

and c).

Let {ρk} denote a sequence in N
2
(n) and let {[ρk]} denote the image sequence in

N
2
(n) / GL(n,Â).  Every sequence {ρk} in N

2
(n) has a subsequence {ρ'k} whose

commutator ideals have the same dimension p, or equivalently, every sequence {ρk} in

N
2
(n) has a subsequence {ρ'k} in N(p,q) for some positive integers p,q with p+q = n.  By

a) there exists an element ρ of N(p,q) and a further subsequence {ρ''k} of { ρ'k} such that

the isomorphism classes of {ρ''k} converge to the isomorphism class of ρ ∈ N(p,q) ⊆
N

2
(n).  This proves that N

2
(n) / GL(n,Â) is sequentially compact.

Now consider Z
2
(p,q) ⊆ N

2
(n), where n = p+q.  As above, any sequence {ρk} in

Z
2
(p,q) has a subsequence {ρ''k} whose isomorphism classes converge to the isomorphism

class of an element ρ ∈ N
2
(n).  Since Z

2
(p,q) is a Zariski closed subset of N

2
(n) by

Proposition 4.1b, where n = p+q, it follows that Z
2
(p,q) / GL(p+q,Â) is also sequentially

compact.  A similar argument shows that  R
2
(p,q) / GL(p+q,Â) is sequentially compact

since R
2
(p,q) is a Zariski closed subset of N

2
(n) by Proposition 4.1c.

We prove c) and d) of the proposition.  By Propositions 4.2a and 4.2c the sets

Z
2
0(p,q) and N

0
(p,q) are both Zariski open subsets of Z

2
(p,q).  Hence Z

2
0(p,q) / GL(p+q,Â)

and N
0
(p,q) /  GL(p+q,Â) are dense open subsets of Z

2
(p,q) / GL(p+q,Â).  Since N

0
(p,q)

⊆ N(p,q) ⊆ Z
2
(p,q) it follows that N

0
(p,q) /  GL(p+q,Â) is also a dense open subset of

X(p,q) = N(p,q) / GL(p+q,Â).  This completes the proof of c) and d), which completes the

proof of the Proposition.
æ

5.3  Basic facts about real Lie group actions

If G is a Lie group acting on a differentiable manifold X, then the dimension of the

quotient space X / G with the quotient topology is by definition the minimal codimension of

a G orbit in X.  Hence dim X / G = dim X − dim G + d, where d is smallest dimension of a

stabilizer Gx : x ∈ X.
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We collect some useful facts about the stabilizers of G acting on finite dimensional

real vector spaces U and the associated actions of G on the Grassmann manifolds G(p,U),

1 ≤ p ≤ dim U − 1.  Recall that G(p,U) denotes the set of p-dimensional subspaces of U.

We state these results only in the real case, but the proofs work equally well in the complex

case.  In some cases the results are better in the complex case.  For example, the Zariski

open subset O discussed below is connected in the complex case but not necessarily in the

real case as the simple example in (5.3b) illustrates.

(5.3a)  Stabilizers of minimum dimension

Let G be a Lie group.  Let ρ : G → GL(U) be a representation of G on a real vector

space U of dimension N, and let dρ : G → End(U) denote the induced representation,

where G is the Lie algebra of G.  In what follows we suppress the notations ρ and dρ.

We may regard U as a subspace of Hom (G,U) by defining u(X) = X(u) for all u ∈
U and X ∈ G.  For u ∈ U let Gu = {g ∈ G : g(u) = u}, and let Gu = L(Gu) =

{X ∈ G : X(u) = 0} = Ker u, where u ∈ Hom (G,U).  For each integer k ≥ 0 let Σk =

{u ∈ U : dim Gu ≥ k} = {u ∈ U : nullity (u) ≥ k}.  Then Σk is Zariski closed in U for

every k ≥ 0 by the corollary to Proposition 1 in Appendix 1.  Let r = min { dim Gu : u ∈
U}, and let O = {u ∈ U : dim Gu = r}.  Then Σr = U by the definition of r, and O =

Σr − Σr+1 
= V − Σr+1 

is a Zariski open subset of U.

For u ∈ U the orbit G(u) is diffeomorphic to the coset space G / Gu , and hence dim

G(u) = dim G − dim Gu = dim G − dim Gu ≤  dim G − r, with equality ⇔ u ∈ O.

We have proved

Proposition  Let G be a Lie group, and let ρ : G → GL(U) be a representation of G on a

real vector space U of dimension N.  Let r = min {dim Gu : u ∈ U}, and let O = {u ∈ U :

dim Gu = r}.  Then O is Zariski open in U.  Moreover, for every u ∈ U dim G(u) ≤
dim G − r with equality ⇔ u ∈ O.

(5.3b) Connectivity of the set O

The Zariski open set O in the proposition above may not be connected in the

Euclidean topology of U.  However, in each connected component Oα of O the the orbits

{G(v) : v ∈ Oα} are all diffeomorphic.  In different connected components of O the

diffeomorphism types of the G orbits may be different.

Example  Let U be the 3-dimensional real vector space of 3 x 3 real symmetric matrices,

and introduce coordinates x, y, z so that (x, y, z) denotes the matrix [ ]x z
 z y .  Let G =
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GL(3,Â) act on U by g(A) = gAgt.  Set Σ = {A ∈ U : det A = 0} = {(x, y, z) ∈ Â3: xy − z2

= 0).  Note that G leaves invariant the cone Σ so that dim Gu = 7 if u ∈ Σ , u ≠ 0.  If O =

U − Σ , then O is Zariski open in U and dim Gu = 6 for all u ∈ O.  The set O has three G-

invariant connected components containing the elements [ ]1  0
 0 1 ,  


 
−1   0

   0 −1  and 
 


 
1    0

 0 −1

respectively, and G acts transitively on each component.  The first two orbits are convex sets

and have the homotopy type of a point.  The third orbit has the circle as a deformation

retract.

5.3c  Reduction from the real to the complex case

In computing the minimum dimension of a stabilizer of a real Lie algebra G acting

on a real vector space U it is convenient to reduce consideration to the associated complex

G
Ç-module V = UÇ.  The next result accomplishes this.

Proposition  Let G be a finite dimensional real Lie algebra, and let U be a finite

dimensional real G-module.  Let V = UÇ be the associated complex GÇ-module.

a)  Let r = min {dim Gu : u ∈ U} and let s = min {dim GÇv : v ∈ V}.  Then r = s.

b)  Let r' = min {codimG(u) : u ∈ U} and let s' = min {codimGÇ(v) : v ∈ V}.  Then

r' = s'.

Proof  It suffices to prove a) since b) is an immediate consequence of a).  Let O = {u ∈ U :

dim Gu = r}, and let W = {v ∈ V : dim GÇv = s}.  Then O is Â-Zariski open in U and W

is Ç-Zariski open in V by the discussion in (5.3a).  Regarding U as a subset of V it is easy

to check that (Gu)Ç = (GÇ)u.  To show that r = s it suffices to show that O is Ç-Zariski

dense in V, which will prove that O ∩ W is nonempty.

Without loss of generality we may assume that U = Â
n and V = Çn.  If Z is the Ç-

Zariski closure of O in V, then Z is closed in the Euclidean topology of V.  Hence Z

contains Ân , the closure of O in the Euclidean topology of Â
n.  Any complex polynomial f

that vanishes on Z must vanish on Â
n, and it is  now easy to see that f must also vanish on

Ç
n.  It follows that Z = Çn.

æ

5.3d  Group actions on Grassmann manifolds

Let G be a Lie group, and let ρ : G → GL(U) be a representation of G on a real

vector space U of dimension N.  For each integer p with 1 ≤ p ≤ dim U − 1 there is an

obvious extension of the action of G on U to an action of G on G(p,U).  The space G(p,U)

is a compact, connected differentiable manifold and not a linear space.  However, the group

G still has stabilizers of minimal dimension r on a dense open subset Op of G(p,U) for each
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integer p.  To show this and to compute the integer r we may reduce to the linear case of

(5.3a) by a well known method that we describe now, following [El].

Fix an integer p with 1 ≤ p ≤ dim U − 1.  Note first that G acts on U* by g(u*)(u)

= u*(g−1u) for all g ∈ G, u ∈ U and u* ∈ U*.  Hence H = G x GL(p,Â) acts on

Hom (U*, Âp) § U⊗ Âp  by (g,t)(ƒ) = t ο ƒ ο g−1 .  Let A = {ƒ ∈ Hom (U*, Âp) : ƒ is

surjective}.  Then A = {ƒ ∈ Hom (U*, Âp) : dim Ker(ƒ) = N−p} = {ƒ ∈ Hom (U*,

Â
p) : dim Ker(ƒ)–= p}, where Ker(ƒ)– = {u ∈ U : u*(u) = 0 for all u* ∈ Ker(ƒ)}.  If

we define a map ψ : A → G(p,U) by ψ(ƒ) = Ker(ƒ)–, then it is easy to see that ψ is
surjective.

Let B = {ƒ ∈ Hom (U*, Âp) : dim Hƒ = dim Hƒ is minimal}, where H denotes

the Lie algebra of H.  The sets A and B are nonempty Zariski open subsets of Hom (U*,

Â
p) by (5.3a) and the corollary to Proposition 1 of Appendix 1.  Hence C = A ∩ B is also

a nonempty Zariski open subset of Hom (U*, Â
p).

Lemma A  Fix an integer p with 1 ≤ p ≤ dim U − 1.  Let ψ : C → G(p,U) be the map given

by ψ(ƒ) = Ker(ƒ)–.  Let ƒ ∈ C.  Then

1)  Hƒ is isomorphic to Gψ(ƒ), where H = G x GL(p, Â).

2)  The codimension of the orbit H(ƒ) in Hom (U*, Âp) equals the codimension of

the orbit G(ψ(ƒ)) in G(p,U).

