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Introduction Simply connected homogeneous Riemannian manifolds with negative
sectional curvature are closely connected with nilpotent Lie algebras, and if the sectional
curvature is normalized to satisfy the inequalitigb< K < -1 (quarter pinched), then the
connection is with 2-step nilpotent Lie algebras. In particular, any 2-step nilpotent Lie
algebralt gives rise to a homogeneous Riemannian manifold whose sectional curvature is
negative and quarter pinched. See section O for details.

Let p=1and g= 2 be integers and ldt (p,q) denote the space of all 2-step
nilpotent Lie algebra® such that the commutator ided [, 1t] has dimension p and
codimension . The spad¥p,q) admits a & manifold structure and is a fiber bundle
over the Grassmann manifold G(p,p+q) of p-dimensional subspa&ygf The group
GL(p+qg,R) acts in a natural way dh(p,q), and each orbit is an isomorphism class
inT(p,q).

In this article we study X(p,q) £(p,q) / GL(p+gR), the space of isomorphism
classes ifit(p,q). We show that X(p,q) with the quotient topology is homeomorphic to the
compact, connected quotient space &@¢g,R)) / SL(qJR), where SL(dR) acts on
$0(qg,R) and the associated Grassmann manifold &Xfm,R)) by g(Z) = gZé for ZO
$0(q,R) and g1 SL(q,R). It follows immediately that X(p,q) is homeomorphic to
X(D—p,q), where D = dinso(q,R) = (1/2)q(a-1) (duality).

For each (p,q) we compute the dimension of X(p,q) = &I(@,R)) / SL(q,R),
which is defined to be the minimum codimension of an )Y @rbit in G(p,s0(q,R)).

We reduce the problem to computing the integer cd(p,q), which is defined to be the
minimum codimension aff(q,C) ®&s/{p,C) acting on V(p,q) = Homsp(q,C)*, (Ep) ~
So(q,(]Z)D(lZp. The action is that induced by the standard actiofC) on cP and the
action ofs/(q,C) onso(q,C) given by X(Z) = XZ + 2t for all X O $((q,C) and all ZO
$50(q,C).

Forg OV(p.q) lets{a,C)BsAp.C) , ={(X.Y) Ds(a.L)BsLp.C) : (X, Y)(LP) =
0}, and define (E) qto be the minimum dlmenS|on of a stabilizég,C) Bs/(p, (]Z)

V(p,q). Clearly

cd(p.a) = p@p) + 2= +dy  =G-D -G g+ @p+d
For p= 3 very few of the mtegerspd are nonzero, and work of Elashvili [El] allows one to
compute the nonzero mtegerﬁ 8, where =1 and ¢z 2. See also Tables 2a, 2b of [KL],
which add the case3c'i6 1 to the list of [EI].



We show that dim X(p,q) = O if cd(p,q) = 0 or 1. More generally, if cdélphen
dim X(p,q) = cd(p,q)-1.

In particular we find that X(p,q) has dimension zero precisely for the following pairs
(p,q) and their dual pairs €P,q) :

1) (1,g)and (B1,q),0=2 2) (2, 2k+1) and (B2, 2k+1) k=1
3) (D,q) , g= 2 (free on g generators) 4) (2,4) and (4, 4)
5) (2, 6) and (13, 6) 6) (3, 4) (self dual)
7) (3,5)and (7, 5) 8) (4,5)and (6, 5).

The first four examples are well known.

To complete the description, dim X(3,6) = dim X(12,6) = 2, dim X(2, 2k) = dim
X(2k2—k—2,2k) = k-3 for k=4 and dim X(p,q) = p(Bp)+1- q2 > 0 for all remaining
cases.
Remark (Scarcity of lattices) LeRt be a nilpotent Lie algebra with=k2 steps, and let N
denote the unique simply connected nilpotent Lie group with Lie aldebra discrete
subgroud” of N is said to be a lattice if the quotient spadeN is compact. A well known
criterion of Mal'cev says that N admits a latfice-: Tt admits a basi® with rational
structure constants. Specializing to the caselthat 2-step nilpotent, it follows that for
each pair of integers (p,q) wittepl and ¢ 2 there are at most countably many
isomorphism classes in X(p,q) that admit rational structures. In particular, if dim X@@,q)
then for all but countably many elements of X(p,q) the corresponding simply connected Lie
groups N will fail to admit lattices.

Note that if p> 3, then g — 1) > 0 and the formula above for cd(p,q) shows that
there exists a positive intege(g,qiepending on p, such that dim X(px9) for all g= Y

| would like to thank P. Belkale, R. Bryant, J. Damon, P. Etingof, A. Kable, F. Knop
and S. Kumar for helpful conversations and communications. | am especially grateful to A.
Kable for bringing the paper [El] to my attention.

Section 0 Connection between negative curvature and nilpotehte algebras

The horospheres of a Riemannian symmetric space X with variable quarter pinched
negative curvature are isometric to certain 2-step nilpotent Lie groups N with a left invariant
metric. The space X itself is isometric to a solvable subgroup S of isometries equipped with
a left invariant metric, and N is the commutator subgroup [S,S] of codimension 1 in S. The
Lie algebraS of S with the inherited inner product <, > admits a unit element A orthogonal
to the Lie algebrd&t of N such that ad A = 2Id on the cenierof # and ad A =1d on
8, the orthogonal complement &f in .



If KAN is an Iwasawa decomposition of G 5()(), then the solvable group S = AN
has the properties listed above, but the isomorphism type of S is not uniquely determined by
these properties (JAW], Lemma 4.2).

The metric Lie algebra®, <, >} has further strong geometric properties that make
it a Lie algebra oHeisenberdype. See [K1, 2] or [BTV] for futher details.

More generally, Heintze showed in [H] that a homogeneous Riemannian manifold

with strictly negative sectional curvature is isometric to a solvable Lie group S with a left
invariant metric such thdt =[S, &] is a codimension 1 nilpotent ideal®. In addition

S admits a unit element A orthogonalfio such that ad A has eigenvaluediinwith

positive real parts. Conversely, Heintze also showed in [H] thaisfa nilpotent Lie

algebra that admits a derivation D whose eigenvalues have positive real paf,then

R & N admits a solvable Lie algebra structure such that ad 1 = D and an inner product <, >
such that the corresponding simply connected solvable Lie group S with left invariant metric
<, > has strictly negative sectional curvature.

In [EH] the method of Heintze was adapted to study homogeneous Riemannian
manifolds with strictly negative and quarter pinched sectional curvature. A solvable Lie
algebra@S is said to be P-algebra if 1) The commutator iddal=[S , &S] has
codimension 1 in S and 2) There exists a nonzero vectoA such that a)S =
<A>EBN b) The derivation ad A dit has eigenvalues whose real parts lie in [1,2].

c) If ReA =1 or 2 for an eigenvaldeof ad A, then ad A Ald on ‘R;C\ ={&¢ 0 nt .
(ad A- )\Id)n(E) = 0 for some positive integer n}.

In [EH] it was shown that a simply connected solvable Lie group S admits a left
invariant Riemannian metric with sectional curvature satisfyidg K < -1 < the Lie
algebraS is a QP-algebra.

The simplest QP-algebras arise from 2-step nilpotent Lie alg@brast Tt
denote a 2-step nilpotent Lie algebra with cetend letl” be a subspace & such that
Tt =1V @®3. Let D be the derivation dt such thatD =Id o7 and D =2 Id or83.

Let& =R&B N be given the solvable Lie algebra structure such that ad 1 =Jb drhen
S is clearly a QP-algebra.

Section 1 Basic framework for studying 2-step nilpotent structures oR"
1.1 Definitions and notation

Let V,W be finite dimensional real vector spaces, and let T : VxW be an
alternating bilinear map. Recall that there exists a unique Iinea/r\ m&ﬁ(W) - W such
that QI'(V A V) =T(v,v¥) for all v,v*in V.



A 2-stepnilpotentstructure orR" is a nonzero alternating, bilinear map [ JHr? X
R" such that [X, [y, z]] = O for all x,y,z iR". Let p: /\2([Rn) . R"pe the nonzero
linear map such that [x, y] g{(x A y) for all X,y in R™. If Z(p)={x 0O R": P(XAy)=0
forall y in [Rn}, then the condition that [x, [y, z]] = O for all x,y,z R is equivalent to the
condition thap{/\z([Rn) } 0 Z(p). Hence we arrive at the following :

Definition

A 2-stepnilpotentstructure orR" is a linear mayp : /\z(an) —~ R"such that
o{AX(R™)} O z(p), where Z6) = {x OR": p(x ny) = 0 for all y inR™. The center of
p is defined to be the subspac@)(
Notation

Let ‘Rz(n) denote the set of all 2-step nilpotent structure® An

1.2 Action of GL(n,R) on Rz(n)

For every g1 G = GL(nR) and evenp [1 ‘Rz(n) let be @ O ‘Rz(n) be defined by
(gp) €) = glo(g %) for allE T\ X(R"M). Equivalently, if [x,y] =p(x A y) for x,y inR",
and [, ] =g(.]), then [x, y} = 9(g >, g y]) for all x,y in R™,

The action of G = GL(if}) on ‘Rz(n) is a left action, and the orbit @(is the set of
2-step nilpotent structures ili’az(n) that are Lie algebra isomorphicgo The group (B =
{g O G : go =p} is the automorphism group of the the Lie algetra

1.3 Abelian and nonabelian factors

It is useful to observe that one may always split off an abelian Lie algefrcam a
2-step nilpotent Lie algebrR and thereby reduce consideration to the case that]=
3, the center oft. We call the ideal§ andN* in the proposition below thabelian and
nonabelian factors of the 2-step nilpotent Lie algdbra
Proposition

Let It be a 2-step nilpotent Lie algebra with cer8erThen there exist ideak*
and€ of ® with £ 0 8 such that

1) R =N*BEandl3 =[N, N]BE.

2) Mt*is a 2-step nilpotent Lie algebra such that,Tt] = [Tt*, *] = 3%, the

center offt*.

3) The idealdt* and £ are uniquely determined up to isomorphism by 1).

4) £ ={0} - [R,R]=3.



Proof

We begin by proving 3). Suppose that we can witite ‘Rl* B El =
R @ Ez,where 1 El} and {%*, 82} satisfy hypothesis 1) of the Proposition. If
17 is a subspace &t such thath = V@& 3, thent = VB[N, N]DB Ei fori=1,2.
LetT: N - N be alinear isomorphism such that T = IdGriB[ &, ] and T(El) = Ez'
It is easy to check that T is a Lie algebra isomorphism, and hence T induces a Lie algebra
isomorphism T / El - N/ 82. However,nt / Elf R *and
n/ EZE R * by 1). This proves that * = R * and ‘81* = Ez* since by 1)‘31* and
‘82* are abelian Lie algebras of the same dimension.

To prove the existence 8t* and £ we chooseE to be any subspace 8f such
that3 =[R,N]BE. LetV be asubspace 8t suchthath = VB 3. If R*=
1V B[N,N], then it is easy to check th#t* and £ satisfy 1) and 2). Finally, 4) is an
immediate consequence of 1).

Section 2 Free 2-step nilpotent Lie algebras

We define and discuss some important examples that can be regarded as universal
covers in the collection of all 2-step nilpotent Lie algebras. See assertion 2) of proposition
2.2a.

2.1  Definition

A 2-step nilpotent Lie algebrh is said to béreeong > 2 generators if there
exists a generating setl{x.. , >&} for It with the following property :

(#) LetTt* be any 2-step nilpotent Lie algebra, and Ielt*{x.. , xq*} be any
subset of g elements f*. Then there exists a unique Lie algebra homomorphism
T:M - M*such thatT(>|<)=xi*for1Sisq.

A generating set {f ey >§]} of the type above will be called @umissible
generating set for the free 2-step nilpotent Lie alg&bra

2.2  Basic results

We list some basic results about free 2-step nilpotent Lie algebras on q generators
and for each integerx2 we construct two models of such Lie algebras. Proofs of these
results are given in Appendix 2 if they are not included in this section.

Let & Enz(q) denote the collection of all 2-step nilpotent Lie algebras on g
generators. We show next that the elemen&%g(q) are all isomorphic and have
dimension (1/2)q(¢l). Equivalently, the group GL(R) acts transitively o Tt Z(q),
where N = (1/2)q(¢1). In section 4 (Proposition 4.2b) we show tﬁétz(q) has the
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structure of a smooth manifold that is also a fiber bundle over a Grassmann manifold. The
manifold & %z(q) has two connected components, which are the orbits of the index two

+
subgroup GL(NR) .

2.2a Proposition

1) For every integer B 2 there exists a free 2-step nilpotent Lie algdbran g
generators, anfit is unique up to Lie algebra isomorphism. Moreover, Rins
(1/2)a(q+1).

2) LetTt* be a 2-step nilpotent Lie algebra such that difn/ [ R*, *] <q.
Thent* is the homomorphic image of a free 2-step nilpotent Lie algebra on q generators.
Remark The proof of this result will show that a 2-step nilpotent Lie alg@isrhas a
generating set with r = dift* / [ R*, t*] elements, and every generating set%forhas
at least r elements.

2.2b Proposition Let g= 2 be an integer, and & be a free 2-step nilpotent Lie algebra
on g generators.

1) Any generating set fdt contains at least g elements. Any generating sét for
with exactly g elements is admissible.

2) If{x R >%]} and {x_*, ..., xq*} are any two generating sets fér with q
elements, then there exists a unique Lie algebra isomorphisin F :1t such that T(p =
xi*forlsisq.

2.2c Proposition Let g= 2 be an integer, and I1& be a free 2-step nilpotent Lie algebra
on g generators. L& denote the center 8t. Then

1) [k, ] =3 has dimension (1/2)a{q).

2) If{x AR >&} is any generating set fdt with g elements, then {[xxj] c1<i
<j<q}is a basis fof3.

2.2d Proposition (Homomorphism lifting property) Lek and ' be 2-step nilpotent
Lie algebras with generating sets of at most g elements. Ziqatbé a free 2-step nilpotent
Lie algebra with q generators, and choose surjective homomorninisFQéq) - Tt and
p': Fz(q) - 1. IfT: N - Nis aLie algebra homomorphism, then

1) There exists a Lie algebra homomorphismj(q) - F2(q) such thap'oT =
Top.

