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Abstract

We consider simply connected, 2-step nilpotent Lie groups N, all of which are
diffeomorphic to Euclidean spaces via the Lie group exponential mag/exp :N. We
show that every such N with a suitable left invariant metric is the base space of a
Riemannian submersion and homomorphgsniN* — N, where the fibers gb are flat,
totally geodesic Euclidean spaces. The left invariant metric and Lie algebra of N* are
obtained from N by constructing a Lie algeffawhose Killing form B is negative
semidefinite. If B is negative definite, then we show that N* admits a (cocompact) lattice
subgroud*. Moreover,Ir =p('*) is a lattice in N ifl * n Ker(p) is a lattice in Kerg).
Conversely, if N admits a lattidg then N* admits a latticE* such that™ = p(l'*). In this
case the Riemannian submersion and homomorghisht — N induces a Riemannian
submersiomp' : T*\ N* - '\ N whose fibers are flat, totally geodesic tori. The idea
underlying the proof is that every 2-step nilpotent Lie algebra is isomorphic to a standard
metric 2-step nilpotent Lie algebra, which we define and discuss.

We also use a criterion of Mal'cev to derive conditions that guarantee the existence
of lattices in N. We apply these conditions to prove the existence of lattices in simply
connected, 2-step nilpotent Lie groups N that arise from Lie triple systems with compact
center inso(n,R), the Lie algebra of skew symmetric linear transformatior® bivith the
standard inner product. Lie triple systems with compact center include subspaces of
so(n,R) that arise from finite dimensional real representations of Clifford algebras or
compact Lie groups. The center of the Lie triple system is trivial for representations of

Clifford algebras and compact semisimple Lie groups.



Introduction
For finite dimensional real vector spaces U,V a linear map 4: End(V) is called
skewsymmetrizable if there exists amer product <, gon V such that the elements of
j(U) are skew symmetric relative to <y? If j is injective in addition, then we may define a

(positive definite) inner product < yonu by < u, u* > =trace j(u) j(u*). We obtain a
unique 2-step nilpotent Lie algebra structure [, Jon= V& U (orthogonal direct sum)
such that U is contained in the centel bfand < [X,Y], Z =< X)), Y >y for all X,Y
inV and Z in U. In section 2 we show that the isomorphism typ8lof{ ]} depends
only on the image j(U) = W in End(V) and not on the particular injective, skew
symmetrizable linear map j : U End(V) or the choice of inner product <>

In view of the statements above we are led to give special attention to metric 2-step
nilpotent Lie algebraS$l = R"@w, (orthogonal direct sum), wheRd" has a fixed inner
inner product <, >and W is a p-dimensional subspaceagh,R) with the inner product
<X, Y >*=—trace (XY). The subspace W is by definition in the centét gnd the 2-
step nilpotent bracket operation B is defined uniquely by the condition < [v, w], Z >* =
< Z(v), w > forall v,win R"and all Zin W. Such a Lie algebra = R"®W is called a

standardnetric2-stepnilpotent Lie algebra.

In section 2.6 we show that every 2-step nilpotent Lie algebraisomorphic as a
Lie algebra to one of the standard metric 2-step nilpotent Lie algﬁbna@n@w. The
isomorphism is not uniquely determined but depends on the choice of a special basis of
Let W be a subspace @f(n,R) and let® be the subalgebra &f(n,R) generated
by W. LetJl* = R"® @ andIl = R"@W be the associated standard metric 2-step
nilpotent Lie algebras. Let N* and N denote the corresponding simply connected metric 2-
step nilpotent Lie groups. The orthogonal projectioiil* - Tl is a surjective Lie
algebra homomorphism that lifts to a surjective Lie group homomorghidit — N

such thatd =Tt



In section 3 we show thai : N* — N is a Riemannian submersion with flat,
simply connected, totally geodesic fibers. Moreover, if N admits a |&tticecessarily
cocompact, then N* admits a lattiC& such thap(l'*) = I', and there is an induced
Riemannian submersigh: '*\ N* - I\ N whose fibers are flat, totally geodesic tori
that are all isometric. Furthermore, Kgy ( I'* is a lattice in Ker ). Conversely, if
Ker (p) n I'* is a lattice in Kerg) for some latticé * in N*, then'=p(['*) is a lattice in
N.

Lattices in a simply connected nilpotent Lie group N are not guaranteed to exist. In
fact, lattices never exist for a " generic " simply connected 2-step nilpotent Lie group N of
dimension n whose center has dimensiarBpprovided that n is sufficiently large relative
to p. See the beginning of section 4 and [E3] for more details. Mal'cev [Ma] has shown
that a simply connected nilpotent Lie group N admits a lattidbe Lie algebrdl has a
basis with rational structure constants. It is of interest to differential geometers to have
criteria that guarantee the existence of lattices in the corresponding simply connected groups
N.

For finite dimensional real vector spaces U,V a linear map }: End(V) will be

calledrational if there exist bas%U for U andeV for V such that j(Z) Q—-span (BV))

O Q-span (BV) forall Z in TBU . Letj:U- End(V) be an injective, rational and skew
symmetrizable linear map , and I86.{=V&U, [, ]} be the 2-step nilpotent Lie algebra
defined as above. If N is the simply connected 2-step nilpotent Lie group with Lie algebra
J1, then the Mal'cev criterion implies that N admits a lattice (Proposition 2.7). In the
propositions of (4.2) and (4.3) we use this result to show that lattices in simply connected
2-step nilpotent Lie groups N always exist in certain special situations :

1) Fix an inner product olﬁn, and let® be a subalgebra e#(n,R) that is the Lie
algebra of a compact, connected subgroup of $OQ(nWe show in Appendix 1 that there
exists a basi§€' of & with the following properties : a) The structure constants' die

in Z b) Any finite dimensional rea8—module U admits a basi@u such that the



elements ofZ' leave invarian?Z -span (BU). This is a slight generalization of a result in
[R1], where the proof is given in the case ats semisimple.