3)  Let r = min {dim G
W

 : W ∈ G(p,U)} = max { dim G(W) : W ∈ G(p,U)}.  Let

O = {W ∈ G(p,U) : dim G
W 

= r}.  Then O is a dense open subset of G(p,U) that contains

ψ(C).

Proof  1)  The condition (g,t)(ƒ) = ƒ is equivalent to the condition

(*) ƒ ο g = t ο ƒ

, which implies that g (Ker ƒ) = Ker ƒ and g (Ker ƒ–) = Ker ƒ–.  Hence if (g,t) ∈ Hƒ,

then g ∈ Gψ(ƒ).

If ƒ ∈ C ⊆ A, then ƒ : U* → Âp is surjective and the condition (*) uniquely

determines t if g and ƒ are given.  Hence the map T : Hƒ → Gψ(ƒ) given by T(g,t) = g is

an injective homomorphism.  Conversely, if g ∈ G
W

 is given, where W = ψ(ƒ) = Ker ƒ–,

then g(Ker ƒ) = Ker ƒ and there is a unique element t ∈ GL(p,Â) such that (*) holds.

This proves that T : Hƒ → Gψ(ƒ) is surjective.

2)  By 1) and the fact that C ⊆ B there is an integer d ≥ 0 such that dim Hƒ =

dim Gψ(ƒ) = d for all ƒ ∈ C.  If ƒ ∈ C , then dim Hom (U*, Âp) = Np and codim H(ƒ)

= Np − dim H(ƒ) = Np − dim H + dim Hƒ = Np − dim H + d.  On the other hand, since

dim G(p,U) = p(N−p), it follows that codim G(ψ(ƒ)) = p(N−p) − dim G(ψ(ƒ)) = p(N−p)

− dim G + dim Gψ(ƒ) = p(N−p) −  (dim H − p2) + d = Np − dim H + d  = codim H(ƒ)

for all ƒ ∈ C .
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3)  Since ψ(A) = G(p,U) and C is a Zariski open subset of Hom (U*, Â
p) with C ⊆

A it follows that ψ(C) is dense in G(p,U).

The subset O is clearly open and nonempty in G(p,U), and hence O ∩ ψ(C) is

nonempty.  Since dim Gψ(ƒ) = d for all ƒ ∈ C it follows that d = r = min {dim G
W

 : W ∈
G(p,U)} and O = {W ∈ G(p,U) : dim G

W
 = d}.  We conclude that ψ(C) ⊆ O, which

proves that O is dense in G(p,U).

A necessary and sufficient condition for G to have open orbits in G(p,U)

Let ρ: G → GL(U) be an irreducible representation of a Lie group G on a real

vector space U of dimension N such that the complexified representation ρ: G → GL(V),

where V = UÇ, is also irreducible.  Fix an integer p with 1 ≤ p ≤ N−1, and define H =

G x GL(p,Â) and H' = G x SL(p,Â).  As above we obtain induced representations of H =

G·gl(p,Â) and H' = G·sl(p,Â) on Hom (U*,Âp) § U* ⊗ Âp.  If V = UÇ, then

Hom (V*,Çp) § Hom (U*,Âp)Ç becomes a module for HÇ and (H')Ç.

Lemma B  Let U be a finite dimensional, irreducible real G-module such that V = UÇ is a

finite dimensional, irreducible compex GÇ-module.  Then G has an open orbit in G(p,U)

⇔ (H')Ç has an orbit of codimension zero or one on Hom (V*,Ç
p).

Remark  If G has one open orbit in G(p,U), then by 3) of Lemma A there exists a dense

open subset Uo of G(p,U) such that the orbit G(W) is open in G(p,U) for all W ∈ Uo.

Proof of Lemma B   Suppose first the orbit G(W) is open in G(p,U) for some W ∈
G(p,U).  In the notation of Lemma A the subset ψ(C) is dense in G(p,U).  Hence we may

assume that W = Ker(ƒ)–, where ƒ ∈ C ⊆ Hom (U*, Âp).    By 2) of Lemma A we

know that H(ƒ) is open in Hom (U*,Âp).  Hence H(ƒ) = Hom (U*,Âp), and by the

Proposition in (5.3c) there exists ƒ' ∈  Hom (U*,Âp)Ç = Hom (V*,Çp) such that  HÇ(ƒ')

= Hom (V*,Çp).  Hence the orbit (H')Ç(ƒ') has codimension zero or one in Hom (V*,Ç
p)

since (H')Ç has codimension one in HÇ.

Conversely, suppose that the orbit (H')Ç(ƒ') has codimension zero or one in Hom

(V*,Çp) for some ƒ' ∈  Hom (V*,Çp).  Let k = min {codim  (H')Ç(ƒ) : ƒ ∈ Hom

(V*,Çp)}.  Then by b) of the proposition in (5.3c) it follows that k = min {codim  (H')(ƒ) :

ƒ ∈ Hom (U*,Âp)}.  Moreover, there exist an Â-Zariski open set A in Hom (U*,Âp) and

a Ç-Zariski open set B in Hom (V*,Çp) such that (H')(ƒ) has codimension k for all ƒ ∈
A, and (H')Ç(ƒ) has codimension k for all ƒ ∈ B.

Suppose first that k = 0.  Then (H')(ƒ) = Hom (U*,Âp) for all ƒ ∈ A, and it

follows that H'(ƒ) is an open subset of Hom (U*,Âp) for all ƒ ∈ A.  In particular H(ƒ) is
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also open in Hom (U*,Âp) for all ƒ ∈ A since H ⊇ H'.  By 2) of Lemma A it follows that

the orbit G(W) is open in G(p,U) for all W in some dense open subset Uo of G(p,U).

Next suppose that k = 1.  Let d = min {dim HÇ
ƒ

 : ƒ ∈ Hom (V*,Çp)} and d' =

min {dim (H')Ç
ƒ

 : ƒ ∈ Hom (V*,Çp)}.  By hypothesis V = UÇ is an irreducible GÇ-

module, and clearly Çp is an irreducible sl(p,Ç) module.  Since (H')Ç = GÇ·sl(p,Ç) it

follows that Hom (V*,Çp) § V⊗ Çp is an irreducible (H')Ç-module.  By Theorem 1 of

[El] we conclude that d = d' since codim (H')Ç(ƒ) ≥ 1 for all ƒ ∈ Hom (V*,Çp).

Moreover, there exists a Zariski open subset O in Hom (V*,Ç
p) such that dim HÇ

ƒ
 = dim

(H')Ç
ƒ

 = d and codim (H')Ç(ƒ) = 1 for all ƒ ∈ O.  It follows that (HÇ)(ƒ) = Hom

(V*,Çp) for all ƒ ∈ O since dim HÇ = dim (H')Ç + 1 and dim HÇ
ƒ

 = dim (H')Ç
ƒ

  = d.

It follows from b) of the proposition in (5.3c) that (H)(ƒ) = Hom (U*,Âp) for all ƒ in

some Zariski open subset of Hom (U*,Âp),  Hence by 2) and 3) of Lemma A there exists a

dense open subset Uo in G(p,U) such that the orbit G(W) is open in G(p,U) for all W ∈
Uo.

æ

5.4  Dimension of the moduli space X(p,q)

The space X(p,q) = N(p,q) / GL(p+q,Â) is the space of isomorphism classes of

2-step nilpotent Lie algebras N with dimension p+q such that [N, N] has dimension p ≥1.

In (5.2) we saw that N(p,q) / GL(p+q,Â) is homeomorphic to G(p, so(q,Â)) / SL(q,Â).  In

this section we use the results of (5.3) and [El] to determine the minimal codimension of an

orbit of SL(q,Â) in G(p, so(q,Â)).  See also Tables 2a,2b in [KL].

For integers p ≥1 and q ≥ 2 let dp,q = min {dim SL(q,Â)
W

 : W ∈ G(p, so(q,Â))}.

The maximal dimension of an SL(q,Â) orbit in G(p, so(q,Â)) is dim SL(q,Â) − dp,q =

q2 −1 − dp,q , and it follows that the minimum codimension of an SL(q,Â) orbit in

G(p, so(q,Â)) is p(D−p) − q2 +1 + dp,q since dim G(p, so(q,Â)) = p(D−p). Hence

dim X(p,q) = p(D−p) − q2 +1 + dp,q
It remains only to determine the dimension dp,q of a generic SL(q,Â) stabilizer in

G(p, so(q,Â)).

Remark  By the discussion of duality in (5.1) it is evident that dp,q = dD−p,q  for all

positive integers p,q, where 2 ≤ q and 1 ≤ p ≤ D = (1/2)q(q−1).

5.4a Local rigidity

An element ρ of N(p,q) is said to be locally rigid if there exists a neighborhood U

of ρ in N(p,q) such that every 2-step nilpotent structure ρ' for Âp+q that lies in U is

isomorphic to ρ.  If we express ρ isomorphically as a quotient F
2
(q)* / W, where F

2
(q)* =

Â
q·so(Â) is the free 2-step nilpotent Lie algebra on q generators and W is a subspace of
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so(Â) of dimension D−p, then the condition that ρ be locally rigid is equivalent to the the

condition that the orbit GL(q,Â)(W–) be an open subset of G(p, so(Â)),  Hence the

condition that N(p,q) contain a locally rigid element ρ is the same as the condition that

X(p,q) have dimension zero.

The set of all locally rigid elements in N(p,q) is clearly open in N(p,q), and it

corresponds to the union of all open GL(q,Â) orbits in G(p, so(Â)).  Hence, if the set of all

locally rigid elements inN(p,q) is nonempty, then it is a dense, open subset of N(p,q) by

Lemma A in (5.3d).

5.4b  A necessary condition for X(p,q) to have dimension zero

If G = SL(q,Â) has an open orbit in G(p, so(Â)), then q2 − 1 = dim G ≥  dim

G(p, so(Â)) = p(D−p).  If p = 1 or 2, then it is easy to check that q2 − 1 > p(D−p) for any

integer q ≥ 2.  However, if p ≥ 3, then it is very rare that q2 − 1 ≥  p(D−p).