2) If Tisanisomorphismand g=dith /[, R]=dim '/ [R', R'], then the
Lie algebra homomorphisrﬁﬁt‘om 1) is an isomorphism.



Other characterizations of free 2-step nilpotent Lie algebras

If [, ]is a 2-step nilpotent structure &' associated tp 0Hom (/\2([Rn), IRn),
then since Inp 0 3, the center oR N we may define an alternating bilinearmap [, ]':
R Imp)x R/ 1mp) = Imp=[R", RN OR by [x + Imp, y + Imp]' =[x, Y]
for all x,y O R", Letp' :/\2(IRn/ Im p) — Im p be the unique linear map such that
P((x+Imp)A (y+Imp) =[x+ Imp,y+Imp] =[X, y] =p(xAy) for all X,y [ R".
The mapp' is obviously surjective, byt is injective only under special circumstances.

2.2e Proposition

Letp OHom Q\Z(IRn), IRn) be a 2-step nilpotent Lie algebra structuréRdhand
let p' :/\2(IRn/ Im p) — Im p be the associated surjective linear map. Thénan
isomorphisme {[Rn, p} is a free 2-step nilpotent Lie algebra on g=dim (Im p)
generators. In this case n = (1/2)g(y

2.2f Corollary

Letp OHom (/\2(IRn), [Rn) be a 2-step nilpotent Lie algebra structurdRdhand
let p =dim Imp. If g=n-p and D = (1/2)q(¢l), then p D with equality = {IRn, p} is
a free 2-step nilpotent Lie algebra on q generators.
Proof If p =dim Imp, thenq = dimR" / Im p. By the work above Irp = p(/\z(an)) =
p'(/\2([Rn/ Im p)), and hence p = dim Im<dim /\2(IRn/ Im p) = D. Equality holds=
p'is injective, but by Proposition 2.pe&is injective = {IRn, p} is a free 2-step nilpotent
Lie algebraon q generators.

The next result is a restatement of part of Proposition 4.2b.
2.2g Proposition

For any integer g 2 the se ‘Rz(q) has the structure of a smooth manifold of
dimension (1/4)%(q2—1) with two connected components. Moreo@ﬂz(q) is a fiber
bundle over G(D,n), where D = (1/2)a(@ and n = (1/2)q(#l).

2.3 Existence of a free 2-step nilpotent Lie algebra on q generators

Let q= 2 be given and let D = (1/2)afd)). We construct two models of a free 2-
step nilpotent Lie algebra on g generators, and we define an explicit isomorphism between
them. In Appendix 2, in the proof of Proposition 2.2a, we show that the first model is a free
2-step nilpotent Lie algebra on g generators.
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Model 1 Let F2(q) = IRQGB/\Z([Rq) and let [, ] denote the 2-step nilpotent Lie algebra
structure on lzr(q) such thal\z(IRq) lies in the center dRY and [v,w] = ww for all v,w[]
RY. 1tis easy to check thaté(a), Fz(q)] = /\2(IRq) is the center of{x’q).
Model 2 Let F2(q)* = RYBs0(q,R), whereso(q,lR) denotes the set of g x g real
skew symmetric matrices. Let [, ]* denote the 2-step nilpotent Lie algebra structure on
F2(q)* such thatso(q,R) lies in the center drRY and [v,w]* =—(1/2) {th - th} for all
v,w O RY, where we regard the elementdit as g x 1 column vectors. It is again easy to
check that [l;(q)*, F2(q)*] = $0(q,R) is the center of{(q)* since [ef, eJ]* =
(1/2){Eji - Eij} for 1 <i,j<q, where {q, s %} is the natural basis &9 and EO(B is the
g X g matrix with1 in positiono(,) and zeros elsewhere.
Isomorphism between the models

The mapyp: R9x RY —. s0(q,R) defined byp(v,w) = —(1/2) fvw! — wvl} is
alternating and bilinear, and hence there is a unique linear maf([lkq) - $0(q,R) such
that T(\ww) =—(1/2) {th - th} = [v,w]* for all v,w in RY. The map T is surjective by the
remarks above, and hence T is an isomorphism Si?(diéq) andso(q,R) both have
dimension D = (1/2)qel). If F: F,(q) = RIBAYRY — RIDso(q,R) = F(@)*is
given by F(\§) = (v,TE)), then it is easy to check that F is a Lie algebra isomorphism.

2.4 A metric description of Fz(q)* = IRqEBSO(q,IR)
Proposition Let <, >* denote the standard inner producﬂ%]nthat makes the standard
basis {Gi’ ey %} orthonormal. Let <, > denote the canonical inner produsodn,R)
suchthat< Z, Z' > =trace (ZZ') for all Z, Z[1$50(q,R). Then < [v,w]*, Z>=<Zv, w >*
for all vw O RY and all zO so(q,R).
Proof Regarding the elements Bf! as column vectors we note that < u, v >* = tracé)(uv
for all uvd RY. Hence for vl RYand zO $0(q,R) we have

™) <v, Zw >* = trace (V(ZV\})) =—trace (MZ)
From (*) and the definition of [ , ]* we obtain < [v,w]*, Z >=trace {[v,w]*Z } =
(1/2) trace (V\XZ) - (1/2) trace (W) =—(1/2) <v, Zw >* + (1/2) <w, Zv >* =< Zv, W >*
since Z is skew symmetriDc.

2.5 The automorphisms of E(q)* = [RqEBsa(q,[R)

As in (2.3) we regardRq as the set of g x 1 column vectors, and we regard BI.(q,
as the group of invertible real g x g matrices actin@%grby left multiplication.
Proposition For every automorphism of F2(q)* = IRq®50(q,IR) there exist unique
elements g of GL(d&) and S of Hom[Rq, $0(q,R)) such that



a) p(v) =gv+S(v) forallvdRY,

b) ©(2) = gzd for all Z 0. S0(q,R).

Conversely, given (g, $) GL(g,R) x Hom ([Rq, $0(q,R)) there is a unique automorphism
¢ of Fz(q)* that satisfies a) and b).

In particular Aut (I;(q)*) is a closed Lie subgroup of GLQ@)*)) of dimension

q2 + gD, where D = (1/2)q¢el).

Remark If we define g(2) = thgfor Z1150(q,R), then we obtain a left action of

GL(q,R) onso(q,R). The set GL(dR) x Hom ([Rq, $0(q,IR)) becomes a group with unit

(Id, 0) under the multiplication (g, $3*, S*) = (9g*, Sog* + go S*). The bijectionyp

- (g, S) defined above between AuE(((E)*) and GL(g[R) x Hom (IRq, $0(q,R)) now

becomes an isomorphism of groups.

Proof of the proposition Given an automorphism of Fz(q)* = [RqGBSO(q,IR) there

are unique elements g,h of Eﬂ?c?() and S, T of Hom[Rq, $0(q,R)) such that a) holds for

0] andnp_1 respectively. Itis easy to verify that g and h are inverses and hence are elements
of GL(n,R).

We now show that b) holds fgr and g as well. Given elements v,WiR we
know that [v,w]* = (1/2) {vw' - wv'} by the definition of the bracket [ , I* in )"
Sincey is a Lie algebra homomorphism we obtaiiv,w]*) = [ ¢ (v), @(wW)]* = [gv +
S(v), gw + SW)J* = [gv, gw]* = (1/2) {gv(gw) - gw(gW)} = - (1/2) {ovw'y' - gwv'g'}
=g (-(1/2) {th - th}) gt =g|v, W]*gt. Hence b) holds for all linear combinations of
elements Z is0(q,R) of the form Z = [v,w]*, where v,w are arbitrary elementRG
Since [Fz(q)*, Fz(q)*] = $0(q,R) it follows that b) holds for all Z ig0(q,R).

Conversely, if we are given (g, S) in GLIR),x Hom (IRq, $0(q,R)), then we may
define a linear isomorphism : Fz(q)* - F2(q)* uniquely by conditions a) and b) above.
The argument of the previous paragraph showsgfiaiw]*) = [ @(v), ¢ (w)]* for all v,w [
RY, and this proves that is an automorphism onE'q)*.D

Section 3 Models for 2-step nilpotent Lie algebras

3.1  The structure constants and the structure space

Let ' be a 2-step nilpotent Lie algebra with dimension p+q, where p =Rljrfi].
LetB = {vl, ey vq, Zl, ey Zp} be a basis oft such that {%, ey Zp} is a basis of

[, R]. We call’B anadaptedasis offt. Let {Cl, ey Cp} be the skew symmetric real

p
g X q matrices such thati [wj] =2 C-k Z for 1<i, j <q. We call the matrices

k=1 1l
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{Cl, . OO} the structurematrices determined B§ and the space W = span]{,C.. , (P}
thestructurespace determined B§.

We show first that the structure space W has dimension p by showing that the

matrices {C}, C2, ey Cp} are linearly independent io(q,R). Let {cx , O, ...ap} be real
p

P
numbers such that Ok§1akck Let Z* = Z L k& Define <, >"to be the inner product

on [, ] that makes { % Z o o Zp} an orthonormal basis. Then fokl, s< g we have
p

k

st = _ ky - *
< [Vr, Vs]’ Z*>' = kzlo(kc (Z akC )rs 0. Hence Z* is orthogonal tat[, ] =

span{ Z1 Z, .. Zp} It follows that Z* = 0, which implies thaik =0 for all k.D

Next we show that the collection of structure spaces W, taken over all adapted bases
B of a 2-step nilpotent Lie algebfiy, is a single GL(dR) orbit in the Grassmann manifold
G(p,s0(qg,R)) of p-dimensional subspacessof(q,R),

Proposition Let @ be a 2-step nilpotent Lie algebra with dimension p+q, where p = dim
[, R]. Let®B —{v UV Z and B’ —{v SN VA . Zp} be adapted

q IO
bases ofit, and let W span {%; Cp} and W' = span {d‘ Cp} be the structure

spaces defined b and®'. Let g0 GL(q,R) be the nonsingular g x g matrix such that

q
vi =kz:19ij Vj’ Then gW{;:W.

Conversely, given an adapted baBis= {v s vq . Zp} of ' and an

element g of GL(@R) let B’ :{vl', e \b Z1’ e Zp} where v -kZ gIJ vJ Then gWé

= W', where W' is the structure space defined by the adaptedijaxist.
Proof Suppose first tha®, B' and glJ GL(q,R) are given as above. DefinéGL(p,R)

by Zk Zl hkr Z_. From the definition of h and the structure matrlces1 {c, Cp} a
r=

routine computation yields, fordi, j<q,
N L k
(1) [Vi’vj]_rél(kzzlhkrc )ijz
From the definition of g and the structure matrice§ {C, Cp} another computation yields

q
(2 [V V]_zl{kE 19|k kP, JQ}Z —Z {gCg} Z

Comparing (1) and (2) yields

p
@ oCd'= 2 h,C*

forl<r<p
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k

p
Hence gW&z span{g égt :1<r<p}=span ﬂ(z_l hkr C":1<sr<sp} U

span {Cl, s Cp} =W:'. Equality holds since both W and W' have dimension p in
$0(q,R) and the map Z- ngt IS an invertible linear map ¢b(q,R).
Conversely, let an adapted baBis= {vl, e vq, Zl, e Zp} of I and an element g

of GL(g,R) be given. Lef8 :{vl, \b Z, .. Zp} Where\{ =kZ:1 gij v.. Then the

argument above shows that gWgW', where W' is the structure space defined by the
adapted basi%'.D

3.2  Standard metric 2-step nilpotent Lie algebras

We describe a simple family of 2-step nilpotent Lie algebras that come equipped
with an inner product. We show that every 2-step nilpotent Lie algebra is isomorphic to one
of the elements in this family. We have seen already in (2.4) }(qat*F: [Rqeaso(q,IR)
belongs to this family.

3.2a Definition

Letso(q,R) denote the real g x g skew symmetric matrices. Let p be an integer with
1<p<D=(1/2)q(g1), and let W be a p-dimensional subspacso@f,R). LetTt
denote the vector spa&éqeaw, where the elements &Y are regarded as column vectors.
Fix an inner product <, >* olﬁq, and let <, > be the canonical inner producs@fy,R)
given by < Z, Z* > =trace (ZZ*). Let <, > also denote the inner producften
RYBwW which extends the inner products on the subsnﬁg&md W and which makes
these subspaces orthogonal. Let [, ] denote the 2-step nilpotent Lie algebra struéture on
such that W lies in the center 8f and < [v,w], Z > = < Zv, w >* for all vvd R% and all Z
0so(q,R). We call {IRqGBW, [, ]} a standardnetric 2-stepnilpotent Lie algebra.

It is not difficult to show that it = R9BW is a standard metric 2-step nilpotent
Lie algebra, then®t , ] = W. Moreover, if3 denotes the center &, then3d =
WE{v OV : Zv = 0 for all ZOW}.

3.2b Prescribing structure constants

Proposition Let p be an integer withdp<D = (1/2)q(¢-1). Let{e,, ..., % } denote
the natural basis ®Y. Let W be a p-dimensional subspacea(g,R), and leth =
RYBW be the corresponding standard metric 2-step nilpotent Lie algebra.
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Let {Cl, s OO} be a basis of W. Then there exists a bapjls {. ,pp} of W such
that® = {el, . (a  Ppr e ,pp} is a basis forlt with structure matrices {b . Cp} ;

q
that is, [(i:, Gi] = kZ:1 Ciljg Py
Proof Let <, > denote the canonical inner product@fg,R) defined above, and Ietp[l,
. ,pp} be the basis of W such thatpa, C[3 >=- 60([3 for1<qa, B <p. We show that
B = {el, %q Py - ,pp} is the desired basis of W.
Let {D7, ..., DO} be the skew symmetric structure matrices defined by the bracket
relations of the basi®; that is [(?, %] = kzil DE Py Then < [fie, %], CB > =

S —_pB=pP B - -
0(2:1 Dij <pa,CB> ——Dij = Dji' On the other hand <i[e%],C >—<OG(ei),ej>—

Cj[is' Hence (E3 = DB for1<B<p.

3.3  Reduction to standard form
The next result is Proposition 2.6 from [Eb], but we include the proof here for
completeness.