Now let W be a subspace 6f that admits a basis i@(D = Q-span ') and let
7 = R"®BW be the corresponding standard metric 2-step nilpotent Lie algebra. Then the
simply connected Lie group N with Lie algebitaadmits a latticé (Proposition 4.2).

Remark

Any semisimple subalgebf& of so(n,R) is the Lie algebra of a compact, connected
subgroup G of SO(R). See for example [Mo, p. 614].

If & is any subalgebra eb(n,R), then® =[§, $]is semisimple (cf. Appendix
2). Ifp: G- GL(IR”) IS a representation of a compact semisimple Lie group , then the Lie
algebra op(G) is a semisimple subalgebrasofn,R) for anyp(G)-invariant inner product
<,>onR".

2) Let G (m) denote the real negative definite Clifford algebra determiné?ﬂ)y
with the standard product. Letj 2@n) - End (IRn) denote a representation of @) ;
thatis, j(2f = -ZFId forall ZinR™. Ifj: R™ - End R") also denotes the
restriction of the Clifford representation, then j is injective, skew symmetrizable and rational.
LetW = j(IRm), which lies inso(n,R) for a suitable inner product <, > &f' 1f 9 =
IRnGBW, defined as above, then N admits a lattice (see the corollary of (4.3c)).

These spaces N of Heisenberg type arising from representations of Clifford
algebras were first studied seriously by A. Kaplan in [K1, 2]. The existence of lattices in
some of these groups N is known, but the treatment in [K1] is brief. See [CD] for a
different proof of the existence of lattices in a space N of Heisenberg type.

3) A subspace W ab(n,R) is aLie triple system if [X, [Y, Z]]U W whenever X, Y

and Z[OW. The Lie triple systems W ka(n,[R) provide a rich class of examples whose
associated 2-step nilpotent Lie groups N admit lattices (see (4.3)).

If W is a Lie triple system iso(n,R), then $ =W + [W, W] is a subalgebra of
so(n). Moreover,% is semisimple= {0} = Z(W) ={X OW : [X, Y]=0forall YO W}



Conversely, if$y is any subalgebra ed(n,R), then$ =W & [W, W], (direct sum), for
some Lie triple system W. See Appendix 2 for more details.

If W is a Lie triple system iso(n,R), then gWg_;l is also a Lie triple system in
so(n,R) for all elements g in SO(R). If we regard W and gV\Té as equivalent for all g
in SO(nR), then one may show that there are only finitely many equivalence classes of Lie
triple systems W iso(n,R) with Z(W) = {0}.

The Lie triple system examples of 3) actually contain the examples of 2) and 1).
Clearly, any Lie subalgebra W af(n,R) is a Lie triple system. In section 2.5 we show that
if j:C2(m) - End (IRn) denotes a representation of the Clifford algebégn, then W
= j(IRm) is a Lie triple system iso(n,R) for any W-invariant inner product <, > &
Moreover, we show in Appendix 3 that = W & [W, W] is isomorphic tgo(m+1,R) if
m# 3. If m =3, then eithe) =W & [W, W] is isomorphic tao(4,R) or W = [W, W]
= % is isomorphic teo(3,R).

The statements above from Appendices 2 and 3 are intended to motivate the study of
2-step nilpotent Lie groups N with left invariant metrics whose Lie alggbrase standard
metric 2-step nilpotent Lie algebras. These appendices may be found on the author's
website at (www.math.unc.edu).

The paper is organized as follows. Section 1 contains basic material about 2-step
nilpotent Lie algebras and lattices in simply connected 2-step nilpotent Lie groups. In
section 2 we prove the facts stated in the first paragraph of the introduction, and we
introduce standard metric 2-step nilpotent Lie algebras. In section 2.6 we show that every
2-step nilpotent Lie algebra is isomorphic to one of these. The Riemannian submersion
result, stated earlier, is proved in section 3. The existence of lattices in the two situations
mentioned above is proved in section 4.

| am indebted to D. Shapiro, who explained to me many details about Clifford
algebras, and to J. Eschenburg, J. Heber and E. Heintze, who pointed out the importance

and many of the basic properties of the Lie triple system examples. | am grateful to Y.



Benoist, who explained to me an important step in the proof of Proposition 4.2. | especially
thank D. Witte for acquainting me with the rationality results of [R1] and [B]. The result
from [B] stated at the end of (1.3a) is the key result needed for the proof of the main result
in (4.3c), which proves the existence of lattices in all simply connected 2-step nilpotent Lie
groups N that arise from Lie triple systems with compact cente(rtR).
Section 1 Lattices in nilpotent Lie groups
(1.1) Basic information
General references for the material in this section are [CG] and [R2] as well as the
original paper of Mal'cev ([Ma)).
(1.1a) Definition and exponential map
A Lie algebrall is nilpotent ifiﬂk = {0} for some positive integer K, whefe® =
71 and7LK = [iﬂ,fﬂk'l] for all k= 1. The nilpotent Lie algebf&. is said to bé-step if
71K = 10y but 1K1 # {0},
We consider only nilpotent Lie algebras ofer If N is a simply connected
nilpotent Lie group with Lie algebr&., then the Lie group exponential map eXp :» N
is a diffeomorphism and we let log : N J1 denote its inverse.
(1.1b) Multiplication formula
For elements X and Y ifiL the Campbell - Baker - Hausdorff formula says that
exp(X)exp(Y) =exp (X +Y + P(X,Y)(X) + Q(X,Y)(Y)) , where P(X,Y) and Q(X,Y) are
finite polynomials in ad X and ad Y ([V]). IfL is 2-step nilpotent, the case that concerns
us in this paper, the formula becomes
exp (Xyexp (Y) = exp (X + Y £ [X.Y]) forall X, Y in 7l
log (nn*) = log(n) + log(n*) +% [log(n) , log(n*)] for all n,n*J N.
For elements n,n*in N let [n,n*] = nn*in*~L. We obtain

[exp(X), exp(Y)] = exp ([X,Y]) for all X,Y inJL.