Recall from Proposition 2.2f or the corollary in (3.3) that p ≤ D with equality ⇔ N
is a free 2-step nilpotent Lie algebra on q generators.

Proposition  Let p,q be positive integers such that p ≥ 3, D ≥ p + 1, where D =

(1/2) q(q−1).

If q2 − 1 >  p(D−p), then exactly one of the following situations must occur.

1)  D−p = 1.

2)  D−p = 2.

3)  p = 3 and q = 4.

4)  p = 3 and q = 5 or  p = 7 and q = 5 (dual cases).

If q2 − 1 = p(D−p), then

5)  p = 4 and q = 5 or  p = 6 and q = 5 (dual cases)

Corollary  If X(p,q)  has dimension zero, then either p = 1, q ≥ 2 or p = 2, q ≥ 2 or p ≥ 3
and (p,q) satisfies one of the five cases of the Proposition.

Remarks

1)  We shall see shortly that X(p,q) has dimension zero in all of the cases listed in

the corollary except for the case (p,q) = (2,2k) where k ≥ 4.  In this case dim X(2,2k) = k−3.

2)  The duality between p and D−p expressed in the fact dp,q = dD−p,q is seen

again in cases 4) and 5) of the proposition.  Case 3) is self dual.

Proof of the Proposition  We show first that cases 1 and 2 of the Proposition always

occur.  Suppose first that D−p = 1 and p ≥ 3.  Then q ≥ 4 and the condition  q2 − 1 >
p(D−p) is equivalent to the condition  q2+ q > 0, which clearly holds.  Next, suppose that

D−p = 2 and p ≥3.  Then q ≥ 4 and the condition  q2 − 1 >  p(D−p) is equivalent to the

condition  q+3 > 0, which also clearly holds.
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We assume now that k = D−p ≥ 3.

Lemma  Let k = D−p ≥ 3, where p ≥ 3.  Then q2 − 1 >  p(D−p)

⇔  
1+√25 + 8k

2   ≤ q < ( k
2k−4) (1+√8k − 15− [(8k−16) / k2]   )

Proof  The condition p = D−k ≥ 3 holds ⇔ fk(q) ≥ 0, where fk(x) =  x2 − x − (6 + 2k).

The function fk(x) is negative in the region between its roots, which are r
1
 = 

1−√25 + 8k
2

< 0 and r
2
 =  

1+√25 + 8k
2   > 0.  Hence p = D−k ≥ 3 ⇔ 1+√25 + 8k

2   ≤ q.

Since p = D−k the condition q2 − 1 >  p(D−p) holds ⇔ gk(q) > 0, where gk(x) =

(1− k2 ) x2 + ( 
k
2 ) x + (k2 − 1).  The roots of gk(x) are

( k
2k−4)(1−√8k − 15− [(8k−16) / k2]   ) and ( k

2k−4)(1+√8k − 15− [(8k−16) / k2]   ).

Since k ≥ 3 it follows that 
k

2k−4 > 0  and √8k − 15− [(8k−16) / k2]   > 1.  Hence the first

root is negative and the second is positive.  The function gk(x) = (1− k2 ) x2 + ( 
k
2 ) x +

(k2 − 1) is positive only in the open interval between the roots since 1− k2 < 0.  Hence  gk(q)

> 0 for q > 0 ⇔ q < ( k
2k−4) (1+√8k − 15− [(8k−16) / k2]  ), which completes the proof of

the lemma.
æ

We now complete the proof of the Proposition by finding all solutions of the

inequalities of the lemma under the condition k = D−p ≥ 3.  One may show that for k ≥ 11
1+√25 + 8k

2   > ( k
2k−4) (1+√8k − 15− [(8k−16) / k2]  ).  It follows from the lemma and its

proof that there are no solutions  for k ≥ 11 to the inequality q2 − 1 ≥  p(D−p), where k =

D−p ≥ 3 and p ≥ 3.  By checking the cases 3 ≤ k ≤ 10 it is easy to see that cases 1) through

4) are the only ones to satisfy q2 − 1 >  p(D−p) and case 5) is the only one to satisfy

q2 − 1 =  p(D−p)
æ

To make further progress we need an effective way to compute the codimension of

an orbit of SL(q,Â) in G(p, so(q,Â)) or equivalently, to compute the dimension of a

stabilizer SL(q,Â)
W

, where W ∈  G(p, so(q,Â)).

5.4c  Dimensions of stabilizers of SL(q,ÂÂÂÂ) acting on G(p, ssssoooo(ÂÂÂÂ))

Reduction to complex ssssllll(q,ÇÇÇÇ)····ssssllll(p,ÇÇÇÇ) modules

Let G = SL(q,Â), and let G denote the Lie algebra of G.  Let dp,q be the minimum

dimension of a stabilizer G
W

, where W ∈ G(p, so(q,Â)).  By Lemma A of (5.3d) dp,q is
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also the minimum dimension of a stabilizer Hƒ, where H = G x GL(p,Â) and ƒ is an

element from a Zariski open subset O of U = Hom (so(q,Â)*, Âp).  Since Hƒ has the

same dimension as its Lie algebra Hƒ =  {X  ∈ H : Xƒ = 0} it follows from (5.3c) that

dp,q is the minimum dimension of a stabilizer of HÇ = sl(q,Ç)·gl(p,Ç) acting on

V = UÇ = Hom (so(q,Ç)*, Çp).

Let H' = G x SL(p,Â) = SL(q,Â) x SL(p,Â), and let H' = sl(q,Â)·sl(p,Â) denote

the Lie algebra of H'.  Let d'p,q be the minimum dimension of a stabilizer of H' acting on U

= Hom (so(q,Â)*, Âp), which by (5.3c) equals the minimum dimension of a stabilizer of

(H')Ç acting on V = Hom (so(q,Ç)*, Çp).  Let cd(p,q) be the minimum codimension of an

orbit of (H')Ç acting on V.

By the discussion in (5.3) there exist Zariski open subsets O and O' in V such that

the stabilizer (HÇ)ƒ = sl(q,Ç)·gl(p,Ç)ƒ has dimension dp,q for all ƒ in O and the

stabilizer (H'Ç)ƒ = sl(q,Ç)·sl(p,Ç)ƒ has dimension d'p,q  for all ƒ in O'.

Note that so(q,Ç) is an irreducible sl(q,Ç)-module relative to the standard action of

SL(q,Ç) on so(q,Ç) given by g(Z) = gZgt for g ∈ SL(q,Ç) and Z ∈ so(q,Ç).  Since Çp is
an irreducible module for sl(p,Ç) it follows that so(q,Ç)⊗  Çp § Hom (so(q,Ç)*, Çp) is

an irreducible module for (H')Ç = sl(q,Ç)·sl(p,Ç).

Next, following [El] and the discussion in (5.3d), we shift from considering the

action of G on G(p, so(q,Â)) to considering the linear action of sl(q,Ç)·sl(p,Ç) on V.

Let dp,q , d'p,q and cd(p,q) be the integers defined above.  It is easy to compute from the

action of H on Hom (so(q,Â)*, Âp) that the action of HÇ on V = Hom (so(q,Ç)*, Çp), is

given by (X,Y)(ƒ) = Y ο ƒ − ƒ ο X  for all (X,Y) ∈ sl(q,Ç)·gl(p,Ç) and all ƒ ∈ V.

Proposition  Let G = SL(q,Â), H = G x GL(p,Â) and H' = G x SL(p,Â).  Let H and H'

denote the Lie algebras of H and H'.  Let V = Hom (so(q,Ç)*, Çp), and let D =

(1/2)q(q−1).  Then

1)  If cd(p,q) = 0, then there exists a dense open subset O of G(p, so(q,Â)) such

that the orbit SL(q,Â)(W) is open in G(p, so(q,Â)) for all W in O.

2)  If cd(p,q) ≥ 1, then dp,q = d'p,q and dim X(p,q) = cd(p,q) − 1 = p(D−p) + 1 − q2

+ d'p,q.

Proof  By the discussion above there exist Zariski open subsets O and O' in V such that

dim (HÇ)ƒ has a minimal value dp,q for all ƒ in O and  dim (H'Ç)ƒ has a minimal value

d'p,q  for all ƒ in O'.  Let A = O ∩ O'.

Since H is an extension of H' by a 1-dimensional central subgroup it follows that

d'p,q ≤ dp,q ≤ d'p,q +1.  By Theorem 1 of [El], cd(p,q) = 0 ⇔ dp,q = d'p,q +1.

If cd(p,q) = 0, then (H'Ç)(v) = V = Hom (so(q,Ç)*, Çp) for some v ∈ V, and it

follows that (HÇ)(v) = V.  Hence by the Proposition in (5.3c) and Lemma A in (5.3d) there
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exists W ∈ G(p, so(q,Â)) such that SL(q,Â)(W) is open in G(p, so(q,Â)).  By 3) of

Lemma A in (5.3d) the set O of such elements W in G(p, so(q,Â)) is dense and open in

G(p, so(q,Â)).  This proves 1).

If cd(p,q) ≥ 1, then dp,q = d'p,q  and the maximal dimension of an HÇ orbit in V is

one more than the the maximal dimension of an H'Ç orbit in V.  In particular dim X(p,q) =

min {codim SL(q,Â)(W) : W ∈ G(p, so(q,Â)} = min {codim HÇ(ƒ) : ƒ ∈ Hom

(so(q,Ç)*, Çp) } = cd(p,q) − 1 by the proposition in (5.3c) and lemma A of (5.3d).  The

formula for cd(p,q) −1 follows immediately from the facts that dim
Ç

Hom (so(q,Ç)*, Çp) }

= pD and dim H'Ç = p2 + q2 − 2.  This completes the proof of 2).
æ

Generic stabilizers in ssssllll(q,ÇÇÇÇ)···· ssssllll(p,ÇÇÇÇ) modules

Elashvili in Table 6 of [El] has given a complete list of those finite dimensional

irreducible complex semisimple modules V whose generic stabilizers have dimension d'p,q
> 0.  See also Tables 2a and 2b of [KL].  Clearly, if dim sl(q,Ç)·sl(p,Ç) > dim V, then a

generic stabilizer of sl(q,Ç)·sl(p,Ç) in V must have positive dimension.  Conversely,

Table 6 in [El] shows that these are the only cases where a generic stabilizer of

sl(q,Ç)·sl(p,Ç) in V has positive dimension.  There seems to be no known direct proof of

this fact.  In any case, the specific values for the dimension d'p,q of a generic stabilizer of

sl(q,Ç)·sl(p,Ç) in V are needed to compute the dimension of the space X(p,q) =

G(p, so(q,Â)) / SL(q,Â).