Proposition Lett be a 2-step nilpotent Lie algebra of dimension p+q such Thalt]
has dimension pLet B = {vl, ey, Z., ..., Z } be an adapted basis fir with structure

. q 1 . .
matrices {C;,L, . Cp} and structure space W = spanl{C. , OO} Then Tt is isomorphic
to the standard metric 2-step nilpotent Lie algébg@w.

For? = RY6W we observed above thdt[ ] = W, a p-dimensional subspace
of the D-dimensional vector spage(q,R), where D = (1/2)q(¢l). From this observation
and the discussion in (2.3) of models for free 2-step nilpotent Lie algebras we obtain
another proof of Corollary (2.2f), namely
Corollary Let t be a 2-step nilpotent Lie algebra of dimension p+q such Thalt] has
dimension p. Thenp D = (1/2)q(¢1), with equality= Tt is a free 2-step nilpotent Lie
algebra on q generators.

Proof of the Proposition The discussion in (3.1) shows thatl{C. : Cp} is a basis for
W. Let {pl, ,pp} be the basis of W such thatps, CI3 >=- 60‘5 forl<a, B <p.
Let {el, . %} be the standard basis f&q, and let [, ]* denote the Lie bracket Tt¥ =
RIBW. Let T:R - N* bethe unique linear isomorphism such thati)r(wei for 1<
i<qgand T(%() = Pq for 1< a<p. Itisroutine to check that T{[Wj]) and [q, %]* have
the same inner productd®(q,R) with Y for 1<, j<gand Ia<p. Since {é, ey
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Cp} spans W it follows that T([iVVjD = [ei, %]* = [T(vi), T(vj)]* for1<i,j<q, which
proves that T is a Lie algebra isomorphiDsm.

(3.4) Quotients of free 2-step nilpotent Lie algebras

Proposition Lett be a 2-step nilpotent Lie algebra of dimension p+q such Thalt]
has dimensionp 1. Let®B = {V1’ s vq, 21’ ey Zp} be an adapted basis f& with
structure matrices {b s (P} and structure space W = spanl{(:. , Cp} 0so(q,R). Let
F2(q)* = [RqEBSO(q,IR) be the free 2-step nilpotent Lie algebra on g generators, and let
{el, . eq} denote the standard basisif.

Letp: F2(q)* - T be the unigue Lie algebra homomorphism suchg(u?l= \
for 1<i<q. Thenpis surjective and Kep = W™, the orthogonal complement of W in
$0(q,R) relative to the canonical inner product <, >.

Proof Since® = {vl, ey vq, Zl, ey Zp} is an adapted basis fét it is clear that
span {Zl, ey Zp} =[T, ] =span {[vl, Vj] : 1<i, j £q}. Hence the vectors {lv : vq}
generatell, and it follows immediately thatis surjective.

Let [, J* denote the canonical Lie bracket ig(@* = IRq@SO(q,IR) defined by
V.t = — (1/2) fowt —wl for all viw O RY. Let 2 = [, qI* = (1/2) {E;; ~ Ey}, where
Ea is the g x g matrix with 1 in position([3) and zeros elsewhere, Thm(lzij) = [Vi’ VJ-]
= kz:1 Ciljf Zk' Given an element A :ipaofso(q,IR), we write A =— i.jzzl G\j Zij , and we

P 9 p p
computep(A)=- 2 { X a C-K}Z = 2 trace (Ad()z == X <A,d<>Zk.
k=1'ij=1 U 7Tk k=1 k™ k=1

Since W = span {&: . Cp} and {Zl, s %J} is a basis for t, 1] it follows that ATl
Kerp = <A,X>=0fori<k<p - ADW™ .

3.5 Isomorphism classes

Let * be a 2-step nilpotent Lie algebra of dimension p+q such Tthait] has
dimension & 1. In (3.4) we saw thalt is isomorphic to E(q)* | W, where Ig(q)* =
[Rq®50(q,[R), W is a (B-p)-dimensional subspace $#(q,R) and D = (1/2)q(g1). We
now state a criterion for determining when two such quotients are isomorphic as Lie
algebras.
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3.5a Proposition Let p be an integer withdp < D-1, where D = (1/2)q(el). Let W,,

W be p-dimensional subspacessofq,R). Then the Lie algebraszqa)* / W and
2(q)* / W are isomorphic- there exists an element g of GLRg,such that gvyg =

W,

Remark Sinceso(q,R) is the center of{x’q)* = [RqEBSO(q,IR) the subspaces y\and

W2 are ideals of E(q)*.

Proof

We suppose first that there exists an element g of Gl).(sLich that g(\ly) W
By (2.5) there exist inverse automorphlsman'ﬂ "Sof F (q)* such that = g and S g
onso(q,R). Fori=1,2 Ietni = 2(q) /V\/i , and Ielpi : Fz(q)* - ‘Ri be the projection
homomorphism with Kep = W Since TKer pl) = Kerp2 and $Ker p2) = Kerpl
there exist Lie algebra homomorphlsms‘.lr - ‘R and S ‘R - ‘R such thapzo T=
To plandploS So P, Hence ST op,= So pon ploSoT Py which
proves that $ T is the identity orilt 1 A similar argument shows thaioS is the identity
on ‘RZ, which proves that S and T are inverse isomorphisms.

Next, we assume th&t1 = 2(q)* / W, and‘R2 = Fz(q)* / W, are isomorphic Lie
algebras, and fori=1, 2 we tqt: F2(q)* - ‘Ri denote the surjective Lie algebra
homomorphism with Ke|r>i = Wi' LetT :‘R1 - ‘R2 be a Lie algebra isomorphism. By 1)
of Proposition 2.2d there exists a Lie algebra homomorphisﬁ&(ﬁ)* - Fz(q)* such
thatp2 oT=To Py

It suffices to prove that B an automorphism onEq)*. From (2.5) it will then
follow that there exists gl GL(q,R) such thafﬂZ) =g(2) = gzé forall ZO0so(q,R). In
particular g(V\{) = g(Kerpl) = ?I'(Ker p) = Kerp2 = W2 since V\ﬂ W2 are subspaces of
$0(q,R) andp2 oT=To Py

To prove that Tis an automorphism onEQ)* it suffices by 2) of Proposition 2.2d
to prove that q = dirrERi / [‘Ri, ‘Ri] fori=1, 2. We show first thqni_l([ini, ‘Ri]) =
so(q,R) fori=1,2. Fori=1, 2 note thail(so(q R)) =p; [Fz(q)* f(q)*] = [‘Ri, ‘Ri]
since P : 2(q)* - ‘R is surjective. This proves the#(q,R) Ep ([‘Ri, ‘Ri]).
Conversely, i€ [p ([ER . ]) fori=1 or 2, then choose zso(q R) such thapi(E) =
p (Z) Thené - Z D Kerp W 0$0(q,R), which proves th& U s0(q,R) and

([‘R ;) O so(@.R).

For i=1,2 Ietq : ‘Ri - ‘Ri / [‘Ri, ‘Ri] denote the projection homomorphism. For i

=1, 2 the mag o p; : z(q)* - T /[‘R . ] is surjective, and Ken'( op) =
([‘R . ]) $0(q,R) by the dlscussmn above Herﬁt?/ [‘R . ] is isomorphic to
2(q)*/50(q R) = RY, and in particular dlntn / [‘R . ] =q for 1=1,2,
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For a subspace W 86(g,R) let W denote the orthogonal complement of W in
$0(q,R) relative to the canonical inner product <, > defined in (2.4).

3.5b Proposition Let p be an integer withdp < D-1, where D = (1/2)q(€fl). Let W,,
W2 be p-dimensional subspacessofq,R). Then the Lie algebraszqa)* / W1 and
F,(a)* / W,, are isomorphic- the Lie algebras fq)* / WlL and E(q)* / W2L
isomorphic.
Proof
If Fz(q)* / W is Lie algebra isomorphic to Eq)* / W then g(\/\i) = W for

some element @ GL(q R) by Proposition 3.5a. It foIIows that hQ/V) W™, Where h
= (g) =(g ) andProposmon 3.5a now says thazt(ﬁ* / W ~is Lie algebra
isomorphic to E(q)* / W Conversely, since (W“) W for i=1, 2 this argument
also shows that ifgq)* / W ~ is Lie algebra isomorphic to, (-?q)* / W , then

2(q)* / W is Lie algebra |somorph|c to (%q)* / W2 0
3.5¢c Corollary Let W and V\é be p-dimensional subspacessofq,R), and Iet‘R
IRC@W and‘R = [Rq@W be the corresponding standard metric 2-step nllpotent Lie
algebras Them is |somorph|c to‘R = there exists ¢l GL(q,R) such that g\/ig =
W,
Proof By the proposition in (3.4?1i is isomorphic to E(q)* / WiL fori=1,2. The
assertion now follows immediately from Propositions 3.5a andD3.5b.

(3.6) The case of a 1-dimensional commutator ideal

Let t be a 2-step nilpotent Lie algebra with a 1-dimensional commutator ideal
[T, I]. By the proposition in (3.3}t is isomorphic tdR9eB W for some integer g 2,
where W is a 1-dimensional subspacaa(q,R). If O ={Z 050(q,R) : rank Z is
maximal}, then O is Zariski open §0(q,R) and standard linear algebra shows that®)q,
acts transitively by conjugation on O.

Let Eno(l,q) = {[RqGB Rz : Z[O}. Since gZé = ng_1 for g0 O(q,R) it follows
from Proposition 3.5a that the eIementﬁ?%‘(l,q) are all isomorphic.

If g = 2k, then the elements of O are nonsingular. The elemeima(thfq) are
isomorphic to the (2k+1)-dimensiortdeisenber@lgebra that is typically described by the
basis {Xl, Y1’ e Xk Yk’ Z} and the nonzero bracket relatione,[xi, ]1=- [Yi’ Xi, 1=2
for 1<i<Kk. Inthis casdt has a 1-dimensional centgr=[1t, t] spanned by Z.

If g = 2k+1, then the elements Z of O have a 1-dimensional kerfel.inf A
spans the kernel of Z and Z spans Wi ], thenTt = RYBW has a basis {i( Y1’ ey
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Xk' Yk’ A, Z}, where {Xl, Y1’ ey Xk Yk’ A} spansIRq, {A, Z} spans the cente® and the
nonzero bracket relations of the basis are given pW] =- [Yi’ Xi’ ]=Zfor1<i<k.

Alternatively, we may say that if @ O and W =RZ, thent = RIBW = R* B R, where
t* is a Heisenberg algebra of dimension 2k+1 Bn@ a 1-dimensional abelian factor.

Section 4 Stratification of the space of 2-step nilpotent structures dRr"

We recall from (1.1) thanz(n) denotes the set of all 2-step nilpotent structures on
R". There are two basic ways to stratify the srﬁg@n) into sets that are invariant under
GL(n,R). One way is defined in terms of the dimensior‘iRﬂ,[[Rn] and the other in terms
of the dimension of the center Bf'. The results of section 3 suggest that the first
stratification is the most natural. One may further choose to define stlﬁ&z@rr)fthat have
the structure of a real algebraic variety or the structure of a smooth manifold that fibers over
a Grassmann manifold.

We make the statements above more precise by defining the strata and some of their
gualitative properties. We postpone the proofs of these statements until section 6.

4.1 Varieties of 2-step nilpotent structures

In this section p,q n will always denote positive integers.
4.1a Proposition

Let 2(n) denote the space of 2-step nilpotent structuré'briThenn 2(n) is an
algebraic variety in Honv‘(z([Rn),[Rn) that is invariant under GL(R,).

4.1b Proposition

Let Zz(p,q) =p0O ‘R2(p+q) :dim Zf) = p}. Then %(p,q) is an algebraic variety
. 2,5p+ p+ .. .
in Hom A\“(R q),IR q) that is invariant under GL(p+8g).

4.1c Proposition

Let Rz(p,q) ={p 0O ‘R2(p+q) rankp) < p}. Then F%(p,q) is an algebraic variety
. 2,/ 5P+ p+ .. .
in Hom A\“(R q),IR q) that is invariant under GL(p+§).

4.2 Manifolds of 2-step nilpotent structures

Notation

We standardize some notation that will be used in the discussion of the next three
results. Let G(k,n) denote the Grassmann manifold of k-dimensional subspﬂ&:-cha‘t
p=1 and gz 2 be integers and let D = (1/2)e). Let U be the vector spae€q,R) x ...
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x so(q,R) (p times). Recall that Tt (g) denotes the set of 2-step nilpotent Lie algebra
D+q _ p(1/2)q(g+1
structures orR =R that are free on g generators.
The next three results describe a stratificatioft gp+q) into strata that are smooth
manifolds that fiber over a Grassmann manifold. These strata are Zariski open subsets of
the varieties above and are also invariant under the action of GR(p+q,

4.2a Proposition

Letp=2and gz 2. Let @(p,q) ={p 0 ‘Rz(p+q) :dim Zp) =p}. Then Zj(p,q) IS
a connected smooth manifold of dimension pq + pD and a fiber bundle over G(p,p+q).
Moreover, zg(p,q) is a Zariski open subset oE(rZ,q).

4.2b Proposition
Let2<p<Dand 3. LetR(p,q)={p O %2(p+q) : dim rankg) = p}. Then
N (p,q) is a smooth manifold of dimension pq + pD and a fiber bundle over G(p,p+q).
Moreover, 1t (p,q) is a Zariski open subset on(Rq), and® (p,q) is connected if p D. If
p =D, thenit(p,q) =% ‘Rz(q), and®t (p,q) has two connected components.

4.2c Proposition

Let2<p<Dand g 3. Let‘Ro(p,q) =R(p,g)n Zg(p,q) ={p 0O srzz(p+q) : Im@)
=Z(p) U G(p,p+q)}- Then‘RO(p,q) is a smooth manifold of dimension pqg + pD and a
fiber bundle over G(p,p+q). Moreovét,o(p,q) is a Zariski open subset of botE(qu)
and Zz(p,q), and‘RO(p,q) is connected if pD. If p=D, then‘Ro(p,q) =% Enz(q).

Remark

The restriction Z p< D and g= 3 is inessential. We observed already in
Proposition 2.2f or the corollary in (3.3) thak | always holds. If g = 2, then D=1 and p
=1, which is the 3-dimensional Heisenberg Lie algebra and also the free 2-step nilpotent
Lie algebra on two generators.