(1.2) The Mal'cev criterion for lattices
(1.2a) Definition of lattice

A latticel” in a connected Lie group H is a discrete subgroup such tHat
possesses a finite measure invariant under the action of H.

If N is a simply connected nilpotent Lie group, then every laftioéN is
cocompact; that isl, \ N is compact ([R2, Theorem 2.1]). Not every simply connected
nilpotent Lie group N admits a lattife see for example [R2, Remark 2.14] or section 4.1
of this paper for the 2-step case.
(1.2b) Existence Theorem([M], [R2], [CG])

A simply connected nilpotent Lie group N admits a latfickand only if there

n
& of the Lie algebrdll. such thatg, ,&]= 2 e,

1’E2" k=1 ]
where the constants {If} are rational numbers. In addition,

a) If B ={¢

exists a basif3 ={¢

t Ez, En} is a basis ofl L with rational structure constants as above,

and if L is a vector lattice ofL contained irﬂlQ = Q—span (B), then the subgroup of
N generated by exp(L) is a lattice in N. Moreov@sspan (B) = Q—-span (log").
b) If I is a lattice of N, theﬁlQ = Q-span (log") is a Lie algebra ovel, and

there exists &-basisE = {& En} of Jl Q that is also afR—basis of/1.

11 Ez!
c) If r andr2 are lattices in N, thefi—span (Iog’l) = Q-span (Iog‘z) if and

only if Fl andr2 arecommensurabldéhat is,r1 N F2 has finite index in botﬁ1 andrz.

(1.2c) Commensurability Example [CG, Theorem 5.4.2]

Letl be a lattice in a simply connected, nilpotent Lie group N. Then there exist
Iatticesr1 and r, in N such that

a) rl is a finite index subgroup &fandr is a finite index subgroup dT2.

b) /\1 =log( l) and/\2 =log( 2) are vector lattices inl.



(1.3) Rationality

We first define rational structures, subalgebras and subgroups in a general setting
and then specialize to the case of nilpotent Lie algebras.
(1.3a) Rational Lie algebra structures

Let B = {El, Ez, ...En} be a basis of an arbitrary real Lie algefirasuch that
[Ei , Ej] = kgl Cilj< Ek , Where the constants tb are rational numbers. Théin@ =
Q-span (B) is a Lie algebra oveld, and $ 0 D@ R is isomorphic ta. One calls§) o @
rational structure o .

Examples of rational structures

Example 1

Let Il be a nilpotent Lie algebra . By the discussion in (1.2b) and (1.2c) the
rational structures ohl correspond bijectively to the commensurability classes of lattices
in N, the simply connected Lie group with Lie algebra
Example 2

Let V be a finite dimensional real vector space, antElée a basis of V. Let
End(V) be the real Lie algebra of endomorphisms of V with Lie bracket [, ] defined by
[T, S]=TS-ST. Let EndB(V)(D ={T O End(V) : T has a matrix with entries @ relative
to the basisE.}. Then EndB(V)(D is a rational structure for End(V).
Example 3 Real Chevalley bases and rational structures

Let 8% denote a complex semisimple Lie algebral Iis a Cartan subalgebra of

6" with roots® 0 2* and simple root& (b , then2 defines &Chevalley basi§ =

{H* o yB ‘oA ,B 0P }of &" whose structure constants lieZirand which has the
properties that i) ad A Q =B(A) yB forAOZ,BOP i) {H* o O [A }is a basis of
2 such that H*a = H*_a foralla CA . See. [Hu, pp.143-146] for a definition and a
more detailed discussion . The Chevalley b&sis not unique, but there are "natural "
Chevalley base§ for the simple, complex Lie algebr%(E in the classificatioﬂln, 9Sn,

. andBn. See for example [He, pp. 186-191].



The complex semisimple Lie algekﬁn‘a(E has a real subalgebé whose Killing
form is negative definite and whose complexificatio@f% . The subalgebré is called a

compactealform of 6" andis unique up to isomorphism. Conversel@ ifs a real

subalgebra whose Killing form is negative definite, thEh is semisimple ané® is a
compact real form o ¢

A compact real fornt® of a complex semisimple Lie algekim(E may be
constructed as follows. From a Chevalley bésis {H* a Vg olA,B0®} for g"
one defines a " real " Chevalley ba@]i ={i H* o uB, v[3 o [A, B ODP }, where Lb =
Yg~Y_p and %= i Ygt i Y_p forallp O . If & =R-span (), then® is a compact
real form for (S(E, anofi[R is a basis o8 with structure constants ifi. Any compact real
form of 8 arises in this way for a suitable choice of Chevalley basiSee [B] and [C].
See also [He, pp. 181-182] for further discussion, wh&emd \é are replaced by’uB and
—iv 5 respectively.

The rational structur@iQ for 8 given by(S(D = Q- span C[R) will be useful later
in Proposition 4.2 for constructing examples of simply connected, 2-step nilpotent Lie
groups N that admit lattices.

Chevalley bases adapted to involutiongB]

Let 8 be a Lie subalgebra ef(n,R) whose Killing form is negative definite. Let
6: 6 - @ be alLie algebra automorphism such 8fat 1d. Then we can choose a
Chevalley basi§ = {H*a, yB ;o [A,pBOb} forthe compIexification(db‘(D such that

a) The real Chevalley baé]‘@s.[R ={i H* o uB, VB ;oA , B Ob }is abasis forS.

b) 8 admits a basi® [ 7- span CR) such thab(&) =+ & forallE O B.

In particular, the +1 and 1 eigenspaces 6fare rational relative to the rational structure
® = Q-span Cg)onG.