For the complex semisimple Lie algebra sl(q,Ç)·sl(p,Ç) we summarize the results

of Table 6 of [El] and Tables 2a,2b of [KL].  We use the reduction from the case that

SL(q,Â) acts on G(p, so(q,Â)) to the case that sl(q,Ç)·sl(p,Ç) acts on Hom (so(q,Ç)*,

Ç
p). We use also the duality result from (5.1) that dp,q = dD−p,q for all positive integers

p,q, where dp,q = min {dim SL(q,Â)
W

 : W ∈ G(p, so(q,Â))}.  The proof of the proposition

in (5.4c) shows that d'p,q ≤ dp,q ≤ d'p,q + 1 and dp,q = d'p,q ⇔ cd(p,q) = 0,

Spaces X(p,q) where d'p,q is positive.

Table 1

Proposition  Let p,q be positive integers with 1 ≤ p ≤ D = (1/2)q(q−1).  Let d'p,q = min

{dim sl(q,Ç)·sl(p,Ç)ƒ : ƒ ∈ Hom (so(q,Â)*, Çp)}.  Then d'p,q = 0 except in the

following cases :

(p,q) d'p,q

1) (1, q) q ≥ 2 (1/2)q(q+1) − 1
(D−1,q) q ≥ 2

2) (D, q) q ≥ 2 q2− 2 free 2-step
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3) (2, 2k+1) 2k+3

(D−2, 2k+1) 2k+3

4) (2, 2k) , k ≥ 3 3k

(D−2, 2k) k ≥ 3 3k

5) (2, 4) 7

(4, 4) 7

6) (3, 4) self dual 6

7) (3, 5) 3

(7, 5) 3

8) (3,6) 1

(12,6) 1

(5.4d) Dimensions of the spaces X(p,q)

Spaces X(p,q) with dimension zero

Table 2

Proposition  A  The space X(p,q) has dimension zero in precisely the following cases :

1)  p = 1 q ≥ 2  

     p = D−1 q ≥ 2
2)  p = D q ≥ 2  free 2-step  on q generators

3)  p = 2 q = 2k+1, k ≥ 1
      p = D−2 q = 2k+1, k ≥ 1
4)  p = 2 q = 4

     p = 4 q = 4

5)  p = 2 q = 6

     p = 13 q = 6

6)  p = 3, q = 4 self dual

7)  p = 3, q = 5

     p = 7, q = 5

8)  p = 4, q = 5

     p = 6, q = 5

Spaces X(p,q) with positive dimension

Proposition  B  If  (p,q) ≠ (2, 2k) for k ≥ 4 and (p,q) does not appear in Table 1 or Table 2,

then the space X(p,q) has dimension p(D−p) + 1 − q2 > 0.  The dual spaces X(3,6) and
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X(12,6) have dimension 2.  The dual spaces X(2,2k) and X(2k2−k−2, 2k) have dimension

k−3 for k ≥ 4.

Proof of Proposition A  If N is a 2-step nilpotent Lie algebra such that [N , N] has

dimension p and codimension q, then we showed in Proposition 2.2f or the corollary in

(3.3) that p ≤ D with equality ⇔ N is a free 2-step nilpotent Lie algebra on q generators.

We saw in Proposition 2.2a that a free 2-step nilpotent Lie algebra on q ≥ 2 generators is

unique up to isomorphism.  Hence X(D,q) is a point, and in particular it has dimension zero.

We have reduced our consideration to the case that D ≥ p+1.  With this restriction

all spaces X(p,q) that are candidates to have dimension zero are listed in the proposition of

(5.4b).  For these candidates we use the proposition in (5.4c) and Table 1 to compute dim

X(p,q) = p(D−p) + 1 − q2 + dp,q.

We observed in (3.6) that X(1,q) has dimension zero for q ≥ 2.  It is well known that

X(2, 2k+1) has dimension zero for k ≥ 1, and one can deduce this also from the value of

d'
2,2k+1

 that arises from Table 6 of [El], or Tables 2a and 2b of [KL].

We consider now the cases (2,2k), k ≥ 2.  From Table 1 it is routine to compute in

the case (p,q) = (2, 4) that a generic orbit of sl(4,Ç)·sl(2,Ç) in Hom (so(4,Ç)*, Ç2) has

codimension one.  Hence X(2, 4) and its dual X(4, 4) have dimension zero by Lemma B in

(5.3d) or the Proposition in (5.4c).

Table 1 above shows that d'
2,2k = 3k for k ≥ 3, and hence for k ≥ 3 the generic

codimension cd(2, 2k) of an orbit of sl(2k,Ç)·sl(2,Ç) in Hom (so(2k,Ç)*, Ç2) is k−2.  If

k = 3 then cd(2, 2k) = 1, and by Lemma B in (5.3d) or the Proposition in (5.4c) it follows

that  X(2, 6) and and its dual space X(13, 6) have dimension zero.

If k ≥ 4, then cd(2,2k) = k−2 ≥ 2.  By the proposition in (5.4c) we conclude that

d
2,2k = d'

2,2k = 3k , and dim X(2,2k) = cd(2, 2k) −1 = k−3.
If p ≥ 3, then only the values (3, 4), (3, 5),(4, 5) and their dual pairs appear in (5.4b).

From Table 1 we verify in all of these cases that a generic orbit of sl(q,Ç)·sl(p,Ç) in

Hom (so(q,Ç)*, Çp) has codimension one.  Hence either Lemma B of (5.3d) or the

Proposition in (5.4c) shows that the spaces X(3, 4), X(3, 5), X(4, 5) and their dual spaces

X(7, 5), X(6, 5) all have dimension zero.

This completes the verification of Table 2 and Proposition A.

Proof of proposition B  If (p,q) = (2,2k) for k ≥ 4, then dim X(2,2k) = k−3 by the

discussion above in the proof of Proposition A.  If (p,q) = (3,6), then cd(3,6) = 3 since d'
3,6

= 1 by Table 1.  By the Proposition in (5.4c) we obtain dim X(3,6) = cd(3,6) − 1 = 2.

If (p,q) is not listed in Table 1, then d'p,q = 0.  If (p,q) is also not listed in Table 2,

then dim X(p,q) > 0 and cd(p,q) ≥ 2 by Lemma B of (5.3d).  Hence dp,q = d'p,q = 0 by the

Proposition in (5.4c).  It follows from the discussion at the beginning of (5.4) that dim
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X(p,q) = p(D−p) + 1 − q2  if (p,q) does not appear in Table 1 or 2.  This completes the

proof of Proposition B.
æ

Section 6  Proofs of the results in section 4

Proof of proposition 4.1a
By the definition in section 1, N

2
(n) = {ρ ∈ Hom (Λ2(Ân),Ân) : Im (ρ) ⊆ Z(ρ)},

where Z(ρ) = {x ∈ Ân : ρ(x^y) = 0 for all y ∈ Ân}.  For each x ∈ Ân define Ix : Ân →
Λ2(Ân) by Ix(y) = x̂ y.  If adρx = ρ ο Ix for x ∈ Ân, then adρx(y) = ρ(x^y) = [x,y] in the

standard bracket notation.

Fix a basis {x
1
, x

2
, ... , xn} for Ân.  For 1 ≤ i, j ≤ n let ƒij : Hom (Λ2(Ân),Ân) →

Hom (Ân,Ân) be the polynomial map given by ƒij (ρ) = (ρ ο Ixi
) ο (ρ ο Ixj

).  Then ρ ∈
N

2
(n) ⇔ ƒij (ρ) = 0 for all 1 ≤ i,j ≤ n.

æ

Proof of Proposition 4.1b
Let n = p+q.  Let ƒ : Hom (Λ2(Ân),Ân) → Hom (Ân, Hom (Ân,Ân)) be the

injective linear mapping given by ƒ(ρ)(x) = adρx = ρ ο Ix.  Since Z(ρ) = Ker ƒ(ρ) it

follows from Proposition 1 of the Appendix that Σ(p,q) = {ρ ∈ Hom (Λ2(Ân),Ân) : nullity

ƒ(ρ) ≥ p} is an algebraic variety in Hom (Λ2(Ân),Ân).  Hence Z
2
(p,q) = Σ(p,q) ∩ N

2
(n)

is an algebraic variety in Hom (Λ2(Ân),Ân) by Proposition 4.1a.
æ

Proof of Proposition 4.1c
Let n = p+q.  If Σ'(p,q) =  {ρ ∈ Hom (Λ2(Ân),Ân) : rank (ρ) ≤  p}, then Σ'(p,q) is

an algebraic variety in Hom (Λ2(Ân),Ân) by the corollary to Proposition 1 of the Appen-

dix.  Hence R
2
(p,q) = Σ'(p,q) ∩ N

2
(n) is an algebraic variety in Hom (Λ2(Ân),Ân) .

æ

Notation
We standardize some notation that will be used in the discussion and proofs of

Propositions 4.2a, 4.2b and 4.2c.  Let G(k,n) denote the Grassmann manifold of k-

dimensional subspaces of Ân.  Let q = n−p and D = (1/2)q(q−1).  Let U be the vector

space so(q,Â) x ... x  so(q,Â) (p times).  Recall from section 1 that  FN
2
(q) denotes the set

of 2-step nilpotent Lie algebras that are free on q generators.