Section 5 Duality and isomorphism classes

5.1 Duality

If <, > is the natural inner product sa(qg,R) given by < Z, Z* > = trace (ZZ*),
then the map- : W — W™ is a diffeomorphism of G(g0(q,R)) onto G(D-p, $0(q,R)).
Given WO G(p,s0(q,R)) and g0 SL(q,R) it is routine to check that if g(W) = W*, then
h(W>) = W+ where h = (@)= (@)™, Hence the map carries SL(GR) orbits in
G(p,$0(q,R)) onto SL(qR) orbits in G(D-p, s0(q,R)). It follows that™ induces a



18

homeomorphism of G(0(q,R)) / SL(q,R) onto G(D-p, s0(q,R)) / SL(gR). We call
this involutive procesduality. For an application of duality see b) of the next result.

5.2 The space of isomorphism classes

If X denotes any of the spaces considered in section 4, then the quotient space X/ G
is the space of isomorphism classes in X, where G = GL.(hX = ‘Rz(n) and G =
GL(p+qg,R) if X is any of the spaces described by pairs of positive integers p,q. Each of the
spaces X has a metric space topology since X is a subset of the Euclidean space
Hom Q\Z(IRn), [Rn), where n = p+q in the second case.

It would be interesting to determine the topology of these isomorphism classes
X I G. In this article we consider only the questions of compactness and dimension. For
compactness it suffices to consider sequential compactness, which is an equivalent property
in a metric space. The main result is the following
Proposition The space&tz(n) / GL(nR), Zz(p,q) | GL(p+qR), Rz(p,q) / GL(p+qR)
and 1t (p,q) / GL(p+qR) are compact in the quotient topology. Moreover,

a) The space X(p,q) ®(p,q) / GL(p+gR) is homeomaorphic to

G(pso(q,R)) / SL(q,R). In particular X(p,q) is compact.

b) X(p,q) is homeomorphic to Xp,q), where D = (1/2)qtell).

c) The spacéto(p,q) / GL(p+qR) is a dense open subset of X(p,q).

d) The space%p,q) / GL(p+gR) is a dense open subset gtp'iq) | GL(p+qR).
Proof We first prove a). Let D = (1/2)gfd). An element ofit (p,q) is by definition a 2-
step nilpotent Lie algebrd of dimension p+q such thalt 1] has dimension p. The
discussion in section (3.4) shows tfiatis isomorphic to E(q)* /' W, where Ig(q)* =
IRq@SO(q,[R) is a free 2-step nilpotent Lie algebra with g generators and W is a subspace
of $0(q,R) of dimension Bp. The subspace W is not unique, but Proposition 3.5a shows
that the other possibilities for W are precisely those elements in thellGldidpit of W in
G(D—p, s0(q,R)), the Grassmann manifold of {Pp)-dimensional subspacesssf(q,R).
By the discussion of duality in (5.1) the mapW — W~maps GL(qR) orbits in
G(p,s0(q,R)) onto GL(gR) orbits in G(B-p, $0(q,R)). Note that the GL(d&) orbits and
the SL(qR) orbits in G(B-p, s0(q,R)) or G(p,s0(q,R)) are the same.

Hence we obtain a map fit(p,q) / GL(p+gR) - G(p,$0(q,R)) / SL(gR) in
which the isomorphism class of an elem@ntn 1t (p,q) is mapped to the orbit
SL(q,R)(W™) in G(p,s0(q,R)), where W is any subspace of dimensiompin s0(q,R)
such thatlt is isomorphic to lzf(q)* /' W. Proposition 3.5a and duality say that the map f is
injective. To see that f is surjective let W be any p-dimensional subspse@ ), and
let * = RYDW, the standard metric 2-step nilpotent Lie algebra determined by W. The
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propositions in (3.2b) and (3.4) show thatis isomorphic to E(q)* / W™. Hence f
maps the isomorphism class¥®fonto the orbit SL(dR)(W) O G(p,$0(q,R)) / SL(q,R).
The inverse function g =t: G(p,so(q,R)) / SL(qR) - N(p,q) / GL(p+qR) maps the
orbit SL(qR)(W) in G(p,$0(q,R)) / SL(q,R) onto the isomorphism class o{(ﬁ)* /W™,

It is routine but somewhat tedious to show that both f and g are continuous with
respect to the quotient topologies. The space Xp,&(p,s0(q,R)) / SL(g,R) is compact
since G(pso(q,R)) is compact. This completes the proof of a). The proof of b) follows
immediately from a) and the discussion of duality in (5.1).

Next we prove thanz(n) / GL(n[R), Zz(p,q) / GL(p+gR) and F%(p,q) /

GL(p+q,R) are compact in the quotient topologies, and we conclude with the proofs of b)
and c).

Let {pk} denote a sequence ilihz(n) and let {bk]} denote the image sequence in
‘Rz(n) / GL(n,R). Every sequencep{(} in ’Rz(n) has a subsequenqaflg} whose
commutator ideals have the same dimension p, or equivalently, every seqlke)rine {

‘Rz(n) has a subsequenqafR[} in N (p,q) for some positive integers p,q with p+gq =n. By
a) there exists an elemgnof 1t (p,q) and a further subsequen@élé} of { p'k} such that

the isomorphism classes qj"{(} converge to the isomorphism classpof]l t (p,q) [

n 2(n). This proves thatt 2(n) / GL(nR) is sequentially compact.

Now consider %(p,q) [ ERZ(n), where n = p+g. As above, any sequerplf(e} in
Zz(p,q) has a subsequenqré'li} whose isomorphism classes converge to the isomorphism
class of an elemept ] 2n2(n). Since %(p,q) is a Zariski closed subset%g(n) by
Proposition 4.1b, where n = p+q, it follows tha([Zq) / GL(p+qR) is also sequentially
compact. A similar argument shows tha}(p?q) | GL(p+gR) is sequentially compact
since I%(p,q) is a Zariski closed subseti[bE(n) by Proposition 4.1c.

We prove c) and d) of the proposition. By Propositions 4.2a and 4.2c the sets
Zg(p,q) and‘RO(p,q) are both Zariski open subsets 9¢|qu). Hence %(p,q) | GL(p+qR)
and ‘Ro(p,q) | GL(p+gR) are dense open subsets 9¢;Zq) | GL(p+qR). Since‘RO(p,q)

0 R(p,q)0 Zz(p,q) it follows that‘RO(p,q) | GL(p+gR) is also a dense open subset of
X(p,q) =N (p,q) / GL(p+gR). This completes the proof of ¢) and d), which completes the
proof of the PropositiorDL

5.3 Basic facts about real Lie group actions

If G is a Lie group acting on a differentiable manifold X, then the dimension of the
guotient space X / G with the quotient topology is by definition the minimal codimension of
a G orbit in X. Hence dim X/ G =dim Xdim G + d, where d is smallest dimension of a
stabilizer (;;( cxOdX.
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We collect some useful facts about the stabilizers of G acting on finite dimensional
real vector spaces U and the associated actions of G on the Grassmann manifolds G(p,U),
1<p<dim U-1. Recall that G(p,U) denotes the set of p-dimensional subspaces of U.
We state these results only in the real case, but the proofs work equally well in the complex
case. In some cases the results are better in the complex case. For example, the Zariski
open subset O discussed below is connected in the complex case but not necessarily in the
real case as the simple example in (5.3b) illustrates.

(5.3a) Stabilizersof minimum dimension

Let G be a Lie group. Lgt: G - GL(U) be a representation of G on a real vector
space U of dimension N, and lgt d® - End(U) denote the induced representation,
where® is the Lie algebra of G. In what follows we suppress the notgiiand .

We may regard U as a subspace of Héll) by defining u(X) = X(u) for all il
Uand XO G&. ForuOU let G, = {g0G:g(u)=u},and Iet’Su = L(Gu) =
{X O :X(u) =0}=Ker u, where il Hom (8,U). For each integerk0 IetZk =
{uU:dm @)‘u >k} ={u OU : nullity (u)= k}. ThenZk is Zariski closed in U for
every k=0 by the corollary to Proposition 1 in Appendix 1. Letr=min{ (@’U culd
U}, and let O = {udJ U : dim (Su =r}. ThenZr = U by the definition of r, and O =
Zr - Zr+1: V- Zr+1is a Zariski open subset of U.

For uJ U the orbit G(u) is diffeomorphic to the coset space % [ &d hence dim
G(u) = dim G-dim Gu =dim G-dim (Su < dim G-r, with equality= u ] O.

We have proved
Proposition Let G be a Lie group, and let G - GL(U) be a representation of G on a
real vector space U of dimension N. Letr =min {dir@ @OU} andletO={udU:
dim Gu =r}. Then O is Zariski open in U. Moreover, for everyl W dim G(u)<
dim G- r with equality= u 0 O.

(5.3b) Connectivity of the set O

The Zariski open set O in the proposition above may not be connected in the
Euclidean topology of U. However, in each connected compor&anf O the the orbits
{G(v):vO Oa} are all diffeomorphic. In different connected components of O the
diffeomorphism types of the G orbits may be different.
Example Let U be the 3-dimensional real vector space of 3 x 3 real symmetric matrices,
and introduce coordinates X, y, z so that (X, y, z) denotes the l[l)étﬂ( LetG =
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GL(3,R) acton U by g(A) = gAE; Sez={A OU:detA=0}={(x,y, 20 IR?’: Xy — a
=0). Note that G leaves invariant the canso that dim % =7ifulx ,uz0. IfO=
U - Z, then O is Zariski open in U and dinh@ 6 for all uJ O. The set O has three G-

. . - 1 10 0
invariant connected components containing the elen[e@t% & o-1Aand=g0 —1

respectively, and G acts transitively on each component. The first two orbits are convex sets
and have the homotopy type of a point. The third orbit has the circle as a deformation
retract.

5.3c Reductim from the real to the complex case

In computing the minimum dimension of a stabilizer of a real Lie alg8ba&ting
on a real vector space U it is convenient to reduce consideration to the associated complex
&"-module vV = . The next result accomplishes this.
Proposition Let® be a finite dimensional real Lie algebra, and let U be a finite
dimensional rea-module. LetV = % be the associated compl@ét-module.

a) Letr=min {dim@Su :uld U} and let s = min {dim® (EV :vOV}. Thenr=s.

b) Letr' =min {codin®(u) : uld U} and let s'= min {codirﬁ@(v) :vOV}. Then
r=s.
Proof It suffices to prove a) since b) is an immediate consequence of a). LetOW& {u
dim (Su =r},and let W ={vOV :dim (S(EV =s}. Then O idR-Zariski open in U and W
is C-Zariski open in V by the discussion in (5.3a). Regarding U as a subset of V it is easy
to check that(ﬁiu)(E =(6 (E)u. To show that r = s it suffices to show that @ iZariski
dense in V, which will prove that @ W is nonempty.

Without loss of generality we may assume that Rand v =C". 1fZis theC-
Zariski closure of O in V, then Z is closed in the Euclidean topology of V. Hence Z
containsR"™, the closure of O in the Euclidean topologyP&f. Any complex polynomial f
that vanishes on Z must vanish®f, and itis now easy to see that f must also vanish on
c". It follows that Z :(En.D

5.3d Group actions on Grassmann manifolds

Let G be a Lie group, and Ipt G - GL(U) be a representation of G on a real
vector space U of dimension N. For each integer p wilp ¥ dim U - 1 there is an
obvious extension of the action of G on U to an action of G on G(p,U). The space G(p,U)
is a compact, connected differentiable manifold and not a linear space. However, the group
G still has stabilizers of minimal dimension r on a dense open suBsﬂtG?Qp,U) for each
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integer p. To show this and to compute the integer r we may reduce to the linear case of
(5.3a) by a well known method that we describe now, following [EI].

Fix an integer p with £ p<dim U- 1. Note first that G acts on U* by g(u*)(u)
= u*(g_lu) forall g0 G, uJ U and u* U*. Hence H =G x GL(dR) acts on
Hom (U*, IRp) = UORP by (g,t)(p) =to ¢ og_l. Let A={p 0OHom (U* [Rp) O
surjective}. Then A =¢{ [ Hom (U* [Rp) :dim Ker(p) = N-p} = { ¢ O Hom (U*,

RP) : dim Ker(g) = p}, where Ker(p)™ = {u O U : u*(u) = 0 for all u*0 Ker(¢)}. If
we define a map : A — G(p,U) byW(yp) = Ker(p) ™, then it is easy to see thpis
surjective.

Let B ={p 0 Hom (U*, IRp) :dim Htp =dim $ 0 is minimal}, where§y denotes
the Lie algebra of H. The sets A and B are nonempty Zariski open subsets of Hom (U*,
IRp) by (5.3a) and the corollary to Proposition 1 of Appendix 1. Hence G\ 8BAs also
a nonempty Zariski open subset of Hom (ER”K,)).

Lemma A Fix an integer p with ¥ p<dimU-1. Lety: C - G(p,U) be the map given
by () = Ker(p) . Lety OC. Then

1) HL[J is isomorphic to %(Lp)’ where H = G x GL(pR).

2) The codimension of the orbit #f in Hom (U*, IRp) equals the codimension of
the orbit G(p)) in G(p,U).

3) Letr =min {dim QN : WO G(p,U)} = max { dim G(W) : W G(p,U)}. Let
O ={wWwOG(p,U) : dim QN =r}. Then O is a dense open subset of G(p,U) that contains
W(C).

Proof 1) The condition (g,t){) = ¢ is equivalent to the condition

(*)  @og=toy
, which implies that g (Kep) = Ker ¢ and g (Kerp ) = Ker ¢ . Hence if (g,t] H»
then gl GLU( )

If ¢ OCOA, theny : U* - RPis surjective and the condition (*) uniquely
determines tif g ang are given. Hencethe map T ¢I—b GLU(LP) given by T(g,t) = glis
an injective homomorphism. Conversely, i'ﬂg'.;W is given, where W d)(¢) = Kergp
then g(Kerp) = Ker ¢ and there is a unique element GL(p,R) such that (*) holds.

This provesthat T:H - G IS surjective.