Assertion b) will be proved below in lemma 2 of (4.3The proof of b) follows

from Proposition 3.7 and the preceding discussion in section 3 of [B]. See also

Proposition 14.3 of [R2, pp. 215-220].
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(1.3b) Rational subalgebras and subgroups
Definition of rational structure
Let $ be areal Lie algebra, and lﬁb be a rational structure dp. Let H be a Lie
group with Lie algebrd .

A subspace or subalgeba* of § is rational with respect té@ Q if $ Q

contains a basis df*. A connected subgroup H* of H iational with respect t& Q if

its Lie algebra$y* is rational with respect t&® o

We now specialize to nilpotent Lie algebras.
Proposition ([CG,8 5.4])

Let J1 be a nilpotent Lie algebra, and 1Iét® be a rational structure dn. Let N
be the simply connected nilpotent Lie group with Lie algébrd_et " be a lattice of N
such thaﬂ1® = Q-span (log").

A subalgebrall* of Tl is rational with respect t‘?ﬁL(D if and only ifT* =T n N*
is a lattice in N* = expJL*).

(2.3c) Examples of rational subalgebras ([CG,8 5.2])

Let Tl be a nilpotent Lie algebra, and let N be the simply connected nilpotent Lie
group with Lie algebrdl. The following subalgebras are rational with respect to the
rational structurél(D = Q-span (log") for any latticel” of N.

1) The centefz of JL.

2) The subalgebra&flk = [f]l,iﬂk'l], where?19= 71 (descending central series)

3) The subalgebreﬂ@k ={X0O7TL:[X, 70 iﬂk_l}, whereiﬂO = {0}

(ascending central series)
(1.3d) Remark

If © denotes the center of a nilpotent Lie algebraand Z denotes the center of the
corresponding simply connected Lie group N, then éxp+ Z and log : Z- 3 are
group isomorphisms as well as diffeomorphisms sta@nd Z are abelian. Here, addition

is the group operation 0g. In particular, iff * is a lattice in Z, then lo§* is a vector



lattice in §. Combining this fact with the proposition in (1.3b) and 1) of (1.3c) it follows
that ifI" is a lattice in N, then (Ilo§) n © =log " n Z) is a vector lattice ir. Similarly,

if N* = exp([JL,T1]), then (logl) n [J1,T1] = log(" n N*) is a vector lattice inJL,T1].
(1.3e) A useful rational basis ofll

Proposition

Let N be a 2-step simply connected nilpotent Lie group with Lie algebrd_et
be a lattice in N and Iéﬂ(D = Q-span (lod"). Then there exists a basis = {X T X2,
Xy Zyy Loy oo Zp} of JL such that

1) B Ologr.

2) { Z1’ Zz' Zp} is a basis of2 such thatQ-span {loglN) n 2}=

Q-span {21’ Zy .. Zp}

3) Ifg=dim ([JL,J1]), then { 2,2y - Zq} is a basis of J1,J1] such that
Q-spar{(logl) n [TL,71]} = Q-span {Zl, Z, .. Zq}'
4) Q-span (B) = Q-span (lod") = ‘Jl@.

5) The structure constants @f lie in Z.

We first prove a stronger result for the special case\tkabgl is a vector lattice
in J1. This lemma will also be useful later in the proof of the main result of section 3.
Lemma
Let N andl" be as above and suppose thatlog [ is a vector lattice iffl. Then
there exists &-basisE = {X T X2, )% Zl, Zz’ Zp} of A such that
1) E is also anR-basis of]l.
2) {Zl, Zy Zp} is a basis of2 suchthat (lod) n @ =
Z-span {Zl, Zz’ Zp}
3) Ifq=dim (F1,71]), then{Z, Z, ... Zq} is a basis of 1,71] such that
(logl) n [J1,J1] O Z-span{Z, Z,, ... Zq} and Q-spaf(log ) n [JL,IL]}
= Q-span {Zl, Zz’ Zq}'
4) Q-span (B) = Q-span (lod").

11
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5) The structure constants &f lie in 7.
Proof of the Lemma

Sincell is 2-step nilpotent it follows thdt' = ad{\) is a finitely generated free
abelian group in ad() O End(J1). Let {X ' X)s ..., X } be aZ-basis for/\', and let {X ,
Xy ooy >ﬂ1} be elements of\ such that ad =X forl<i<n. By (1.3d) (log) n Q is
a vector lattice irZ, and (logh) n [J1,J1] is a vector lattice inl[L,J1]. Since P = (lod)
n 9 and Q = (lod") n [T1,71] are finitely generated freé-modules with Q1 P, the
invariant factor theorem says that there eXidbases {%, Zz, Zp} for P and { Z*,, Z*2,
Z*q} for Q such that Zr: m, Zi for 1<i<q, where {rrl, m,, ... nh} are positive
integers such that irriivides m,, foralli. If P = (logl) n § and A =7-span {Xl, X
ey )%}, then it is easy to prove that Q(XZ, ey )%} is a /-basis for A, An P = {0} and
N=ADP.

The discussion above shows that= {X n X2, )% Zl, Zz’ Zp} is a /-basis
of A\ satisfying assertions 2) and 3) of the Lemma. We prove 1) and 4). @eahan
(B) =Q-span \) = Q-span (log"). The elements 0B are linearly independent over
Q, and hencéB is aQ-basis oﬂlQ = Q-span (log’). By the first remarks in (1.:§)L®
is a Lie algebra oveR andf]l[D D® R is isomorphic td'l. It follows that the structure
constants oft lie in Q, and B is anR-basis of/l. This proves 1) and 4).