We first make some observations that will be useful for the proofs of Propositions

4.2a, 4.2b and 4.2c.

Lemma
Let n = p+q.  Let ρ ∈ R

2
(p,q) ∩ Z

2
(p,q).  Let W ∈ G(p,n) be a subspace such that

Im(ρ) ⊆ W ⊆ Z(ρ), and let V be a q-dimensional subspace of Â
n such V·W = Ân.  Let
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{x
1
, ... , xq, z

1
, ... , zp} be a basis of Ân such that {x

1
, ... , xq} is a basis of V and {z

1
, ... ,

zp} is a basis of W.  Define matrices {C1(ρ), ... Cp(ρ)} in so(q,Â) by the equations

ρ(xi ^ xj) = Σ
α=1

p

 Cα
ij (ρ) zα for 1 ≤ i < j ≤ p.  Then

1)   Z(ρ) = W ⇔ ∩
α=1

p

 Ker (Cα(ρ)) = {0}.

2)  Im(ρ) = W ⇔ {C1(ρ), ... Cp(ρ)} are linearly independent in so(q,Â).

Proof of the lemma

1)  Since W ⊆ Z(ρ) it suffices to show

(*)  a = (a
1
, ... , aq) lies in  ∩

α=1

p

 Ker (Cα(ρ)) ⇔ x =  Σ
i=1

p

 aixi lies in V ∩ Z(ρ)

Note that a ∈  ∩
α=1

p

 Ker (Cα(ρ)) ⇔  0 = Σ
j=1

q

 Cα
ij (ρ) aj = − Σ

j=1

q

  Cα
ji (ρ) aj for 1 ≤ i ≤ q and

1 ≤ α ≤ p.  On the other hand ρ(x ^ xi) = Σ
j=1

q

 aj ρ(xj ^ xi) = Σ
α=1

p

{ Σ
j=1

q

  aj C
α
ji (ρ) }zα.  The

assertion (*) now follows since x ∈ V ∩ Z(ρ) ⇔ ρ(x ^ xi) = 0 for 1 ≤ i ≤ q.

2)  Define a positive definite inner product < , > in so(q,Â) by < A, B > =

− 1
2
  trace AB.  Define a linear isomorphism ξ :  so(q,Â) → Λ2V by ξ(A) =  Σ

i<j
 Aij  xi ^ xj.

 It is routine to verify that ρ(ξ(A)) = Σ
β=1

p

 < A, Cβ(ρ) > zβ.

Suppose first that the elements {C1(ρ), ... Cp(ρ)} are linearly independent in

so(q,Â), and let X = span {C1(ρ), ... Cp(ρ)} ⊆ so(q,Â).  Let {ƒ
1
, ... ƒp} ⊆ X* be the dual

basis of {C1(ρ), ... Cp(ρ)}, and choose {A1, ... Ap} ⊆ X so that  ƒα(B) =

< Aα, B > for all B in X and 1 ≤ α ≤ p.  Then ρ(ξ(Aα)) =  Σ
β=1

p

 < Aα, Cβ(ρ) > zβ = zα
since < Aα, Cβ(ρ) > = δαβ.  Hence Im (ρ) = W since Im(ρ) contains the basis {z

1
, ... zp} of

W.

Conversely, suppose that Im (ρ) = W.  For  1 ≤ α ≤ p choose an element Aα in

so(q,Â) such that zα =  ρ(ξ(Aα)) =  Σ
β=1

p

 < Aα, Cβ(ρ) > zβ, which implies that

< Aα, Cβ(ρ) > = δαβ.  If 0 =  Σ
β=1

p

 aβCβ(ρ) for some real numbers {aβ}, then 0 =

< Σ
β=1

p

  aβCβ(ρ), Aα > = aα for 1 ≤ α ≤ p.  This proves that the set {C1(ρ), ... Cp(ρ)} is

linearly independent in so(q,Â).
æ

Proof of Proposition 4.2a

We now begin the proof of Proposition 4.2a.  It is clear from Proposition 4.1b that

Z
2
0(p,q) =  Z

2
(p,q) − Z

2
(p+1,q−1) is a Zariski open subset of Z

2
(p,q).  Recall that n = p+q.
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Recall that U = so(q,Â) x ... x so(q,Â) (p times), and let  F = {C = (C1, ... , Cp)

∈ U : ∩
i=1

p

 Ker (Ci) = {0}}.  The proof of the Proposition is now a consequence of the

following statements :

1)  F is an arc connected Zariski open subset of U, and U− F has codimension ≥ 2.

2)  If  Z : Z
2
0(p,q) → G(p,n) denotes the map that sends ρ ∈ Z

2
0(p,q) to the center

Z(ρ) ∈ G(p,n), then Z−1(W) is bijectively equivalent to F for every W ∈ G(p,n).

3)  Z
2
0(p,q) with the quotient topology determined by Z is a connected C∞ manifold

of dimension pq + pD.  Moreover, Z
2
0(p,q) is a fiber bundle over G(p,n) with fiber F.

Assertion 1) follows immediately from assertion 2) and the remark thereafter in

Proposition 4 of Appendix 1.  Assertion 2) above follows immediately from 1) of the

lemma above.  We prove 3).  Let ρ ∈ Z
2
0(p,q) be given, and let W = Z(ρ) ∈ G(p,n).  As in

the lemma above we let V be a q-dimensional subspace of Â
n such V·W = Ân, and we let

{x
1
, ... , xq, z

1
, ... , zp} be a basis of Ân such that {x

1
, ... , xq} is a basis of V and {z

1
, ... ,

zp} is a basis of W.

Since V·W = Ân every small neighborhood O of the zero map in Hom (W,V)

defines a coordinate neighborhood O' of W in G(p,n).  Given T ∈ O we define W' =

(Id+T)(W) and let O' = {(Id+T)(W) : T ∈ O} ⊆  G(p,n).  Every element W' of O' also

comes equipped with a distinguished basis {z
1
', ... , zp'}; if W' = (Id+T)(W) for T ∈ O,

then define zi' = (Id+T)(zi) for 1 ≤ i ≤ p.

Fix a coordinate neighborhood O' of W in G(p,n) that arises from an open set O of

Hom (W,V) as above.  Choose O so small that V·W' = Ân for every W' ∈ O'.  We

construct a bijection ψ : Z−1(O') → O' x F that will define the desired manifold and fiber

bundle structures on Z
2
0(n,p).

Given ρ' ∈  Z−1(O') let {z
1
', ... , zp'} be the distinguished basis of W' = Z(ρ')

constructed as above.   Define C(ρ')  =  (C1(ρ'), ... , Cp(ρ')) in F by the equations

ρ'(xi ^ xj) = Σ 
i=1

p
 Cα

ij (ρ) zα' for all 1 ≤ i < j ≤ p.  Define  ψ : Z−1(O') → O' x F by ψ(ρ')

= (Z(ρ'), C(ρ')).  It is routine to verify that ψ is a homeomorphism if Z
2
0(p,q) has the

quotient topology defined by Z, F has the Euclidean topology from U = so(q,Â) x ... x

so(q,Â) (p times), and O' x F has the product topology.  Moreover, the pairs {ψ, Z−1(O')}

constructed in the manner above define coordinate charts and strip maps that give Z
2
0(p,q)

the structure of a C∞ manifold and a fiber bundle over G(p,n) with fiber F.  Since F is open

in the Euclidean topology of U it follows that dim Z
2
0(p,q) = dim F + dim G(p,n) = pD +

pq, where q = n−p and D = (1/2)q(q−1).  This completes the proof of 3).
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Proof of Proposition 4.2b

It is clear from Proposition 4.1c that N(p,q) =  R
2
(p,q) − R

2
(p−1,q+1) is a Zariski

open subset of R
2
(p,q).

Let F = {C = (C1, ... , Cp) ∈ U = so(q,Â)p  :  {C1, ... , Cp} are linearly independent

in so(q,Â)}.  Note that F is empty unless p ≤ D = dim so(q,Â).  We treat separately the

cases that p ≠ D and p = D = (1/2)q(q−1). Again, recall that n = p+q.

If p ≠ D, then the proof is a consequence of the following statements :

1)  F is an arc connected Zariski open subset of U, and U− F has codimension ≥ 2.

2)  If  R : N(p,q) → G(p,n) denotes the map that sends ρ ∈ N(p,q) to Im ρ ∈
G(p,n), then R−1(W) is bijectively equivalent to F for every W ∈ G(p,n).

3)  N(p,q) with the quotient topology determined by R is a connected C∞ manifold

of dimension pq + pD.  Moreover, N(p,q) is a fiber bundle over G(p,n) with fiber F.

Assertion 1) follows immediately from assertion 3) of Proposition 2 in Appendix 1.

Assertion 2) follows immediately from assertion 2) of the lemma above.  We omit the

details of the proof of assertion 3), which is essentially the same as the proof of assertion 3)

of Proposition 4.2a.

Suppose now that p  = D.  Then the three assertions above must be modified as

follows.  In assertion 1) the fiber F is a Zariski open subset of U, but F has two arc

components by Proposition 2 and the remark thereafter in Appendix 1.  Assertion 2)

remains true.  Except for the connectedness of N(p,q), assertion 3)  remains true as well,

and in this case dim N(p,q) = pn.

We prove that N(p,q) has two connected components in the case that p = D.  By

Proposition 2.2f or the Corollary in (3.3) it follows that N(p,q) = FN
2
(q), the set of 2-step

nilpotent Lie algebra structures on ÂN, N = (1/2)q(q+1), that are free on q generators.

Note that GL(N,Â) acts transitively on FN
2
(q) since the elements of FN

2
(q) are all

isomorphic by Proposition 2.2a.  By the discussion at the beginning of section (2.2) the two

connected components of FN
2
(q) are the orbits of GL(N,Â)+, the connected, index 2

subgroup of GL(N,Â) consisting of those elements with positive determinant.
æ

Proof of Proposition 4.2c

Let F = {C = (C1, ... , Cp) ∈ U = so(q,Â)p  :  {C1, ... , Cp} are linearly independent

in so(q,Â) and  ∩
i=1

p

 Ker (Ci) = {0}}.}.