2) By 1) and the fact that @ B there is an integer=l0 such that dim H =
dim GLU( ) =dforallp OC. Ifp OC, then dim Hom (U*JRp) = Np and codim Hg)
=Np-dim H(¢) =Np-dimH +dimH_ =Np-dim H + d. On the other hand, since
dim G(p,U) = p(Np), it follows that codim GJ(«)) = p(N-p) —dim G(p)) = p(N-p)
—dim G + dim q’.IJ(Lp) = p(N-p) - (dim H- p2) +d=Np-dimH +d =codim H¢)
forallgp OC.
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3) Sincey(A) = G(p,U) and C is a Zariski open subset of Hom (p) with C[
A it follows that(C) is dense in G(p,U).

The subset O is clearly open and nonempty in G(p,U), and henag(O) is
nonempty. Since dimlﬁ( ) =d for allp OC it follows that d = r = min {dim 9{/ -wiQ
G(p,U)} and O = {WO G(p,U) : dim QN = d}. We conclude thap(C) [0 O, which
proves that O is dense in G(p,U).

A necessary and sufficient condition for G to have open orbits in G(p,U)

Letp: G - GL(U) be an irreducible representation of a Lie group G on a real
vector space U of dimension N such that the complexified represema@Gon GL(V),
where V = LSE is also irreducible. Fix an integer p witkk p < N-1, and define H =
G xGL(pJR) and H' = G x SL(R). As above we obtain induced representatiors of
® Bg/p.R) and$' = B Bs/(p,R) on Hom (URP) ~ U*ORP. If v =U", then
Hom (V*,(Ep) ~ Hom (U*,IR'O)(E becomes a module f65" and ® ')(E.

Lemma B Let U be a finite dimensional, irreducible réxmodule such that V = bisa
finite dimensional, irreducible compé‘»‘((t-module. Then G has an open orbit in G(p,U)
= (35')(E has an orbit of codimension zero or one on Hom (N)*

Remark If G has one open orbit in G(p,U), then by 3) of Lemma A there exists a dense
open subset (l)Jof G(p,U) such that the orbit G(W) is open in G(p,U) for aI[WJO.
Proof of Lemma B Suppose first the orbit G(W) is open in G(p,U) for som&lw
G(p,V). Inthe notation of Lemma A the sub$€€) is dense in G(p,U). Hence we may
assume that W = Kep()L, wherep 0O C 0O Hom (U*, IRp). By 2) of Lemma A we
know that H(p) is open in Hom (U’{Rp). Hence$ (¢) = Hom (U*,[Rp), and by the
Proposition in (5.3c) there exists 0 Hom (U*,IRp)(E = Hom (V*,(]Zp) such thatb@(tp')
= Hom (V*,(]Zp). Hence the orbit§} ')(]:(Lp') has codimension zero or one in Hom ((K/p)
since 05')(E has codimension one EI(E.

Conversely, suppose that the ork?jl‘it(np') has codimension zero or one in Hom
(V*, (]Zp) for somep' O Hom (V*,(Ep). Let k = min {codim @')(E(Lp) ¢ OHom
(V*, (]Zp)}. Then by b) of the proposition in (5.3c) it follows that k = min {codif")() :
¢ OHom (U*,IRp)}. Moreover, there exist alR-Zariski open set A in Hom (Uﬁ%p) and
a C-Zariski open set B in Hom (V@p) such that $ ")(¢) has codimension k for ali [

A, and ')(]:((p) has codimension k for ali [ B.

Suppose first that k = 0. The® )(¢) = Hom (U*,IRp) forallp OA, and it

follows that H'(p) is an open subset of Hom (L[R*P) forall ¢ OA. In particular H@) is
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also open in Hom (URp) for all ¢ O A since HO H'. By 2) of Lemma A it follows that
the orbit G(W) is open in G(p,U) for all W in some dense open su%set G(p,V).
Next suppose thatk =1. Letd =min {dﬁ”m(E ¢ OHom (V*,(Ep)} andd' =
min {dim (35')(E » ¢ O Hom (V*,(Ep)}. By hypothes?s v = is an irreducibles -
module, and (:ILe[jarI@p is an irreducibles/(p,C) module. Since&’ﬁ')(E = @C@S[(p,(li) it
follows that Hom (V*(Ep) =~ vOCPis an irreducibleb')@-module. By Theorem 1 of
[El] we conclude that d = d' since codim'][@(np) >1 forall¢p OHom (V*,(]Zp).
Moreover, there exists a Zariski open subset O in HonW*such that din$) C = dim
(%)% =dand codim%)" () =1 forallp TO. It follows that § *)(¢) = Hom
v, P for al ¢ 00 since dm$ " =dim (%)"* +1and dmp® =dim ®)* =d.
It follows from b) of the proposition in (5.3c) thab J(¢) = Hom (ULE*,IRp) for all (.pr in
some Zariski open subset of Hom ([BQ), Hence by 2) and 3) of Lemma A there exists a
dense open subsebtih G(p,U) such that the orbit G(W) is open in G(p,U) for allW
Uog
5.4 Dimension of the moduli space X(p,q)
The space X(p,q) £ (p,q) / GL(p+gR) is the space of isomorphism classes of
2-step nilpotent Lie algebrd® with dimension p+q such that[ t] has dimension p1.
In (5.2) we saw thalt (p,q) / GL(p+gR) is homeomorphic to G(gp(q,R)) / SL(g,R). In
this section we use the results of (5.3) and [El] to determine the minimal codimension of an
orbit of SL(gR) in G(p,s0(q,R)). See also Tables 2a,2b in [KL].
For integers 1 and ¢ 2 let dp,q: min {dim SL(qJR)W WO G(p,so(q,R)}.
The maximal dimension of an SLg), orbit in G(p,s0(q,R)) is dim SL(gR) - dp,q:
q2 -1-d_ _, and it follows that the minimum codimension of an SR{grbit in
G(p,SO(q,iR)) is p(D-p) — q2 +1+ dIO qsince dim G(pso(q,R)) = p(D-p). Hence
dim X(p,a) = p(D-p) = ¢ +1+dy
It remains only to determine the dimensi%r]quf a generic SL(@R) stabilizer in
G(p,so(a,R)).
Remark By the discussion of duality in (5.1) it is evident ttﬁtqd: dD—p,q for all
positive integers p,q, wheresy and 1< p< D = (1/2)q(a-1).

5.4a Local rigidity
An elemenp of Rt(p,q) is said to b&cally rigid if there exists a neighborhood U
of pin M (p,q) such that every 2-step nilpotent strucpirer RP*Ythat liesin U is
isomorphic tgp. If we expresp isomorphically as a quotienE@)* /' W, where E(q)* =
IRqEBSO(IR) is the free 2-step nilpotent Lie algebra on q generators and W is a subspace of
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SO(R) of dimension Bp, then the condition thatbe locally rigid is equivalent to the the
condition that the orbit GL(&)(W ™) be an open subset of G§w(R)), Hence the
condition thatt (p,q) contain a locally rigid elemeptis the same as the condition that
X(p,q) have dimension zero.

The set of all locally rigid elements (p,q) is clearly open ifit (p,q), and it
corresponds to the union of all open GIEyorbits in G(psSo(R)). Hence, if the set of all
locally rigid elements ifit (p,q) is nonempty, then it is a dense, open subsk{jmi) by
Lemma A in (5.3d).

5.4b A necessary condition for X(p,q) to have dimension zero

If G = SL(q,R) has an open orbit in G(pY(R)), then &— 1 =dim G= dim
G(p,$0(R)) = p(D-p). If p=1or 2, then itis easy to check th%at—q. > p(D—p) for any
integer ¢ 2. However, if = 3, then it is very rare tha?er 1> p(D—-p).

Recall from Proposition 2.2f or the corollary in (3.3) thatp with equality= Tt
is a free 2-step nilpotent Lie algebra on g generators.
Proposition Let p,q be positive integers such that, D=p + 1, where D =

(1/2) g(ar1).
If q2 - 1> p(D—p), then exactly one of the following situations must occur.

1) D—p=1.

2) Dp=2.

3) p=3andqg=4.

4) p=3andg=5 or p=7andqgq=5 (dual cases).

If q2 - 1=p(D—p), then
5) p=4andgq=5 or p=6andgb5 (dual cases)

Corollary If X(p,q) has dimension zero, then eitherp=2,2jorp=2, g 2 or p=3
and (p,q) satisfies one of the five cases of the Proposition.
Remarks

1) We shall see shortly that X(p,q) has dimension zero in all of the cases listed in
the corollary except for the case (p,q) = (2,2k) whezelk In this case dim X(2,2k) =1.

2) The duality between p and-pexpressed in the fac[t)’ = dD—p, q is seen
again in cases 4) and 5) of the proposition. Case 3) is self dual.
Proof of the Proposition We show first that cases 1 and 2 of the Proposition always
occur. Suppose first thatdp = 1 and & 3. Then ¢ 4 and the condition 2q— 1>
p(D—p) is equivalent to the conditioanqq >0, which clearly holds. Next, suppose that
D-p =2 and 3. Then g 4 and the condition 2q— 1> p(D—p) is equivalent to the
condition g+3>0, which also clearly holds.
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We assume now that k =Ip > 3.
Lemma Letk = D-p=>3, where i=3. Then a— 1> p(D-p)

- IVBEBK <X ) @V Ek- 15 [(Bk-16) /1] )
Proof The condition p = Bk = 3 holds = fk(q) > 0, where lf((x) = x2-x- (6 + 2Kk).
The function &(x) IS negative in the region between its roots, which tn > + 8k

1+/25 + 8k 1+/25 + 8k <
2 2 =q

<0and5: >0. Hencep=Bk=>3 =
Since p = Bk the condition a— 1> p(D—p) holds= gk(q) >0, where Q(x) =

(l—g) X2 + (g) X + (I<2— 1). The roots oflg(x) are

(%)(1—\/ 8k - 15- [(8k-16) / K] ) and(%)(lﬂ/ 8k — 15- [(8k-16) / K] ).

Since ke 3 it follows that, ;>0 andV/8k— 15~ [(8k-16) /K] >1. Hence the first
root is negative and the second is positive. The funcE'()r) g (1—;) X2 + (;) X +

(k2 —1) is positive only in the open interval between the roots siﬁ%eﬂo. Hence Q(q)

>0forg>0 = < (ﬁ) (1+\/ 8k — 15-[(8k-16) / Ig] ), which completes the proof of
the IemmaE.]

We now complete the proof of the Proposition by finding all solutions of the

inequalities of the lemma under the condition k=p2 3. One may show that forx11

1+725 + 8k
2

proof that there are no solutions foe &1 to the inequality%}— 1> p(D—p), where k =
D-p=3 and p= 3. By checking the casexX < 10 it is easy to see that cases 1) through
4) are the only ones to satisfglﬂ 1> p(D-p) and case 5) is the only one to satisfy
o° - 1= p(D-p)_

To make further progress we need an effective way to compute the codimension of
an orbit of SL(dR) in G(p,$0(q,R)) or equivalently, to compute the dimension of a
stabilizer SL(q[R)W, where W G(p,$0(q,R)).

> (2::_4) (1+\/ 8k — 15-[(8k-16) / k2] ). It follows from the lemma and its

5.4c Dimensions of stabilizers of SL(d) acting on G(p,§0(R))
Reduction to complexs{(q,C)® s{(p,C) modules
Let G = SL(gR), and let® denote the Lie algebra of G. Let gbe the minimum
dimension of a stabilizer\ﬁ\ where W G(p,$0(q,R)). By Lemma A of (5.3d) Fg.q is
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also the minimum dimension of a stabilizer Hvhere H = G x GL(R) andy is an
element from a Zariski open subset O of U = Hsa(q,R)*, IRp). Since H_ has the
same dimension as its Lie algelfya = {X O & : X¢ =0} it follows from (5.3c) that
d |s the minimum dimension of a stablllzer&»fE =5/q, C)@g[(p C) acting on

Vv = U = Hom 60(q,C)*, CP).

Let H' = G x SL(pR) = SL(gJR) x SL(pR), and let$y' =s{q,R) DB sl(p,R) denote
the Lie algebra of H'. Let d' be the minimum dimension of a stabilizerspf acting on U
= Hom ¢0(q,R)*, IRp), which by (5.3c) equals the minimum dimension of a stabilizer of
(35')(E acting on V = Homg0(q,C)*, (]Zp). Let cd(p,q) be the minimum codimension of an
orbit of (8 ')(E acting on V.

By the discussion in (5.3) there exist Zariski open subsets O and O' in V such that
the stabilizer 15 )Lp =5/q, (]Z)GBg[(p (]:)Lp has dlmenS|onFSj for all ¢ in O and the
stabilizer ' )Lp =5(q,C)DBslp, (]Z)Lp has dimension 8 q forall ¢ in O'".

Note thatso(q,C) is an irreducible/(q,C)-module relative to the standard action of
SL(q,C) onso(q,C) given by g(2) = gzbfor g0 SL(q,C) and 2O s0(q,C). SinceCPis
an irreducible module fa/(p,C) it follows thatso(q,C)0 CP = Hom ©o(q,C)*, CP)is
an irreducible module forSE(')(E =50q,C)Bsp,C).

Next, following [EI] and the discussion in (5.3d), we shift from considering the
action of G on G(pso(qg,R)) to considering the linear actiongfq,C)@®s/{(p,C) on V.

Let ,d'__and cd(p,q) be the integers defined above. It is easy to compute from the
action of H on HomJ0o(q,R)*, IRp) that the action of)  onV = Hom 60(q,C)*, (Ep), is
given by (X,Y){9) =Y o ¢ —¢ oX forall (X,Y) Os/q,C)Bglp,C) and allp OV.
Proposition Let G = SL(gR), H=G x GL(pR) and H'=G x SL(#RR). Let$ and %'
denote the Lie algebras of Hand H'. Let V = Heo(¢,C)*, (]Zp), andletD =

(1/2)q(a-1). Then

1) If cd(p,q) = 0, then there exists a dense open subset O &fdE&fiR)) such
that the orbit SL(dR)(W) is open in G(pso(q,R)) for all W in O.

2) If cd(p,q)= 1, then %,q: d'p,qand dim X(p,q) = cd(p,a) 1 = p(D-p) + 1- q2
+d'

Prog;‘ By the discussion above there exist Zariski open subsets O and O'in V such that
dim (% ) has a minimal valuelodq forallw in O and dim §' ) has a minimal value
dqu forallp inO'. LetA=0n O.