It remains only to show that the structure constants die in 7. In this case
(1.1b) implies that if XJlog " and YO logI™ , then [X,Y]Ologl'. HenceZ-span (B) =
A =logT is closed under Lie brackets, and in particular [E] O (loglN) n @ = Z-span
{z,2, .. Zp}'m
Proof of the Proposition

Letl be a lattice of N. By 1(.2c) there exists a finite index subgréugd I" such
that/A* = log I'* is a vector lattice ifl. Let B ={X 1 X e Xy 2y 2oy e Zp} be aZ-

basis forA\* satisfying the five conditions of the lemma. By (1.Zbjspan (B) =
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Q-span (log *) = Q—-span (log"). Assertions 4) and 5) of the Proposition now follow
from assertions 4) and 5) of the lemma while assertion 1) of the Proposition hold& since
Ologl*and '* [T . Since (logd*) n 9 and (logl) n < are vector lattices i, with

the first contained in the second, it follows tHatspan {(loglr"*) n 2} = Q-span {(log

N n 2} Similarly Q-span {(logr'*) n [JL, J1]} = Q-span {(logl") n [JL, T1]}.

Assertions 2) and 3) of the Proposition now follow from assertions 2) and 3) of the

lemma.
[
Section 2 Standard and involutive metric 2-step nilpotent
Lie algebras
(2.2) Abelian and nonabelian factors of a 2-step nilpotent Lie

algebra

It is useful to observe that one may always split off an abelian Lie al§efrcan a
2-step nilpotent Lie algebfé. and reduce consideration to the case that[] = 2, the
center of/L. We call the ideal§ andJL* in the proposition below thabelian and
nonabelian factors dfL.
Proposition

Let 7L be a 2-step nilpotent Lie algebra with cerifer Then there exist ideals*
andE of JL with £ 0O € such that

1) L =T*@BEandg =[N, I]BE.

2) Jl*is a 2-step nilpotent Lie algebra such that,JL] = [TL*,J1*] = 2*, the

center off L*.
3) The ideal§'l* and € are uniquely determined up to isomorphism by 1).
4) If JL has a basi$3 with rational structure constants, tHert has a basis
B* with integer structure constants.
The proof of the Proposition above will also establish the following

Corollary



Let Il be a 2-step nilpotent Lie algebra with ceriter ThenJl has a trivial abelian
factor = [JL, 1] = Q.
Proof of the Proposition

We begin by proving 3). Suppose that we can Write f]ll* B El =
L@ £ ywhere {1 *, El} and {TL*, £ 1 satisfy the hypotheses 1) and 2) of the
Proposition. If17 is a subspace &f. such thafll = 1V @& 2, thenTl =V BT, T1] D
Ei fori=1,2. LetT:JlL - Tl be a linear isomorphism such that T = IdGriB[T1,71]

and T(El) = E.. Itis easy to check that T is a Lie algebra isomorphism, and hence T

>
induces a Lie algebra isomorphismJT / El - JU/ Ez. However,J1 / Elf f]ll* and
T/ Ezf JL,* by 1). This proves thdtl * = Tl *, and El* = Fiz* since Fil* and EZ*
are abelian Lie algebras of the same dimension by 1).

To prove the existence &t* and £ we chooseE to be any subspace &f such
that2 =[TL,71]@B E. Let1 be a subspace 6t suchthafll =TV & Q. If J1*=
V B[TL,71], thenIL* and E satisfy 1) and it follows thafl], 71] = [TL*, 71*] O @* O
9. Let Z* be any element ¢¢* and write Z*= X + Z, where XJ 1V and ZO [J1,J1] O
9*. It follows that XO 7 n @* 0O 1V n @ ={0}. We conclude thag* =[JL, T1],
which proves 2).

We prove 4). LetS be a basis ofl with rational structure constants. If N is the
simply connected Lie group with Lie algebirg then by (1.2b) N admits a latti€esuch
that Q—span (B) = Q-span (log"). LetB'={X 1 X X 2 2 Zp} be a basis of
J1 such thatQ-span (B') = Q-span (log") = Q-span (B), and B’ satisfies the
conditions of the proposition in (1.3e). LBt= [R—span()&, Xy oo )g]), € = R-span
(Zq+1’ s Zp) andJ1l* = R-span K Xy oo X Zpp Zoyy o Zq)’ where q = dimJL,71] and
p=dimg. ThenTl = VB2, T1*= UV B[, T1]andIl = TL* B E by the properties
of B' from (1.3e). The ideals.* and £ satisfy 1) and 2) of the Proposition, as we

observed in the previous paragraphEIHf = {X 1 X e Xy 20 2y Zq}’ then B* is a

14
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basis of/1* with integer structure constants by (1.3e). We have proved 4) for a particular

choice ofJL*, but J1* is uniquely determined up to isomorphism by 1).

(2.2) Basic structure of méic 2-step nilpotent Lie algebras
(2.2a) The bracket operation determines a linear map

Let 7L be a 2-step nilpotent Lie algebra with cerfier Given an inner product
<,>onJl wewriteJl =17 & 2 ,wherel = %L, the orthogonal complement gf.
For each element Z ¢ we obtain a skew symmetric transformation j(Zj : -
defined by the equation

(*) <@ X, Y>=<[XY],Z> for all X,Y in V.

If {N, <, >} denotes the simply connected Lie group with Lie algebrand
corresponding left invariant metric <, >, then the geometry of {N, <, >} can be expressed in
terms of the maps {j(Z2) : ZI 2}. See [E1] for further details. This approach to studying
the geometry of {N, <, >} was introduced by A. Kaplan in [K1] and [K2] in the case that
{N, <, >} is of Heisenberg type (see example 2) of (2.4) below).

Itis evident that | @ — so(‘17) is a linear map, wherso(‘1") denotes the vector
space of skew symmetric linear transformation$’of
(2.2b) Constructing bracket operations from linear maps

Let V and U be finite dimensional real inner product spaces afd eV & U
be the orthogonal direct sum. Let j:-Uso(V) be a linear map. Now define a bracket
structure [, ] oL by (*) above to make{l, <, >} a metric 2-step nilpotent Lie algebra in
which U is contained in the center&f.