If p ≠ D, then the proof is a consequence of the following statements :

1)  F is an arc connected Zariski open subset of U, and U− F has codimension ≥ 2.
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2)  If  R : N(p,q) → G(p,n) denotes the map that sends ρ ∈ N(p,q) to Im ρ = Z(ρ)

∈ G(p,n), then R−1(W) is bijectively equivalent to F for every W ∈ G(p,n).

3)  N(p,q) with the quotient topology determined by R is a connected C∞ manifold

of dimension pq + pD.  Moreover, N(p,q) is a fiber bundle over G(p,n) with fiber F.

The fiber F in this situation is the intersection of the fibers F that occur in

Propositions 4.2a and 4.2b.  Hence assertion 1) in this proof follows immediately from the

assertions 1) in the proofs of Propositions 4.2a and 4.2b.  Assertion 2) follows immediately

from assertions 1) and 2) of the lemma above.  We again omit the details of the proof of

assertion 3), which is essentially the same as the proof of assertion 3) of Proposition 4.2a.

If p = D, then No(p,q) ⊆ N(p,q) = FN
2
(q) by Proposition 4.2b.  Equality holds

since the commutator ideal and the center are equal for a free 2-step nilpotent Lie algebra on

q generators.
æ

Appendix 1

Some results on real algebraic varieties

Proposition 1

Let U, V and W be finite dimensional real vector spaces, and let ƒ : U → Hom

(V,W) be a polynomial mapping.  Let s = min {dim V, dimW} and let p be an integer with 1

≤ p ≤ s − 1.  Let Xp = {u ∈ U : rank ƒ(u) ≤ p}, and Yp = {u ∈ U : nullity ƒ(u) ≥ p}.

Then Xp and Yp  are real algebraic varieties in U.

Proof

If n = dim V, then Xp = Yn-p since rank ƒ(u) + nullity ƒ(u) = dim V.  Hence it

suffices to prove that Xp is a real algebraic variety for each p.  Fix a basis {v
1
, v

2
, ... vn} for

V, and let p be an integer  as above.  Define Φ(p) = {(α
1
, α

2
, ... , αp+1) ∈ #p+1 : 1 ≤ α

1 
<

α
2 

< ... < αp+1 ≤ n}.  For α = (α
1
, α

2
, ... , αp+1) ∈ Φ (p) let  ƒα : Hom (V,W) →

Λp+1(W) be given by ƒα(T) = T(vα1
) ^ T(vα2

) ^ ... ̂  T(vαp+1
) for T ∈ Hom (V,W).

Then rank T ≤ p ⇔ ƒα(T) = 0 for all α ∈ Φ (p).  Since the maps {ƒα} are polynomial and

compositions of polynomial maps are polynomial maps it follows that Xp is a real algebraic

variety in U.
æ

If U is a subspace of Hom (V,W) and ƒ is the inclusion map in the result above,

then we obtain the following

Corollary

Let V and W be finite dimensional real vector spaces, and let U be a subspace of

Hom (V,W).  Let s = min {dim V, dimW} and let p be an integer with 1 ≤ p ≤ s − 1.  If Xp
= {u ∈ U : rank u ≤ p} and Yp = {u ∈ U : nullity u ≥ p}, then Xp and Yp  are real algebraic

varieties in Hom (V,W).
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Proposition 2

Let p ≥ 2 and D  ≥ 2 be integers, and let s = min {p,D}.  Let V be a real vector space

of dimension D, and let Vp = V x V x ... x V (p times).  For v = (v
1
, v

2
, ... vp) ∈ Vp define

rank(v) = dim span {v
1
, v

2
, ... vp}.  For 1 ≤ k ≤ s−1 let Σk

'  = {v ∈ Vp : rank(v) ≤ k} and for

1 ≤ k ≤ s let Σk = {v ∈ Vp : rank(v) = k}.  Then

1)  Σk
'  is an algebraic variety for 1 ≤ k ≤ s−1, and Σk

'  = {zero} ∪ ∪
i=1

k
 Σi.

2)  If 1 ≤ k ≤ s−1, then Σk is an arc connected smooth manifold of dimension pk +

k(D−k) that is a fiber bundle over G(k,V), the Grassmann manifold of k-dimensional

subspaces of V.  Moreover, Vp − Σk has codimension ≥ 2.

3)  The set Σs is a Zariski open subset of Vp, and Σs is arc connected if p ≠ D.  In

addition , Vp − Σs has codimension ≥ 2.

Remark

If p = D = s, then Σs can be identified with the set of bases of V in an obvious

fashion.  Hence Σs has two arc components in this case, each of which corresponds to the

bases of V with a fixed orientation.

Proof

1)  It suffices to prove that Σk
'  is an algebraic variety for each k since the second

statement of 1) is obvious.  For an integer k with 1 ≤ k ≤ s−1 let Φ(k) = {(α
1
, α

2
, ... ,

αk+1) ∈ #k+1 : 1 ≤ α
1 

< α
2 

< ... < αk+1 ≤ s}.  For α = (α
1
, α

2
, ... , αk+1) ∈ Φ (k) let

ƒα : Vp → Λk+1(V) be the polynomial map defined by ƒα(v) = vα1
 ^ vα2

 ^ ... ̂  vαk+1
for v = (v

1
, v

2
, ... vp) ∈ Vp.  Then rank(v) ≤ k ⇔ ƒα(v) = 0 for all α ∈ Φ (k), which proves

that Σk
'  is an algebraic variety.

2)  Fix an integer k with 1 ≤ k ≤ s−1 and define π : Σk → G(k,V) by π(v) = span

{v
1
, v

2
, ... vp}.  The map π is clearly surjective.  For W ∈ G(k,V) note that π−1(W) = Wp−

A, where A = {w ∈ Wp : rank(w) ≤ k−1}.  The set A is an algebraic variety in Wp by 1),

and hence π−1(W) is a Zariski open subset of Wp.  The diffeomorphism type of

π−1(W) is independent of W since any two real vector spaces of dimension k are

isomorphic.

Next, we construct local trivializations of π : Σk → G(k,V).  Let W ∈ G(k,V) be

given and let W' be a subspace of V such that W·W' = V.  If U ⊆ Hom(W,W') is any

small neigborhood of the zero map, then U defines a coordinate chart for W in G(k,V) ;

namely, given ƒ ∈ U let W(ƒ) = (Id+ƒ)(W) ∈ G(k,V).  For such a neigborhood U let O

= {(W(ƒ) : ƒ ∈ U} ⊆ G(k,V}, and let F = π−1(W).

We define a bijection ψ : F x O → π−1(O).  For w = (w
1
, w

2
, ... wp) ∈ F ⊆ Wp

and ƒ ∈ U let (Id+ƒ)(w) = ( (Id+ƒ)(w
1
), (Id+ƒ)(w

2
), ... , (Id+ƒ)(wp)) ∈ Vp.  Given
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(w,W*) ∈ F x O let ƒ ∈ U be the unique element such that W* = W(ƒ) and let ψ(w,W*)

= (Id+ƒ)(w) ∈ π −1(W*) .  Clearly ψ(F x O) ⊆ π −1(O).  Since Id+ƒ : W → W* is

invertible for all ƒ ∈ U it follows immediately that ψ : F x O → π−1(O) is a bijection.s

 The pairs {(ψ,O)} define coordinate charts on Σk and local trivializations of π : Σk
→ G(k,V) that give Σk the structure of a smooth manifold that is also a fiber bundle over

G(k,V) with fiber F.  Hence dim Σk = dim F + dim G(k,V) = pk + k(D−k) since F is a

Zariski open subset of Wp, where W ∈ G(k,V).

To show that Σk is arc connected it suffices to prove that the fiber F =  π−1(W) is

arc connected for W ∈ G(k,V).  Note that  π−1(W) −{zero} = Wp− ∪
i=1

k−1

 Ai, where Ai =

{w ∈ Wp : rank(w) = i}.  By the previous paragraph Ai is a smooth submanifold of Wp

with dimension pi + i(k−i), where i ≤ k−1 ≤ s−2 ≤ p−2.  Hence Ai has codimension

(p−i)(k−i) ≥ 2 in Wp, and it follows that π−1(W) is an arc connected subset of Wp.

3)  For any integer k with 1 ≤ k ≤ s-1 it follows from 2) that Σk has codimension

(p−k)(D−k) in Vp.  Since 1 ≤ k ≤ s−1  and s = min {p,D} it follows that (p−k)(D−k) ≥ 2
unless p = D = s and k = s−1.  Hence if p ≠ D, then Vp − Σs = Σs-1

'
 has codimension ≥ 2,

and Σs = Vp − Σs-1
'  is an arc connected  Zariski open subset  of Vp.

Proposition 3

Let V be a real vector space of dimension q, and let G be a Lie subgroup of GL(V).

Let W be a finite dimensional G-module and let U be a G-submodule of Hom(V,W).  For

1 ≤ k ≤ q−1 let Uk = {u ∈ U : nullity(u) = k}.  If Uk is nonempty and G acts transitively

on the Grassmann manifold G(k,V) , then Uk is a smooth manifold and a fiber bundle over

G(k,V).

Proof

We recall that if V and W are finite dimensional G-modules, then Hom(V,W)

becomes a G-module under the action (gT)(v) = g(T(g−1v)) for g ∈ G, v ∈ V and T ∈
Hom(V,W).

Fix an integer k with 1 ≤ k ≤ q−1 and suppose that G acts transitively on G(k,V).

Define π : Uk → G(k,V) by π(u) = Ker(u).  Since U is a G-submodule of Hom(V,W) it

follows that π(gu) = g(πu) for all g ∈ G and u ∈ U.  Hence g(π−1X) = π−1(gX) for g ∈ G

and X ∈ G(k,V), and we conclude that all fibers of π are the same, modulo the G-action on

U, since G acts transitively on G(k,V).