Since H is an extension of H' by a 1-dimensional central subgroup it follows that
d'p'qs dp,qs d'p,q+1' By Tf:teorem 1 of [El], cd(p,q) =@ dp,q= d ’ |

If cd(p,q) =0, then$"")(v) =V = Hom 0(q,C)*, (]Zp) for some V1V, and it
follows that (E)(v) = V. Hence by the Proposition in (5.3c) and Lemma A in (5.3d) there
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exists W G(p,s0(q,R)) such that SL(dR)(W) is open in G(pso(q,R)). By 3) of
Lemma A in (5.3d) the set O of such elements W in &ffq,R)) is dense and open in
G(p,s0(q,R)). This proves 1).

If cd(p,g)= 1, then %,q: db,q and the maximal dimension of &n(E orbitin Vis
one more than the the maximal dimension of;a% orbitin V. In particular dim X(p,q) =
min {codim SL(qR)(W) : W OO G(p,$0(q,[R)} = min {codim b@(np) ¢ OHom
($0(q,0)*, (]Zp) } = cd(p,q)- 1 by the proposition in (5.3c) and lemma A of (5.3d). The
formula for cd(p, q)—l foIIows immediately from the facts that ddllﬁom $o(q,C)*, (]Zp) }
=pD and dlmb = p + q2 2. This completes the proof of 2)

Generic stabilizers inS{(q,C)® s{(p,C) modules

Elashvili in Table 6 of [El] has given a complete list of those finite dimensional
irreducible complex semisimple modules V whose generic stabilizers have dime aon d
>0. See also Tables 2a and 2b of [KL]. Clearly, if ditq,C) Bs{p,C) >dim V, then a
generic stabilizer of/(q,C) Bs/(p,C) in V must have positive dimension. Conversely,
Table 6 in [El] shows that these are the only cases where a generic stabilizer of
S(q,C)Bs(p,C) in V has positive dimension. There seems to be no known direct proof of
this fact. In any case, the specific values for the dimensrg%uﬂ'a generic stabilizer of
$l(g,0)Bs(p,C) in V are needed to compute the dimension of the space X(p,q) =
G(p,s0(q,R)) / SL(QR).

For the complex semisimple Lie algelstay,C) Bs/(p,C) we summarize the results
of Table 6 of [El] and Tables 2a,2b of [KL]. We use the reduction from the case that
SL(g,R) acts on G(pso(q,R)) to the case that(q,C) B s/(p,C) acts on Homso(qg,C)*,

(Ep). We use also the duality result from (5.1) tr@h dD for all positive integers
p.q, where B q_ min {dim SL(qJR) WO G(p,so(q,R))}. The proof of the proposition
in (5.4c) shows that[gq_ d _<d p,q+ 1 and %’q= dp,q = cd(p,q) =0,
Spaces X(p,q) where (b',q is positive.
Table 1
Proposition Let p,q be positive integers with<lp < D = (1/2)q(g-1). Let dIE),OI: min
{dim s{(q,C)Bsp, (]Z)Lp ¢ O Hom ¢o(q,R)*, (]Zp)} Then d!

o, q_ 0 except in the
following cases :

(p.a) do.q
1) (1,9 q=2 (1/2)q(g+1)-1
(D-1,9) g=2

2) (D, q) q=2 q2— 2 free 2-step



3)

4)

5)

6)
7)

8)

(5.4d)
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(2, 2k+1) 2k+3
(D-2, 2k+1) 2k+3
2, 2k), k>3 3k
(D-2, 2k) k>3 3k
2,4 7
4,4) 7
(3,4) self dual 6
(3,5) 3
(7,5) 3
(3.6) 1
(12,6) 1

Dimensions of the spaces X(p,q)

Spaces X(p,q) with dimension zero
Table 2

Proposition A The space X(p,q) has dimension zero in precisely the following cases :

1) p=1 2
p=D-1 =2
2) p=D =2 free 2-step on q generators
) p=2 g=2k+1l, k1
p=D2 qg=2k+1, k=1

4) p=2 g=4
p=4 g=4
5 p=2 g=6
p=13 q==6
6) p=3, g=4 self dual
7) p=3, g=>5
p=7, q=>5
8) p=4, g=>5
p =6, q=>5

Spaces X(p,q) with positive dimension

Proposition B If (p,q)# (2, 2k) for k>4 and (p,q) does not appear in Table 1 or Table 2,
then the space X(p,q) has dimensionf{p+ 1- q2 >0. The dual spaces X(3,6) and
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X(12,6) have dimension 2. The dual spaces X(2,2k) andZXI@ZQ, 2k) have dimension
k-3 for k> 4.
Proof of Proposition A If Tt is a 2-step nilpotent Lie algebra such tHat,[Tt] has
dimension p and codimension g, then we showed in Proposition 2.2f or the corollary in
(3.3) that p D with equality= 1t is a free 2-step nilpotent Lie algebra on g generators.
We saw in Proposition 2.2a that a free 2-step nilpotent Lie algebra @rggnerators is
unigue up to isomorphism. Hence X(D,q) is a point, and in particular it has dimension zero.
We have reduced our consideration to the case thagi#£l. With this restriction
all spaces X(p,q) that are candidates to have dimension zero are listed in the proposition of
(5.4b). For these candidates we use the proposition in (5.4c) and Table 1 to compute dim
X(p.a) = p(D-p) + 1= +d, -
We observed in (3.6) that X(1,q) has dimension zero fo2 g1t is well known that
X(2, 2k+1) has dimension zero foeKl, and one can deduce this also from the value of
d'2,2k+1 that arises from Table 6 of [El], or Tables 2a and 2b of [KL].
We consider now the cases (2,2k¥ R. From Table 1 it is routine to compute in
the case (p,q) = (2, 4) that a generic orbg/6£,C) Bs(2,C) in Hom §o(4,C)*, (132) has
codimension one. Hence X(2, 4) and its dual X(4, 4) have dimension zero by Lemma B in
(5.3d) or the Proposition in (5.4c).
Table 1 above shows thaﬁgk 3k for k= 3, and hence for k 3 the generlc
codimension cd(2, 2k) of an orbit &(2k,C)&s/2,C) in Hom so(2k,C)*, C ) is k=2. If
k = 3 then cd(2, 2k) = 1, and by Lemma B in (5.3d) or the Proposition in (5.4c) it follows
that X(2, 6) and and its dual space X(13, 6) have dimension zero.
If k = 4, then cd(2,2k) =2 > 2. By the proposition in (5.4c) we conclude that
d2 K= =3k, and dim X(2,2k) = cd(2, 2kl = k-3.
If p = 3, then only the values (3, 4), (3, 5),(4, 5) and their dual pairs appear in (5.4b).
From Table 1 we verify in all of these cases that a generic odiiggE) B5/(p,C) in
Hom 0(q,C)*, (]Zp) has codimension one. Hence either Lemma B of (5.3d) or the
Proposition in (5.4c) shows that the spaces X(3, 4), X(3, 5), X(4, 5) and their dual spaces
X(7, 5), X(6, 5) all have dimension zero.
This completes the verification of Table 2 and Proposition A.
Proof of proposition B If (p,q) = (2,2k) for k= 4, then dim X(2,2k) =3 by the
discussion above in the proof of Proposition A. If (p,q) = (3,6), then cd(3,6) = 3 ssj’r%ce d
=1 by Table 1. By the Proposition in (5.4c) we obtain dim X(3,6) = cd{3163 2.
If (p,q) is not listed in Table 1, therbfjd: 0. If (p,q) is also not listed in Table 2,
then dim X(p,gp 0 and cd(p,g® 2 by Lemma B of (5.3d). Henc%’(a: dlp,qz 0 by the
Proposition in (5.4c¢). It follows from the discussion at the beginning of (5.4) that dim

d, x =
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X(p,q) = p(Dp) + 1- q2 if (p,q) does not appear in Table 1 or 2. This completes the
proof of Proposition BE.]

Section 6 Proofs of the results in section 4

Proof of proposition 4.1a

By the deflnltlon in section 1} (n) {p O Hom 0\ (R ) R ) Im (p) O Z(p)},
Where Zp) ={x O R" p(xay) =0 for allyd R } For each xJ R" define k R" .
A\ ([R ) by IX(y) =xny. If adpx =po IX for x O R", then a(gx(y) =p(xAy) = [x,y] in the
standard bracket notation.

lea basis {)i Xoy e m}for R". For 1<i,j<n IetnpI Hom (/\Z(IRn),[Rn) -
Hom (IR ,R ) be the polynomial map given lqy P)=@Pol I; o(po 'xj)- Thenp [
T (n) @i (p)—OforaII 1<iy <N

Proof of Proposition 4.1b

Letn = p+q. Letp : Hom A%(R™,R") = Hom (R", Hom R",R"™)) be the
injective linear mapping given by(p)(x) = adpx p ol . Since Zp) = Kernp(p) it
follows from Proposition 1 of the Appendix thafp, q) {p OHom (A (IRn) R ) nullity
@(p) = p} is an algebraic variety in Horvi\f([R ).R™). Hence Z(p.q) =2(p,q) n R ()
is an algebraic variety in Hom\%(IR ),R ) by Proposition 4. 1a

Proof of Proposition 4.1c

Letn = p+q. IfZ'(p,q) = {o 0 Hom AZ(R™M,R™) : rank p) < p}, thenZ'(p,q) is
an algebraic variety in Homi\%([Rn),[Rn) by the corollary to Proposition 1 of the Appen-
dix. Hence B(p,q) =2'(p,g)n R ,(n) is an algebraic variety in Hom%(IRn),IRn) -

Notation

We standardize some notation that will be used in the discussion and proofs of
Propositions 4.2a, 4.2b and 4.2c. Let G(k,n) denote the Grassmann manifold of k-
dimensional subspaces Bf. Let g=nrpandD =(1/2)q(gl). Let U be the vector
spaceso(q,R) x ... X s0(q,R) (p times). Recall from section 1 th&tTt 2(q) denotes the set
of 2-step nilpotent Lie algebras that are free on g generators.

We first make some observations that will be useful for the proofs of Propositions
4.2a, 4.2b and 4.2c.
Lemma

Letn=p+q. Lep OR,(p,q)n Z,(p,q). Let WL G(p,n) be a subspace such that

Im(p) OW O Z(p), and let V be a g-dimensional subspac@stuch VBW = R". Let
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{xl, s >iq Z, ., Zp} be a basis oR" such that {)i' ,xq} is a basis of V and {f e

zp} is a basis of W. Define matrices %Cp), Cp(p)} in so(q,R) by the equations
p

pOG A X)) = aél Cl?(p) z forl<i<j<p. Then
P
1) Zp)=W = N Ker (C'(p)) = {0}

2) Imp) =W = {C l(p), Cp(p)} are linearly independent io(q,R).
Proof of the lemma
1) Since WO Z(p) it suffices to show

p p
*) a= (al, s %I) lies in aql Ker (C*(p)) = x = i:zl ax; liesin Vn Z(p)
p q q
Note that a1 (), Ker () = 0 :j:zl CI‘J?‘(p) 3= —J_:zl Cj?(p) g for 1<i<qand
q

q
— — a
1<as<p. On the other han(x A x;) _J_:zl 3 p(xj AX) = Ogl{j:zl 3 CJi () }z. The

assertion (*) now follows sinceX V n Z(p) = p(X A Xi) =0forl<i<q.
2) Define a positive definite inner product <, >d(g,R) by <A, B > =
—% trace AB. Define a linear isomorphisin: so(q,R) — AV by ¢(A) = Ej Aij X A Xj'

p
It is routine to verify thap(§(A)) = Bél <A, CB(p) > z[3

Suppose first that the elementsl{ﬁ), Oo(p)} are linearly independent in
so(q,R), and let X = span {&Ip), Cp(p)} Oso(q,R). Let {Lpl, (pp} [0 X* be the dual
basis of {C(p), ... P(p)}, and choose {A, ... AP} DX so that ¢ _(B) =

p
<A% B>forallBin Xand kK a<p. Themp(E(A%)) = le <% Fp) > =7,

since < &, CB(p) > = 60(5' Hence Im ) = W since Imp) contains the basis {z zp} of
W.
Conversely, suppose that Im) € W. For 1< o < p choose an elemenf'An

p
so(a,R) such that z= p(§(A%)) = Z,< A%, PBp) > 24, which implies that

<A, Fp)>= 8

p
<le aBCB(p), A% > = a for 1< a < p. This proves that the setj{@), C,p(p)} is

p
= B =
If O Bél aBC (p) for some real numbersé}a then O

linearly independent im(q,IR).D

Proof of Proposition 4.2a
We now begin the proof of Proposition 4.2a. It is clear from Proposition 4.1b that
Zg(p,q) = Zz(p,q)— Zz(p+1,q—1) is a Zariski open subset o;@,q). Recall that n = p+q.
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Recall that U =0(q,R) X ... xs0(q,R) (p times), and let F={C = (]C , Cp)

Ou: i(51 Ker (C') ={0}}. The proof of the Proposition is now a consequence of the
following statements :

1) Fis an arc connected Zariski open subset of U, arfé lkhs codimension 2.

2) If Z: g(p q) G(p,n) denotes the map that sedeZ (p q) to the center
Z(p) O G(p,n), then Z (W) is bijectively equivalent to F for every WG(p n).

3) é(p q) with the quotlent topology determined by Z is a conneciedn@nifold
of dimension pq + pD. Moreoverz@ q) is a fiber bundle over G(p,n) with fiber F.

Assertion 1) follows immediately from assertion 2) and the remark thereafter in
Proposition 4 of Appendix 1. Assertion 2) above follows immediately from 1) of the
lemma above. We prove 3). letlZ (p q) be given, and let W =g G(p n). Asin
the lemma above we let V be a g- dlmenS|onaI subspe{RQ stich VBW = R", and we let

LTS >& Z, ., Zp} be a basis oR" such that {)i' ,>&} is a basis of V and {f s
zp} is a basis of W,

Since VlBW = R" every small neighborhood O of the zero map in Hom (W,V)
defines a coordinate neighborhood O' of W in G(p,n). GivenO'we define W' =
(Id+T)(W) and let O" = {(Id+T)(W) : TO O} OO G(p,n). Every element W' of O' also
comes equipped with a distinguished bas'is {z , zp'}; if W' = (Id+T)(W) for T 0 O,
then define iz = (Id+T)(§) forl<i<p.