LetV,Uandj: U- so(V) be as above. Let c be a positive number and(:lﬁttlg
denote the same vector spaces with the original inner products multipliéd Giearly
ju)d so(VC) for every positive number c. ‘JTLC denotes the orthogonal direct sum
VCGB U c relative to the new inner product, then it is easy to check that the corresponding

bracket operation [ C]defined by (*) above is unchanged; that isJ:,I , ] for every c.
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(2.2c) Abelian factors and Euclidean de Rham factors

By the Proposition in (2.1) the next result shows that the dimension of the abelian
factor of JL equals the dimension of the Euclidean de Rham factor of {N, <, >} for any left
invariant metric <, > on N.
Proposition

Let 1 be a 2-step nilpotent Lie algebra, and let N be the simply connected nilpotent
Lie group with Lie algebrdl. Let3 denote the center 8t. Then the following are
equivalent :

1) [I1, J1] has codimensionp0in 3.

2) Let<, > denote an inner product®n LetV = 2 "andlet j:2 — so(V)
be the linear map defined above by (*). Then the kernel of j has dimension p.

3) Let<, >denote an inner productldnand also the corresponding left
invariant metric on N. Then the Euclidean de Rham factor of {N, <, >} has
dimension p, the dimension of the abelian factdrlof
Proof

The equivalence of 1) and 2) follows immediately from the fact that j(Z}=2is
orthogonal to L, J1] for an element Z of}. This fact is an immediate consequence of (*)
in (2.2a). The equivalence of 2) and 3) follows directly from Proposition 2.7 of [E1] and
the proposition in (2.1) abovDe.
Corollary

Let 1 be a 2-step nilpotent Lie algebra, and let N be the simply connected nilpotent
Lie group with Lie algebrdal. Then the following are equivalent.

1) JL has a trivial abelian factor.

2) There exists an inner product <, >Jarsuch that the linear map & -

so(1V) from (*) is injective, wherél? = 2.
3) For every inner product <, > dh the linear map j2 - so(V) from (*) is

injective, wherel? = 2.
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Proof

The implications 3)] 2) 0 1) O 3) follow immediately from the proposition
above.

O
(2.3) External direct sum constructions and partial uniqueness

We can extend the construction of (2.2b) in a way that will be useful for examples,
two of which we describe below. LetV and U be finite dimensional real vector spaces, and

letj: U - End(V) be alinear map. The map j will be caBgdwsymmetrizable if there

exists an inner product <, > on V such that the elements of j(U) are skew symmetric relative
to <, >. Ifjis skew symmetrizable, then an inner product < , 3. onV & U will be said
to bej—admissible if a) V and U are orthogonal relative to <, > and b) The elements of
j(U) are skew symmetric relative to <, >. If <, > is argdmissible inner product on,
then we may define a 2-step nilpotent Lie algebra structufe as in (2.2b).
(2.3a) Apartial uniqueness result
Proposition
Let V and U be finite dimensional real vector spaces, and let} :BEnd(V) be a
skew symmetrizable linear map. Let <1,6Fﬂd <,3 be jadmissible inner products di
=VePU, and let [, 1 and [, %denote the corresponding 2-step nilpotent Lie algebra

structures ofil given by (*) in (2.2a) with U contained in the centeffof If <, > =

) 1 -
< , > on U for some positive constant c, thén {[ , ]1} is Lie algebra isomorphic to
{7, 1

As an immediate consequence we obtain the following
Corollary

Let V and U be finite dimensional real vector spaces, and let} :BEnd(V) be a
skew symmetrizable linear map. Then every inner producb<on>U determines a unique
2-step nilpotent Lie algebra structure given by (*) in (2.2a) on the vector Spac¥ B U.

Proof of the proposition
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By the discussion at the end of (2.2b) it suffices to consider the case c=1; that is

<, >1= <, >2 on U. LetS : V- V be the linear transformation such that < v, y>

<Sv,w >1for allv,win V. Then S is positive definite and symmetric relative to both

<,>and<, 30n V. Forevery Z in U the linear transformation j(Z) commutes with S

since j(Z) is skew symmetric on V with respect to both 1<a1n:d <3 Write V =
Vl@vz@...VN, where S #\iz Id on each Y and)\i % )‘j fori#]. The subspaces {‘yare

orthogonal relative to both <, and <, > since S is symmetric relative to both

1 2

<> and <, 3
Define a linear isomorphism : JL - JL by ¢ =Vs= A; Id on each Y, andy =
Id on U. We assert that : {JL, [, ]2} - {JIL [, ]1} is a Lie algebra isomorphism.
Lemma
Proof
The skew symmetric transformations in j(U) leave each eigensri)alfé\mvariant
since the elements of j(U) commute with S. Let <, >* denote the restriction of
<,>and<,>toU. ForZinU and#jwe have <[\, Vj]l’ Z>*=<j@2)V)), Vj > 0
<V, Vj > ={0}. Hence [V, Vj]l = {0}, and a similar argument shows that Nj]z =
{0}.
- N N
Now let v,w in V and Z in U be given. Write vz v; and w :_Zl W,
1= 1=

N N
OV, for eachi. Then [v, w] = i§1 [v; wi], and [v, w], = i§1 [v; ], by the lemma

where y: W

N
above. Hence 9[v, Wl,, Z>*=<[v,w],, Z>* = .Zl <[v,, W], Z>*=
1=

N

N
ié]_ < j(Z)vi, W. >_= igl )\i2< j(z)vi, w; >

. 42
>, slnce<,5—)\i <,> oneachY. On the

1 1

other hand, since = )‘i Id on each y we obtain from the lemma @Y, (pw]l, Z>* =
N N
2 2 .
El A<Iv, wil,, Z>*= igl A <j@)v;, w >, We conclude thap[v, wl,, = [¢v, pw],

for all v,w OV, which completes the proof since U lies in the centeffof f, ]1} and
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(L1 L)

(2.3b) Standard external direct sum examples

By (2.2c) the linear map j in the corollary of (2.3a) is injective/l has trivial
abelian factor. If the map j is injective, then there is a family of preferred inner products
<, > on U that are unique up to scaling by positive constants. We obtain a family of
external direct sum examplés = V& U with trivial abelian factor that we caltandard.
Proposition 1

Let V and U be finite dimensional real vector spaces, and let} :Ehd(V) be an
injective skew symmetrizable linear map. Let ﬁ,be an inner product on V such that the
elements of j(U) are skew symmetric relative to S For any positive constant c let
<> be the inner product on U defined by < u, ld*=>- c® trace j(u) j(u*) for any
elements u, u*in U. Let | é be the 2-step nilpotent Lie algebra structurd o VB U
defined in (2.2b). Thefil has no abelian factor, and [C s independent, up to
isomorphism, of the choice of inner product </on V and the positive constant c.