Next, we show that each fiber of π is a Zariski open subset of some vector subspace

of U.  For X ∈ G(k,V) let U
X

 = {T ∈ U : X ⊆ Ker(T)}, a subspace of U.  Let Σ = {T ∈
Hom (V,W) : dim Ker(T) ≥ 1 + dim X}.  Then Σ is Zariski closed in Hom (V,W) by the
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corollary to Proposition 1 in this appendix.  Hence π−1(X) = { T ∈ U : X = Ker(T)} = U
X

− Σ is Zariski open in U
X

.

Let G be the Lie subgroup of GL(V) that occurs in the statement of Proposition 3.

Fix X ∈ G(k,V) and let F = π−1(X).  For a suitable neighborhood O of X in G(k,V) we

construct a bijection ψ : F x O → π−1(O).  As in the proof of 2) in Proposition 2, the pairs

{(ψ,O)} define coordinate charts on Uk and local trivializations of π : Uk → G(k,V) that

give Uk the structure of a smooth manifold that is also a fiber bundle over G(k,V) with fiber

F.

 It is convenient to construct a submanifold Y of G such that 1)  Y contains the

identity of G   2)  Y(X) = {g(X) : g ∈ Y} is a neighborhood of X in G(k,V) and 3)  if g(X)

= g'(X) for elements g,g' in Y, then g = g'.  Assuming for the moment that we have

constructed Y, we let O = Y(X) and define ψ : F x O → π−1(O) as follows.  Given (u,X*) in

F x O we let g be the unique element of Y such that g(X) = X* and we define ψ(u,X*) =

g(u) ∈ π −1(X*).    It is routine to check that ψ(F x O) ⊆ π −1(O) and  ψ : F x O → π−1(O)

is a bijection.

We complete the proof of Proposition 3 by constructing the submanifold Y of G

with the properties 1), 2) and 3) above.  Given X ∈ G(k,V) we define H = {g ∈ G : g(X) =

X}.  Note that H is a closed subgroup of G and G(k,V) is diffeomorphic to G/H under the

map gH → g(X) since G acts transitively on G(k,V).  Let G and H denote the Lie algebras

of G and H respectively, and let exp : G → G denote the Lie group exponential map.  Let

P denote a vector subspace of G such that G = P·H (direct sum).  If A and B are

small neighborhoods of the origin in P and H respectively, then A x B is a neighborhood

of the origin in G and the map f : A x B → G given by f(a,b) = exp(a).exp(b) is a

diffeomorphism onto an open neighborhood of the identity in G.  If Y = exp(A), then by

making A still smaller if necessary it follows that Y has the properties 1), 2) and 3) stated

above.

Next we apply Proposition 3 in a way that is useful in section 6.

Proposition 4

Let U = so(q,Â) x ... x so(q,Â) (p times), where p ≥ 2 and q ≥ 3.  For 0 ≤ k ≤ q−1

let Uk = {C = (C1, ... , Cp) ∈ U : dim ∩
i=1

p

 Ker (Ci) = k}.  Then

1)  For 1 ≤ k ≤ q−2 the set Uk is a nonempty smooth manifold of dimension

(1/2)(q−k){k(2−p) + p(q−1)} and is also a fiber bundle over G(k,q).  Each manifold Uk
has codimension ≥ 2 in U.

2)  Uo = U −{ ∪
1≤k≤q−2

 Uk} is an arc connected Zariski open subset of U, and

U− Uo has codimension ≥ 2 in U.
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Remark

If q = 2, then U
1 is empty and Uo = U − {zero} is arc connected since p ≥ 2.  More

generally, Uq−1 
is empty for all q ≥ 2 since the kernel of a skew symmetric linear

transformation of Âq has even codimension.  Elementary arguments show that Uk is

nonempty for 1 ≤ k ≤ q−2 since p ≥ 2.

Proof

Let V = Âq and W = Vp.  We may regard U as a subspace of Hom (V,W) ; given

C = (C1, ... , Cp) ∈ U and v ∈ V we define C(v) = (C1(v), ... , Cp(v)) ∈ W.  Let G =

SO(q,Â) ⊆ GL(V) and note that G acts transitively on G(k,V) for 1 ≤ k ≤ q−1.  Let G act

on W by g(v) = (g(v
1
), ... , g(vp)) for v = (v

1
, ... , vp) ∈ W.  The natural G-action on Hom

(V,W) is given by (gT)(v) = g(T(g−1v)) for g ∈ G, v ∈ V and T ∈ Hom (V,W).  In

particular, if C = (C1, ... , Cp) ∈ U, then gC = (gC1g−1,..., gCpg−1) ∈ U for all g ∈ G, i.e. U

is a G-submodule of Hom (V,W).

1)  If C = (C1, ... , Cp) ∈ U, then Ker (C) = ∩
i=1

p

 Ker (Ci).  Fix an integer k with

1 ≤ k ≤ q−1.  As we observed above, Uk  is nonempty, and by Proposition 3 in this

appendix the set Uk is a smooth manifold and a fiber bundle over G(k,V).  Let πk : Uk  →
G(k,V) be the projection given by πk(C) = Ker (C).  To compute the dimension of Uk it

suffices to compute the dimension of a fiber of πk.

Fix W ∈  G(k,V).  The proof of Proposition 3 showed that πk
−1(W) = {C ∈ U : W

= Ker(C)} is a Zariski open subset of U
W

 = {C ∈ U : W ⊆  Ker(C)}.  Define O
W 

=

{A ∈ so(q,Â) : W ⊆ Ker(A)}, and O
W
o = {A ∈ O

W
 : dim Ker(A) ≤  Ker(A') for all A' ∈

O
W

}.  Then O
W
o is Zariski open in O

W
, and it follows that (O

W
o)p is Zariski open in O

W
p =

U
W

.  Since both (O
W
o)p and πk

−1(W) are Zariski open subsets of U
W 

it follows that

dim πk
−1(W) = dim (O

W
o)p = p dim O

W
o.

We show that for each W ∈ G(k,V) the set O
W
o is a smooth manifold of dimension

(1/2)(q−k)(q−k−1).  It then follows immediately that dim Uk = dim  πk
−1(W) + dim

G(k,V) = (1/2)p(q−k)(q−k−1) + k(q−k) = (1/2)(q−k){k(2−p) + p(q−1)}, which proves 1).

We need to consider separately the cases that q−k is even or odd.

Case 1 q−−−−k is even

In this case O
W
o = {A ∈ so(q,Â) : Ker A = W}.  Let W– denote the orthogonal

complement of W in Âq, and let so(W–) denote the skew symmetric transformations of

W–.  The subset so(W–)o of invertible elements of so(W–) is Zariski open in so(W–)

since dim W– = q−k is even.  Note that O
W
o may be identified with so(W–)o under the
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homeomorphism that sends A* ∈ so(W–)o to the unique element A of so(q,Â) such that A

= A* on W– and A ≡ 0 on W.  Hence O
W
o is a manifold with dimension

(1/2)(q−k)(q−k−1).

Case 2 q−−−−k is odd

In this case O
W
o = {A ∈ so(q,Â) : W is a codimension 1 subspace of Ker A.}  As

above, for W* ∈ G(q−k−1, W–) we let so(W*)o denote the Zariski open subset of

invertible elements of so(W*).  We identify an element A* of so(W*)o with the unique

element A of O
W
o such that A = A* on W* and A ≡ 0 on (W*)–.  If π : O

W
o → G(q−k−1,

W–) is the projection map defined by π(A) = (Ker A)– = W*, then π is surjective and

π−1(W*) may be identified as above with so(W*)o.  The diffeomorphism type F of a fiber

π−1(W*) ≈ so(W*)o is clearly independent of W*, and hence O
W
o becomes a smooth fiber

bundle over G(q−k−1, W–) with fiber F.  In particular dim O
W
o = dim F + dim G(q−k−

1,W–) = (1/2)(q−k−1)(q−k−2) + (q−k−1) = (1/2)(q−k)(q−k−1), the same as in case 1.

The fact that Uk has codimension ≥ 2 is proved below in 2).   This completes the proof of

1). 

2)  Note that Uo = U − Σ , where Σ = {C ∈ U : dim Ker C ≥ 1}.  By the corollary

to Proposition 1 of this appendix, Σ is an algebraic variety in U, and hence Uo is a Zariski

open subset of U.

 To prove that Uo is arc connected and that U − Uo  = Σ has codimension ≥ 2  it
suffices to prove that each manifold Uk has codimension ≥ 2 for 1 ≤ k ≤ q−2.  By 1) we

have dim Uk = f(k), where f(x) = (1/2)(q−x){x(2−p) + p(q−1)}  for 1 ≤ x ≤ q−2.  Note that

f'(x) < 0 on [1, q−2], and hence f(x) is strictly decreasing on [1, q−2].  We conclude that

codim Uk = dim U − f(k)  ≥  dim U − f(1) = (p−1)(q−1) ≥ 2 since p ≥ 2 and q ≥ 3 by

hypothesis.
æ

Appendix 2 Free 2-step nilpotent Lie algebras and their quotients

In this appendix we present the omitted proofs of the results on free 2-step nilpotent

Lie algebras stated in section 2.

Proof of Proposition 2.2a

1)  We prove uniqueness first.  Suppose that N and N* are free 2-step nilpotent

Lie algebras on q generators, and let {x
1
, ... , xq} and {x

1
*, ... , xq*} be admissible

generating sets for N and N* respectively.  By definition there exist unique Lie algebra

homomorphisms T : N → N* and T* : N* → N  such that T(xi) = xi* and T*(xi*) = xi
for 1 ≤ i ≤ q.  Then T*οT and TοT* are the identity maps on N and N* respectively since

they fix all elements of the generating sets {x
1
, ... , xq} and {x

1
*, ... , xq*}.
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We prove existence.  Let q ≥ 2 be given and let D = (1/2)q(q−1).  Let F
2
(q) =

Â
q·Λ2(Âq), and let [ , ] be the 2-step nilpotent Lie algebra structure on F

2
(q) such that

Λ2(Âq) is in the center of F
2
(q) and [v,w] = v ̂  w for all v,w ∈ Âq.