Fix a coordinate neighborhood O' of W in G(p,n) that arises from an open set O of
Hom (W,V) as above. Choose O so small th&W' = R" for every WO O'. We
construct a bijectiow 7z} (O") - O x F that will define the desired manifold and fiber
bundle structures onfm P).

Givenp' 0 Z (O let {z zp} be the distinguished basis of W' =)(
constructed as above. Deflnqo(;(— (Cl(p) Cp(p')) in F by the equations
p'(xi A Xj) = izpl CIj (p) za' forall 1<i<j<p. Definey: Z_l(O') - O'x F byy(p")
= (Z(p"), C("). Itis routine to verify thab is a homeomorphism if%p,q) has the
quotient topology defined by Z, F has the Euclidean topology fronsddoiR) X ... X
so(q,R) (p times), and O' x F has the product topology. Moreover, the miE_%(O )}
constructed in the manner above define coordinate charts and strip maps th%(pgq\)e z
the structure of a & manifold and a fiber bundle over G(p,n) with fiber F. Since F is open
in the Euclidean topology of U it follows that dlng(ﬁ,q) =dim F + dim G(p,n) = pD +
pg, where g =+p and D = (1/2)q(gl). This completes the proof of 3).
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Proof of Proposition 4.2b

It is clear from Proposition 4.1c th&t(p,q) = Rz(p,q)— Rz(p—l,q+1) is a Zariski
open subset ofi'\Qp,q).

LetF={C= (Cl, e CP) Ou =50(q,IR)p : {Cl, . Cp} are linearly independent
inso(q,R)}. Note that F is empty unlessD = dimso(q,R). We treat separately the
cases that g D and p = D = (1/2)q(¢l). Again, recall that n = p+q.

If p # D, thenthe proof is a consequence of the following statements :

1) Fis an arc connected Zariski open subset of U, arfd ks codimension 2.

2) If R:M(p,q) - G(p,n) denotes the map that sepds N (p,q) to Imp [

G(p,n), then I?l(W) is bijectively equivalent to F for every WG(p,n).

3) M (p,q) with the quotient topology determined by R is a connectedn@nifold
of dimension pqg + pD. Moreovel (p,q) is a fiber bundle over G(p,n) with fiber F.

Assertion 1) follows immediately from assertion 3) of Proposition 2 in Appendix 1.
Assertion 2) follows immediately from assertion 2) of the lemma above. We omit the
details of the proof of assertion 3), which is essentially the same as the proof of assertion 3)
of Proposition 4.2a.

Suppose now that p = D. Then the three assertions above must be modified as
follows. In assertion 1) the fiber F is a Zariski open subset of U, but F has two arc
components by Proposition 2 and the remark thereafter in Appendix 1. Assertion 2)
remains true. Except for the connectednesg(pfq), assertion 3) remains true as well,
and in this case dirfit (p,q) = pn.

We prove thafit (p,q) has two connected components in the case that p = D. By
Proposition 2.2f or the Corollary in (3.3) it follows tHafp,q) =< %Z(q), the set of 2-step
nilpotent Lie algebra structures &N N = (1/2)q(e1), that are free on g generators.

Note that GL(NR) acts transitively or ‘Rz(q) since the elements &M 2(q) are all

isomorphic by Proposition 2.2a. By the discussion at the beginning of section (2.2) the two
connected components %mz(q) are the orbits of GL(I‘{R)+, the connected, index 2

subgroup of GL(NR) consisting of those elements with positive determigant.

Proof of Proposition 4.2c
LetF={C= (Cl, e CP) Ou =50(q,IR)p : {Cl, . Cp} are linearly independent

p .
inso(qR) and 1) Ker (C) = {0},

If p # D, thenthe proof is a consequence of the following statements :
1) Fis an arc connected Zariski open subset of U, affé lkhs codimension 2.
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2) If R:M(p,q) » G(p,n) denotes the map that sepds N (p,q) to Imp = Z(p)
0 G(p,n), then I?l(W) is bijectively equivalent to F for every WG(p,n).

3) M (p,q) with the quotient topology determined by R is a connectedn@nifold
of dimension pq + pD. Moreovel (p,q) is a fiber bundle over G(p,n) with fiber F.

The fiber F in this situation is the intersection of the fibers F that occur in
Propositions 4.2a and 4.2b. Hence assertion 1) in this proof follows immediately from the
assertions 1) in the proofs of Propositions 4.2a and 4.2b. Assertion 2) follows immediately
from assertions 1) and 2) of the lemma above. We again omit the details of the proof of
assertion 3), which is essentially the same as the proof of assertion 3) of Proposition 4.2a.

If p =D, then‘Ro(p,q) O NR(p,q) == ’Rz(q) by Proposition 4.2b. Equality holds
since the commutator ideal and the center are equal for a free 2-step nilpotent Lie algebra on
q generators,

Appendix 1
Some results on real algebraic varieties

Proposition 1

Let U, V and W be finite dimensional real vector spaces, and idi -~ Hom
(V,W) be a polynomial mapping. Let s = min {dim V, dimW} and let p be an integer with 1
<pss-1. Let )ﬁo ={u O U :rank@(u) < p}, and YIO = {u O U : nullity ¢(u) = p}.
Then >$) and YIO are real algebraic varieties in U.
Proof

If n=dim V, then >§) = Yn-p since rankp(u) + nullity ¢(u) = dim V. Hence it
suffices to prove that B(is a real algebraic variety for each p. Fix a basi's\{% vn} for
V, and let p be an integer as above. Dedixje) = {(0(1, Oy oo ,O(p+1) Oz7P™* 1< a, <
0,<.<0j, 1< n}. Fora = (cxl, o e ,O(p+1) [ (p) let (.pa : Hom (V,W) -
APLw) be given byp®(T) = T(Vg,) A T(V) A A T(Vg ) for T O Hom (V,W).
Thenrank T<p = (.pa(T) =0 for alla 0P (p). Since the rr?apsnﬁa} are polynomial and
compositions of polynomial maps are polynomial maps it follows tBé&;}i real algebraic
variety in U.D

If U is a subspace of Hom (V,W) andis the inclusion map in the result above,
then we obtain the following
Corollary

Let V and W be finite dimensional real vector spaces, and let U be a subspace of
Hom (V,W). Lets =min{dimV, dimW} and let p be an integer witd p<s-1. If XIO
={u OU :rank us p} and YIO ={u O U : nullity u= p}, then >&) and YIO are real algebraic
varieties in Hom (V,W).
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Proposition 2

Let p=2 and D= 2 be integers, and let s = min {p,D}. LetV be a real vector space
of dimension D, and leth/=V x V x ... x V (p times). Eor V= EV\[/? vp) 0 VP define
rank(v) = dim span {¥ V5 vp}. Forl<k<s-1 IetZk ={v O VF : rank(v)< k} and for
1<k<s IetZk {v OV¥:rank(v)=k}. Then

1) Z is an algebraic variety fordk < s-1, ande {zero} O ﬁ Z

2) If1<sk<ss-1, thenZk is an arc connected smooth manlfold of dimension pk +
k(D—k) that is a fiber bundle over G(k,V), the Grassmann manifold of k-dimensional
subspaces of V. Moreoverp\/- Z has codimension 2.

3) The seE is a Zariski open subset oP)/andZ is arc connected if pD. In
addition , \P - Z has codimension 2.

Remark

fp=D=s, therES can be identified with the set of bases of V in an obvious
fashion. HenceiS has two arc components in this case, each of which corresponds to the
bases of V with a fixed orientation.

Proof

1) It suffices to prove thﬂl'( is an algebraic variety for each k since the second

statement of 1) is obvious. For an integer k withkl< s-1 Ietqn(k) = {(0(

Oy oen s
k+1 .

O‘k+1) 07" 1<a,<a,<..<qa . <s}. Fora=(a,a, . ak+1) 0P (k) let

Lp VP, (V) be the polynomial map defined lq;?‘(v) v 1/\ v 2/\ N\ Vg Operq

forv = ( Vo - vp) 0VvP. Then rank(ve k < %v) = 0 for alla b (k), which proves

thatZ is an algebraic variety.

2) Fix an integer k with ¥ k < s-1 and definet: Z - G(k,V) byT[(v) span
{v 1 Vo p} The maprtis clearly surjective. For W G(k V) note thatt (W) wh-
A, where A = {w[ wP: rank(w)< k—-1}. The set A is an algebraic variety mpWy 1),
and hencet (W) is a Zariski open subset of RV The diffeomorphism type of
n_l(W) is independent of W since any two real vector spaces of dimension k are
isomorphic.

Next, we construct local trivializations af. Zk - G(k,V). Let WO G(k,V) be
given and let W' be a subspace of V such th&W = V. If U O Hom(W,W') is any
small neigborhood of the zero map, then U defines a coordinate chart for W in G(k,V) ;
namely, givenp U let W(p) = (Id+y)(W) O G(k,V). For such a neigborhood U let O
= {(W(): ¢ OU} OG(KkV}, and let F —n‘l(W)

We define a bijectiofy : FxXO - 1 (O) Forw = (V\_Il W, . wp) OFOWP
andg OU let (Id+gp)(w) = ( (Id+Lp)(wl) (|d+(p)(W2) (Id+cp)(wp)) 0VvP. Given
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(w,W*) OF x O letg U be the unique element such that W* =gyand lety(w,W*)
= (Id+p)(w) Ot ~YW*). Clearlyy(F x O)Ot ~"Y(0). Since Id4 : W — W* is
invertible for all¢ O U it follows immediately thatp : F x O — n_l(O) is a bijection.s

The pairs {(,0)} define coordinate charts (ik and local trivializations oft: Zk
- G(k,V) that giveZ the structure of a smooth manifold that is also a fiber bundle over
G(k,V) with fiber F. Hence dlri =dim F + dim G(k,V) = pk + k(BK) since F is a
Zariski open subset of there W G(k,V).

To show thaEk is arc connected it suffices to prove that the fiberﬁ_l‘(W) is

arc connected for W G(k,V). Note thatn_l(W) —{zero} = whP- i|_:1| Ai’ where AI =

{w O wP rank(w) = i}. By the previous paragraph i8 a smooth submanifold of v
with dimension pi + i(ki), where i< k-1 <s-2<p-2. Hence Ahas codimension
(p=i)(k=1) =2 in WP, and it follows thatt (W) is an arc connected subset 0PW

3) For any integer k with £ k < s-1 it follows from 2) thaE has codimension
(p—k)(D—K) in VP, Since xk<s-1 and s = min {p,D} it foIIows that Gk)(D-k) = 2
unlessp=D-=s and k =%. Hence if p£ D, then = Z Z has codimension 2,
andZ =vP- ZS 1|s an arc connected Zariski open subset fVv

Proposition 3

Let V be a real vector space of dimension ¢, and let G be a Lie subgroup of GL(V).
Let W be a finite dimensional G-module and let U be a G-submodule of Hom(V,W). For
1<k<g-1let Uk ={u O U : nullity(u) = k}. If Uk is nonempty and G acts transitively
on the Grassmann manifold G(k,V) , theEI iga smooth manifold and a fiber bundle over
G(k,V).

Proof

We recall that if V and W are finite dimensional G-modules, then Hom(V,W)
becomes a G-module under the action (gT)(v) = g_(m forg0G,vOVand TO
Hom(V,W).

Fix an integer k with ¥ k < g-1 and suppose that G acts transitively on G(k,V).
Definert: Uk - G(k,V) by m(u) = Ker(u). Since U is a G-submodule of Hom(V,W) it
follows thatm(gu) = gfw) for all g0 G and uJ U. Hence g X) ™ (gX) forgd G
and X[ G(k,V), and we conclude that all fiberstofire the same, modulo the G-action on
U, since G acts transitively on G(k,V).

Next, we show that each fibermis a Zariski open subset of some vector subspace
of U. For XOO G(k,V) let Ux ={T OU: XOKer(T)}, a subspace of U. L&t={T O
Hom (V,W) : dim Ker(T)= 1 + dim X}. ThenZX is Zariski closed in Hom (V,W) by the
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corollary to Proposition 1 in this appendix. HemEé(X) ={TOU:X=Ker(T)}= Ux
— 2 is Zariski open in B{

Let G be the Lie subgroup of GL(V) that occurs in the statement of Proposition 3.
Fix X 00 G(k,V) and let F =n_1(X). For a suitable neighborhood O of X in G(k,V) we
construct a bijectio: Fx O - T[_l(O). As in the proof of 2) in Proposition 2, the pairs
{(w,0)} define coordinate charts orkland local trivializations oft: Uk - G(k,V) that
give Uk the structure of a smooth manifold that is also a fiber bundle over G(k,V) with fiber
F.

It is convenient to construct a submanifold Y of G such that 1) Y contains the
identity of G 2) Y(X) ={g(X) : g1 Y} is a neighborhood of X in G(k,V) and 3) if g(X)
= g'(X) for elements g,g'in Y, then g = g'. Assuming for the moment that we have
constructed Y, we let O = Y(X) and defige F x O - n_l(O) as follows. Given (u,X*) in
F x O we let g be the unique element of Y such that g(X) = X* and we dgiing*) =
g(u) O _1(X*). It is routine to check thaji(F x O) [t _1(0) and:FxO- n_l(O)
is a bijection.

We complete the proof of Proposition 3 by constructing the submanifold Y of G
with the properties 1), 2) and 3) above. Given %(k,V) we define H={d1 G : g(X) =
X}. Note that H is a closed subgroup of G and G(k,V) is diffeomorphic to G/H under the
map gH- g(X) since G acts transitively on G(k,V). L&tand$ denote the Lie algebras
of G and H respectively, and let exf$: - G denote the Lie group exponential map. Let
B denote a vector subspace®fsuch that® = B H (direct sum). If Aand B are
small neighborhoods of the origin ¥ and§ respectively, then A x B is a neighborhood
of the origin in® and the map f: A x B> G given by f(a,b) = exp(aéxp(b) is a
diffeomorphism onto an open neighborhood of the identity in G. If Y = exp(A), then by
making A still smaller if necessary it follows that Y has the properties 1), 2) and 3) stated
above.