Proof

For any positive number ¢ the symmetric bilinear form éQrIPU is positive
definite since j : U~ End(V) is injective and skew symmetrizable. The Lie algebra
structure [, ] off'l is unique up to isomorphism by the proposition in (2.3a). Finally,
{J1,[, ]} has no abelian factor by the corollary in (2.%0).

Next, we sharpen the result above to show that the isomorphism type of the 2-step
nilpotent Lie algebrdl = V&U in Proposition 1 depends only on the image W = j{U)
End(V). More precisely, we have
Proposition 2

LetV, U1 and LJ2 be finite dimensional real vector spaces, anqlzeUh - End(V)

and 12 : U2 - End(V) be injective skew symmetrizable linear maps such RI(]HE)j:



jz(Uz) =WOENd(V). Let[, 11 and [, & be any 2-step nilpotent Lie algebra structures on

iﬂl =V® Ul andfflz = VGBU2 constructed as in Proposition 1. Then
{fIll, [, ]1} and {TIIZ, [, ]2} are isomorphic as Lie algebras.
Proof

It suffices to prove this in the case thla:t §J1 - End(V) is any injective skew
symmetrizable linear map,zl;t jl(Ul) =W andé is the inclusion map i : W»> End(V).
Fix an inner product < o'l V such that W :1(Ul) Oso(V, <,>)). Defineinner
products <, >on Ul and <, 3 0n W = U2 by <u, u* > =~ trace jL(u) jl(u*) for u, u*in
U, and < Z, Z* > = trace & 2) j2 (Z*¥) = —trace (Z Z*) for Z, Z* in U=W. Let [, 1l
and [, ]Z be the corresponding 2-step nilpotent Lie algebra structur@slcm V&b Ul and
iﬂz = V&U, = VW defined as in (2.2b).

Let o : f]ll - iﬂz be the linear isomorphism defined py=Id on V andgp =j,
on U,. We assert thap : {i]ll, [ 1} - {Tﬂz, [, 1,}is aLie algebra isomorphism. Let
elements X,Y in V and Z in W be given. Leltia U1 be the unique element such ﬂl@]i)
=Z. We compute 9[X,Y] n Z >, =< jl[X,Y] n jl(ul) >, =~ trace Q[X,Y] 1 ] 1(u1)) =
<XV u > =< ju)X), Y > =<Z(X), Y >, =< [(D) (X), Y >, =<[XY],,Z>,=
<[@X, LpY]Z, Z>,. Hencep[X,Y] 1= [pX, apY]2 since Z[J W was arbitrary. It follows
thato : {fIll, [, ]1} - {fﬂz, [, ]2} is a Lie algebra isomorphism sincci Bhd W are

contained in the centers fﬁfl andfflz respectively.

(2.4) Examples of skew symmetrizable linear maps
Examplel Subspaces ofo(n,R)
Let W be a nonzero subspacedh,R), and let j : W- so(n,R) be the inclusion

map. Then jis a skew symmetrizable linear map.

Example 2  Representations of compact Lie groups

20



Let G be a compact connected Lie group, and 1&6 — GL(V) be a representation
of G on a finite dimensional real vector space V. Let®,the Lie algebra of G, and let |
=dp: B - End(V) be the induced representation. Let ot be any inner product on V
that is invariant undgy(G). Then the elements of§( are skew symmetric relative to

<,>.. . Any choice of inner product d8 determines ajadmissible inner product ain

Vv
=VE 6.
In geometric applications it is often desirable to chod8e-iavariant inner product

<,>_.on@;thatis, ad X is skew symmetric relative to <% for all X in 8. For example,

®
let <X, Y >g = ~trace JX) j(Y) for X,Y in @ if j is injective, which yields a standard
external direct sum example. @f is semisimple, then we may set <@ = -B, where B is
the Killing form on®. More generally, if$ is semisimple, an$1® (5263 .. B (?b’N is
the decomposition dB into simple ideals, then
a) The ideals@i}are orthogonal relative to ar§—invariant inner product < &
on@.
b) On simple ideal@i of @ the G—invariant inner products < o are all
positive multiples ofB.
Remark
If G is a compact, connected, semisimple Lie group andoj =& — End(V) is
injective, then the 2-step nilpotent structures o VB @ defined as in (2.3) biB-
invariant inner products o are all isomorphic.
The proof of this statement in full generality requires a generalization of the

proposition in (2.3a), which we omit. We consider only the case that @ aare simple.

If G is a simple compact Lie group and the representgtidd - GL(V) is

21

nontrivial, then j=g@d: ® - End(V) is injective, and from b) we conclude that there exists

a positive constant d such thed? B(X,Y) = —trace j(X) j(Y) for all X,Y in®. Hence, b)
also implies that for every®—invariant inner product <, > dfi there exists a positive

number ¢ suchthat <X, Y >=c? trace JX) j(Y) for all X,Y in®. By Proposition 1 in
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(2.3b) the 2-step nilpotent Lie algebraslon= V& @ determined by® -invariant inner

products or$ are all isomorphic to the standard Lie algebra where ¢ = 1.