 Now let {N*, [ , ]*} be any 2-step nilpotent Lie algebra, and let {x
1
*, ... , xq*} be

any subset of q elements in N*.  Let {v
1
, ... , vq} be any basis of Âq, and let T : F

2
(q) →

N* be a linear map such that (a)T(vi) = xi* for 1 ≤ i ≤ q.  In order for T to be a Lie algebra

homomorphism we must have (b) T(vi ^ vj) = T([vi, vj]) = [Tvi, Tvj ]* = [x i*, xj*]* for all

i, j.  The map T : F
2
(q) → N* is uniquely defined by (a) and (b) since {vi : 1 ≤ i ≤ q} ∪

{v i ^ vj : 1 ≤ i < j ≤ q} is a basis for F
2
(q).  Condition (b) ensures that T is a Lie algebra

homomorphism.

Finally, dim F
2
(q) = q + D = q + (1/2)q(q−1) = (1/2)q(q+1).

2)  We shall need a preliminary result.

Lemma  Let N be a finite dimensional real Lie algebra, and let q = dim N / [N, N]. Then

1) Every generating set for N contains at least q elements.

2)  Let {ξ
1
, ... , ξq} be a generating set for N with q elements.  Then

{π(ξ
1
), ... , π(ξq)} is a basis for N / [N, N], where π : N → N / [N, N] is the

projection.

3)  Let N be 2-step nilpotent.  Let {ξ
1
, ... , ξq} be any subset of N with q  

elements such that {π(ξ
1
), ... ,π(ξq)) is a basis for N / [N, N].  Then {ξ

1
, ... , ξq} is a

generating set for N.

Proof   Let π : N → N / [N, N] be the projection homomorphism. Let {ξ
1
, ... , ξ

N
} be a

generating set for N.  Then S = {π(ξ
1
), ... , π(ξ

N
)} is a generating set for N / [N, N],

and S must contain a basis of the abelian Lie algebra N / [N, N].  This proves 1) and 2).

3)  Let N be 2-step nilpotent, and let {ξ
1
, ... , ξq}be any subset of N such that

{π(ξ
1
), ... , π(ξq)} is a basis for N / [N, N].  Clearly {ξ

1
, ... , ξq} is a linearly independent

subset of N.  If ◊ = span {ξ
1
, ... , ξq}, then π : ◊ → N / [N, N] is an isomorphism,

and we conclude that N = ◊·[N, N] since q = dim ◊ = dim N / [N, N] =

dim N −  dim [N, N].  Let N' be the subalgebra of N generated by {ξ
1
, ... , ξq}.  Then

{[ ξi, ξj] : 1 ≤ i, j ≤ q} generates [◊, ◊], which equals [N, N] since N is 2-step nilpotent.

Hence N' contains ◊·[N, N] = N.
æ

Let N* be a 2-step nilpotent Lie algebra such that r = dim N* / [N*, N*] ≤ q.  By

3) of the lemma above N* has a generating set with r elements, and hence N*   admits a

generating set {x
1
*, ... , xq*} with exactly q elements.  Let N be a free 2-step nilpotent Lie

algebra on q generators, and let {x
1
, ... , xq} be an admissible generating set.   Let T : N →

N* be the unique Lie algebra homomorphism such that T(xi) = xi* for 1 ≤ i ≤ q.  It

follows that T(N) = N* since T(N) is a Lie algebra that contains {x
1
*, ... , xq*}.
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Proof of Proposition 2.2b

1)  If {y
1
, ... , yr} is a generating set for N, then N is the linear span of the set S =

{y
1
, ... , yr, [yi, yj] : 1 ≤ i < j ≤  r}, which has at most r + (1/2)r(r−1) = (1/2)r(r+1) distinct

elements.  Hence r ≥ s since (1/2)r(r+1) ≥ card(S) ≥ n = (1/2)q(q+1) by Proposition 2.2a.

2)  Let {x
1
, ... , xq} be an admissible generating set for N, and let {y

1
, ... , yq} be

any generating set for N with q elements.  If T : N → N is the unique Lie algebra

homomorphism such that T(xi) = yi for 1 ≤ i  ≤  q, then T([xi, xj]) = [yi, yj]  for 1 ≤ i  < j ≤
q.  Hence T is an isomorphism since Im T contains the linear spanning set S =

{y
1
, ... , yq, [yi, yj] : 1 ≤ i < j ≤  q} of N.  It is clear from the definition of an admissible

generating set A for N that  any isomorphic image of A is also an admissible generating set

for N.
æ

Proof of Proposition 2.2c

It is easy to verify the properties 1) and 2) for the example N = F
2
(q) =

Â
q·Λ2(Âq) constructed in the existence proof of Proposition 2.2a.  Hence properties 1)

and 2) hold in general since by Propositions 2.2a and 2.2b N is unique and all generating

sets with q elements are the same up to isomorphism.
æ

Proof of Proposition 2.2d

We use the explicit model F
2
(q) = Âq·Λ2(Âq) from the proof of Proposition

2.2a.

  1)  Since ρ' : F
2
(q) → N' is surjective there exist elements {ξi : 1 ≤ i ≤ q} of

F
2
(q) such that ρ'(ξi) = (T ο ρ)(ei) for all i, where {ei : 1 ≤ i ≤ q} is the natural basis of Âq.

There exists a unique Lie algebra homomorphism T
~
 : F

2
(q) → F

2
(q) such that T

~
(ei) = ξi for

all i since F
2
(q) is a free 2-step nilpotent Lie algebra.  The Lie algebra homomorphisms

ρ' ο T
~
 and T ο ρ are equal since they have the same values on the set {ei : 1 ≤ i ≤ q} , which

generates F
2
(q).  The proof of 1) is complete.

2)  Suppose that T : N → N' is an isomorphism and q = dim N / [N, N] =

dim N' / [N', N'].  Using the notation from the proof of 1) let F be the subalgebra of F
2
(q)

generated by {ξi : 1 ≤ i ≤ q}.  It suffices to show that F = F
2
(q) = Âq· Λ2(Âq).

The set {ρ'(ξi) = (T ο ρ)(ei) ,1 ≤ i ≤ q} generates N' since {ei ,1 ≤ i ≤ q} generates

F
2
(q) and T ο ρ : F

2
(q) → N' is surjective.  If π' : N' → N' / [N', N'] is the projection

homomorphism, then S = {(π' ο ρ')(ξi),1 ≤ i ≤ q} is a basis of N' / [N', N'] by 2) of the

lemma in Proposition 2.2a.  Note that Λ2(Âq) = [F
2
(q), F

2
(q)] ⊆ ρ '−1([N', N']), and hence

[F
2
(q), F

2
(q)] ⊆ Ker (π' ο ρ').  If σ : F

2
(q) → F

2
(q) / [F

2
(q), F

2
(q)] ≈ Âq is the projection
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homomorphism, then there exists a Lie algebra homomorphism ƒ : F
2
(q) / [F

2
(q), F

2
(q)]

→ N' / [N', N'] such that ƒ ο σ = π' ο ρ'.  The map ƒ is surjective since ƒ(σ(ξi)) =

(π' ο ρ')(ξi) for 1 ≤ i ≤ q, and hence ƒ is an isomorphism since its domain and range both

have dimension q.  It follows that {σ(ξi) : 1 ≤ i ≤ q} is a basis for F
2
(q) / [F

2
(q), F

2
(q)].

By 3) of the lemma in Proposition 2.2a we conclude that {ξi : 1 ≤ i ≤ q} generates F
2
(q).

æ

Proof of Proposition 2.2e

Let ◊ be a subspace of Ân such that ◊·Im ρ = Ân, and let {x
1
, ... , xq} be a

basis for ◊.  Hence {(xi+ Im ρ) ^ (xj+ Im ρ) : 1 ≤ i < j ≤ q} is a basis for Λ2(Ân / Im ρ),

It follows that {ρ(xi ^ xj) : 1 ≤ i < j ≤ q} = { ρ'((xi + Im ρ) ^ (xj + Im ρ)) : 1 ≤ i < j ≤ q}

is a linear spanning set for Im ρ with at most (1/2)q(q−1) linearly independent elements.

We conclude that  n = q + dim Im ρ  ≤ q + (1/2)q(q−1) = (1/2)q(q+1), with equality ⇔
ρ' : Λ2(Ân / Im ρ) → Im ρ is an isomorphism.

If ρ ∈ Hom (Λ2(Ân), Ân) is a free 2-step nilpotent Lie algebra with q generators,

then n = (1/2)q(q+1) by Proposition 1.  It follows that ρ' : Λ2(Ân / Im ρ) → Im ρ is an

isomorphism by the discussion of the previous paragraph.  Conversely, if  ρ' is an

isomorphism, then n = (1/2)q(q+1) and {ρ(xi ^ xj) : 1 ≤ i < j ≤ q} is a basis for Im ρ by

the previous paragraph.  Let {v
1
, ... , vq} be any basis for Âq, and let T : Ân → F

2
(q) =

Â
q·Λ2(Âq) be the linear isomorphism such that a)  T(xi) = vi for 1 ≤ i ≤ q and

b) T(ρ(xi ^ xj)) = vi  ^ vj for 1 ≤ i < j ≤ q.  By the definition of the bracket in F
2
(q) =

Â
q· Λ2(Âq) we obtain [T(xi), T(xj)] = [vi , vj] = vi  ^ vj = T(ρ(xi ^ xj)) = T([xi, xj]) for

1 ≤ i < j ≤ q.  Hence T is a Lie algebra isomorphism since Im ρ lies in the center of

{Ân, ρ}.
æ
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