Next we apply Proposition 3 in a way that is useful in section 6.
Proposition 4

Let U =s0(q,R) x ... xso(q,R) (p times), where p2 and ¢ 3. For 0<k<qg-1

ety ={c=(, .., Hou: dimf\l Ker (C) = k}. Then

1) For 1=k <g-2 the set lg is a nonempty smooth manifold of dimension
(272)(+k){k(2—-p) + p(a-1)} and is also a fiber bundle over G(k,q). Each manifqld U

has codimensior 2 in U.
2) U,=U —{ [] Uk} is an arc connected Zariski open subset of U, and
1<k<q-2

U- UO has codimensior 2 in U.
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Remark

If g =2, then Li is empty and ld: U —{zero} is arc connected sincex2. More
generally, Lg]_lis empty for all gz 2 since the kernel of a skew symmetric linear
transformation oRY has even codimension. Elementary arguments show lEh'at U
nonempty for X k < g-2 since [ 2.

Proof
LetV=R%and w=\P. we may regard U as a subspace of Hom (V,W) ; given
C= (Cl, ey Cp) [0 U and vI V we define C(v) = (é(v), e (P(v)) OW. LetG =
SO(gR) O GL(V) and note that G acts transitively on G(k,V) fac k< g-1. Let G act
on W by g(v) = (g(\{), - g(\b)) forv=(v, ..., vp) OW. The natural G-action on Hom
(V,W) is given by (gT)(v) = g(T@lv)) forgOG, vV and TO Hom (V,W). In
particular, if C = (é, .., 0OU, then gC = (gég_l,..., g(f)g_l) OUforallgdG,ie. U
is a G-submodule of Hom (V,W).

p .
1) IfC= (Cl, s Cp) 0 U, then Ker (C) :pl Ker (C'). Fix an integer k with

1<k<qg-1. As we observed abovekUs nonempty, and by Proposition 3 in this
appendix the set HS a smooth manifold and a fiber bundle over G(k,V). TtkectUk -
G(k,V) be the projection given b}k(C) = Ker (C). To compute the dimension qI it
suffices to compute the dimension of a fibeerf

Fix W O G(k,V). The proof of Proposition 3 showed thﬁt_l(W) ={COU:W
= Ker(C)} is a Zariski open subset o(,\p: {COU:WwW0OKer(C)}. Define QN =
{A O050(q,R) : W OKer(A)}, and q(/)v ={A 0O OW: dim Ker(A)< Ker(A") for all A"
OW}. Then qf\)/ is Zariski open in 9/ and it follows that (@)IO is Zariski open in %p =
UW. Since both (@)p andrrk_l(W) are Zariski open subsets o\fNLilt follows that
dim 1y, (W) = dim (QQ)P = p dim .

We show that for each \W G(k,V) the set q/ is a smooth manifold of dimension
(1/2)(0+k)(g—k-1). It then follows immediately that dimkU: dim T[k_l(W) +dim
G(k,V) = (1/2)p(erk)(g—k-1) + k(a-K) = (1/2)(qk){k(2—p) + p(a-1)}, which proves 1).

We need to consider separately the cases thkasagven or odd.

Case 1 gk is even

In this case @ ={A Oso(q,R) : Ker A=W?}. Let W" denote the orthogonal
complement of W iRY, and letso(W ™) denote the skew symmetric transformations of
W™. The subsesto(W*)0 of invertible elements ob(W™) is Zariski open imo(W™)
since dim W- = gk is even. Note that\% may be identified Withlo(W*)0 under the
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homeomorphism that sends A*so(W™) _ to the unique element A e(q,R) such that A
= A*on W and A=0 on W. Hence é is a manifold with dimension
(1/2)(ak)(a-k-1).

Case 2 &k is odd

In this case @ ={A Oso(q,R) : W is a codimension 1 subspace of Ker A.} As
above, for W*0 G(g—k-1, W) we letso(W*) o denote the Zariski open subset of
invertible elements ofbo(W*). We identify an element A* Osfo(W*)o with the unique
element A of @ such that A = A* on W* and A& 0 on (W*)™". If TT; O\?v - G(gk-1,
W) is the projection map defined yA) = (Ker A)™ = W, thenTtis surjective and
n_l(W*) may be identified as above with(\W*) o The diffeomorphism type F of a fiber
n_l(W*) = 50(W*)O is clearly independent of W*, and henc\%(becomes a smooth fiber
bundle over G(gk—1, W) with fiber F. In particular dim @ =dim F + dim G(gk-
1,W) = (1/2)(ark-1)(q-k-2) + (q-k-1) = (1/2)(a-k)(g—k-1), the same as in case 1.
The fact that ll% has codimension 2 is proved below in 2). This completes the proof of
1).

2) Note that L& =U-2,wherez ={C O U : dim Ker C= 1}. By the corollary
to Proposition 1 of this appendix,is an algebraic variety in U, and hencgisla Zariski
open subset of U.

To prove that ld is arc connected and that—LlJ0 =2 has codimension 2 it
suffices to prove that each manifoIg( blas codimension 2 for 1<k < g-2. By 1) we
have dim LlJ( = f(k), where f(x) = (1/2)(ax){x(2—p) + p(¢1)} for 1L<x<g-2. Note that
f'(x) <0 on [1, g2], and hence f(x) is strictly decreasing on [#2]y We conclude that
codim L{( =dimU-1f(k) = dimU-1(1) = (p-1)(0—1) = 2 since p= 2 and ¢ 3 by
hypothesisIj

Appendix 2 Free2-step nilpotent Lie algebras and their quotients

In this appendix we present the omitted proofs of the results on free 2-step nilpotent
Lie algebras stated in section 2.
Proof of Proposition 2.2a

1) We prove uniqueness first. Suppose thaand t* are free 2-step nilpotent
Lie algebras on q generators, and I<=1t x, >&} and {xl*, . xq*} be admissible
generating sets fdi and t* respectively. By definition there exist unique Lie algebra
homomorphisms TR - R*and T*: N* - N such that T(?b = xi* and T*(xi*) =X
for1<i<qg. Then T%T and ToT* are the identity maps oft and 1t * respectively since
they fix all elements of the generating sets, {x, xq} and {xl*, e xq*}.
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We prove existence. Letx)2 be given and let D = (1/2)qfd)). Let Fz(q) =
IRq@/\z([Rq), and let [, ] be the 2-step nilpotent Lie algebra structurez@) Buch that
/\2(IRq) is in the center ofé{q) and [v,w] = va w for all v,w [ RY.

Now let {It*, [, ]*} be any 2-step nilpotent Lie algebra, and Ie&’{x... , xq*} be
any subset of g elementsitt. Let {vl, ey vq} be any basis oRY andlet T : E(q) -
It* be a linear map such that (a)})(\vc xi* for1<i<q. Inorderfor T to be a Lie algebra
homomorphism we must have (b) }I’(\W-) = T([vi, vj]) = [Tvi, ij I*= [xi*, xj*]* for all
i,j. Themap T: E(q) - N*is uniquely defined by (a) and (b) sincq fM<i<q} O
{vi AV:. i 1<i<j<q}is abasis for 5q). Condition (b) ensures that T is a Lie algebra

J
homomorphism.

Finally, dim Fz(q) =q+D=q+ (1/2)q€l) = (1/2)q(q+1).

2) We shall need a preliminary result.

Lemma Let Tt be a finite dimensional real Lie algebra, and let g =8im[ R, R]. Then

1) Every generating set ft contains at least q elements.

2) Let {El, ,Eq} be a generating set fat with g elements. Then
{T[(El), ,T[(Eq)} is a basis forlt /[T, ], wherert: * - 1 /[, N] is the
projection.

3) LetM be 2-step nilpotent. LeEi, ,Eq} be any subset oft with q
elements such thart{El), It(Eq)) is a basis fofit /[Tt, ]. Then {«il, ,Eq} isa
generating set foft.

Proof Letmt: R - T /[N, N] be the projection homomorphism. Lé,tl{ ,EN} be a
generating set foft. ThenS = {T[(El), ,T[(EN)} is a generating set fdt /[Tt, 1],
and& must contain a basis of the abelian Lie algdbra[1t, #]. This proves 1) and 2).

3) Let be 2-step nilpotent, and Ie&l{, ,Eq}be any subset oft such that
{T[(El), ,T[(Eq)} is a basis forlt /[1t, t]. Clearly {El, ,Eq} is a linearly independent
subset oft. If 1V =span {1, ,Eq}, thentt: V' - T /[N, N]is an isomorphism,
and we conclude thdt = TV B[N, N] since g=diml/ =dimN /[N, R] =
dmT - dim[R, R]. Let R’ be the subalgebra & generated by{,, ... ,Eq}. Then
{[Ei, EJ-] :1<i, j<q} generates T, 7], which equalsTt, 1] since® is 2-step nilpotent.
Hencet' containsl/ B[N, ] = n.

Let ** be a 2-step nilpotent Lie algebra such that r = @ity [ R*, R*] <q. By
3) of the lemma abov® * has a generating set with r elements, and h&riceadmits a
generating set {I(, s xq*} with exactly q elements. LeRt be a free 2-step nilpotent Lie
algebra on q generators, and Ie{,{x. , >h} be an admissible generating set. LetT -
It* be the unique Lie algebra homomorphism such thap ¥(xi* forl<i<q. It
follows that T@) = N * since TM) is a Lie algebra that containsl{‘x s xq*}.
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Proof of Proposition 2.2b
1) If {yl, . yr} is a generating set fdi, then® is the linear span of the set S =
{y R 2 [yi, yj] :1<i<j< r}, which has at most r + (1/2)Kt) = (1/2)r(r1) distinct
elements. Hencexs since (1/2)r(l) = card(S)= n = (1/2)q(¢+1) by Proposition 2.2a.
2) Let {xl, e )b} be an admissible generating set forand let {yl, s yq} be
any generating set fat with q elements. If T* - N is the unique Lie algebra
homomaorphism such that 'Ii][xz Y; for1<i < g, then T([>|<, Xj]) = [yi, yj] forl<i <j<
g. Hence T is an isomorphism since Im T contains the linear spanning set S =
{yl, s yq, [yi, yj] »1<i<j< g}of . Itis clear from the definition of an admissible
generating set A foit that any isomorphic image of A is also an admissible generating set
for ‘R.D

Proof of Proposition 2.2c

It is easy to verify the properties 1) and 2) for the exarfipke F2(q) =
IRC@/\Z(IRq) constructed in the existence proof of Proposition 2.2a. Hence properties 1)
and 2) hold in general since by Propositions 2.2a andi2.2&bunique and all generating
sets with g elements are the same up to isomorpDhism.

Proof of Proposition 2.2d

We use the explicit modeE(%]) = IRqGE/\Z(IRq) from the proof of Proposition
2.2a.

1) Sincep': Fz(q) - Tt is surjective there exist elemen€§ {1<i<q}of

F2(q) such thap'(Ei) =(To p)(ei) for all i, where {@: 1<i<q}is the natural basis &Y.
There exists a unique Lie algebra homomorphisrﬁz'[q) - Fz(q) such that (I'ei) = Ei for
all i since Fz(q) is a free 2-step nilpotent Lie algebra. The Lie algebra homomorphisms
p' o T and To p are equal since they have the same values on thei sdtde < g} , which
generates{{q). The proof of 1) is complete.

2) Suppose that Ti* — ' is an isomorphism and g =difbh /[, ] =
dim %' /[N, R']. Using the notation from the proof of 1) etbe the subalgebra 05@)
generated byE{i :1<i<q}. Itsufficesto show that = 2(q) =RY®p /\2(IRq).

The set {)'(Ei) =(To p)(ei) ,1<i<q} generatedt’ since {(? ,1<i<q} generates
Fz(q) and Top: F2(q) - T issurjective. Ift: ' - N/ [N, N is the projection
homomorphism, the® ={(1T o p')(Ei),lg i<qg}isabasisoft' /[T, k'] by 2) of the
lemma in Proposition 2.2a. Note tbkfl([Rq) = [F2(q), F2(q)] Cp '_1([%', '), and hence
[Fz(q), F2(q)] OKer(Mop). Ifo: Fz(q) - Fz(q) / [F2(q), Fz(q)] = RYis the projection
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homomaorphism, then there exists a Lie algebra homomorphisvlﬁz(q) / [F2(q), Fz(q)]

- R'/[R', R such thatp oo =1t 0 p'. The mapp is surjective sincea(o(&i)) =

(o p')(Ei) for 1<i<q, and hence is an isomorphism since its domain and range both
have dimension q. It follows thaU(Ei) :1<i<q}is a basis for E(q) / [F2(q), F2(q)].

By 3) of the lemma in Proposition 2.2a we conclude tbf'ﬂ {<i<q} generates E(q).D

Proof of Proposition 2.2e

Let 17 be a subspace 6" such thatl’ ®Im p= R" and let {>i >i]7}1 be a
basis forl”. Hence {(x+ Imp) A (x +Imp):1<i<j<q}is abasis fo\ (IR / Im p),
Itfollowsthat{p(x N x) 1<i <J<q} {p((x +Imp) A (x +Imp)):1<i<j<q}
is a linear spanning set for lpnwith at most (1/2)q(e|1) Iinearly independent elements.
We conclude that n=q + dim Im<q + (1/2)q(¢1) = (1/2)q(¢r1), with equality =
p' :/\2(IRn/ Imp) - Im pis an isomorphism.

If p O Hom Q\Z(IRn), IRn) is a free 2-step nilpotent Lie algebra with q generators,
then n = (1/2)q(#1) by Proposition 1. It follows that :/\2([Rn/ Imp) - Impis an
isomorphism by the discussion of the previous paragraph. Conversglys &n
isomorphism, then n = (1/2)qfd) and {J(x 7\ x) l<i<j<qg}isa baS|s for Inp by
the previous paragraph. Let {v vq} be any baS|s foRY, andlet T R" - Fz(q) =
RIPA? (IRq) be the linear |somorph|sm such that a) )I'éxv forl<i<qgand
b) T(p(x; A xJ)) Vi A vJ forl<i<j<q. Bythe deflnltlon of the bracket |r£(lé|) =
RYop /\é([Rq) we obtaln [T(x) T(x)] = [v v] =V A v —T(p(x A\ x)) T([x x]) for
1<i<j<qg. Hence TisalLie algebra |somorph|sm smcep Ilnas in the center of
{R" 0},
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