Example 3  Representations of negative definite real Clifford algebras
Let {J1,<, >} be a metric, 2-step nilpotent Lie algebra , and Wtite IV 8 3
where 2 is the center ofL and? = . Suppose thatj(f): ~[ZCP1d for every Zin
9, where j(2) : 1V - 17 is the skew symmetric linear map defined by (*) in (2.2a). The
corresponding simply connected Lie group N with left invariant metric <, > is called a space

of Heisenberg type. These spaces were first introduced and studied seriously by A. Kaplan

in[K 1, 2]. Clearlyj:2 - End(V) is injective for spaces of Heisenberg type.

By polarization, the identity j(f): ~[Z(P1d for every Z ing is equivalent to the
identity j(2) j(Z*) +j(Z2*) j(Z2) = -2< Z,Z*>Id onV forall Z,Z*in &. Hence

(#) <Z,Z*>=—(1/dim V) trace j(2) j(Z*) forall Z,Z*in3.

For spaces of Heisenberg type the linear mdp j- End () extends to a
representation oft’ of Cl (), the negative definite real Clifford algebra determined by
{9.<.>}

Conversely, let {U, <, >*} be an n-dimensional real inner product space, and let
C!(n) denote the negative definite real Clifford algebra determined by {U, <, >*}. Let
j 1 Cl(n) - End(V) be a representation of () on a finite dimensional real vector space
V. By definition j(Z)2 = —[Z[PId for every Zin U. The subgroup G = Pin(n) of(6)
generated by the unit vectors in U is a compact subgroup of the group of uni{epf C
See for example [FH, pp. 307-312]. By a standard averaging procedure we may choose an
inner product <, > on V such that j(G) is a compact subgroup of the orthogonal group
O(V, <, >). If Zis a unit vector in {U, <, >}, then j(Z) is an orthogonal transformation of
{V, <, >} such that j(Zf = —Id. It follows that j(Z) is also skew symmetric on {V, <, >}

since j(Z} = j(Z)_l =-]J(Z). Hence j(Z) is skew symmetric for all Z in U.
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The inner products <, >on V and <, >* on U determinedrissible inner
product onJl =V&U. The corresponding 2-step nilpotent Lie algebra structure [, ] on
J1 is standard in the sense of (2.3b) by the proposition in (2.3a) and the identity (#) above.
Remarks (See Appendix 3 for details)

a) The isomorphism type of the Clifford algebr&iQ) depends only on n and not
on the real inner product space {U, <, >*}. Moreovei (1§ becomes a Lie algebra where
the bracket is given by [a, b] = (1/2) {atba}. If U* = UEB[U, U], then U* is a Lie
subalgebra of €(n) that is isomorphic teo(n+1R). Ifj: Ci(n) - End(V) is a
representation relative to Clifford multiplication it @) and composition in End(V), then
@ =(1/2)j: C(n) -~ End(V) is a Lie algebra homomorphism.

b) The irreducible representations j%(6) — End(V) are uniquely determined up
to equivalence if # 3 (mod 4). If rE 3 (mod 4), then €(n) has two inequivalent
irreducible representations.

(2.5) Standard metric 2-step nilpotent Lie algebras

Motivated by the statement and proof of Proposition 2 in (2.3b) we now describe a
simple family of examples of metric 2-step nilpotent Lie algebras<, >}. In (2.6) we
shall see that any 2-step nilpotent Lie algehra isomorphic as a Lie algebra to one of
these metric examples.

Fix a positive integer n, and let {V, < ,L;} be an n-dimensional real inner product
space. Letso(V) denote the Lie algebra of skew symmetric linear transformations of
{V, <, >}, and equipso(V) with the positive definite inner product <, >* given by
< X,Y >* = —trace (XY) for elements X,Y ab(V). Note that <, >* is a constant multiple
of the Killing form ofso(V). IfV = R" with the standard inner product, then wesdén,R)
denoteso(V).

Let W be a p-dimensional subspaceaf¥/), and let {/1, <, >} denote the

orthogonal direct sum of ¥ind W. Let[, ] be the 2-step nilpotent structure/ brx
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V@BW such that W is contained in the centeflof and for elements X,Y of V, [X,Y] is the
unique element of W such that <[X,Y], Z >* = < Z(X), \§7>for every element Z of W.
Remark

The bracket operation [, ] depends upon the choice of the subspace W. Itis easy to
see from the definition thal [, Tl] =W for any one of these metric 2-step nilpotent Lie
algebras {1, <, >}, JlL = VE&W. Moreover, W =3, the center of, if and only if for
every nonzero vector X of V there exists a vector Z of W such that Z(X) is nonzero. We
omit the details.
Terminology

A metric 2-step nilpotent Lie algebral{ <, >} will be calledstandard if it arises in
the manner above. A metric 2-step nilpotent Lie algebra<g, >} will be calledinvolutive
if it is standard and the subspace Wa§V) is actually a subalgebra af(V). Let
{N, <, >} be the simply connected 2-step nilpotent Lie group with Lie algeéband
corresponding left invariant metric. We say that {N, <, >} steadard metric 2-step
nilpotent Lie group (respectively amvolutive metric 2-step nilpotent Lie group) if
{71, <, >} has the corresponding property.
Examples from Lie triple systems

Let n be any positive integer, and let W be a subspaog¢mR) such that
[X, [Y, Z]] OW for all elements X,Y, Z of W. The subspace W is callegadriple system

in so(n,R), and it is well known from the theory of Riemannian symmetric spaces that X =
exp(W) is a totally geodesic submanifold of the special orthogonal groupfS0O(n,
equipped with a biinvariant Riemannian metric, where aafn;R) — SO(nR) is the
exponential map. Conversely, if X is a totally geodesic submanifold of BYirat

contains the identity I, then X = exp(W) for some Lie triple system W. Any totally
geodesic submanifold Y of SOR) is isometric by a left translation to a totally geodesic

submanifold X that contains the identity.
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Let W be a Lie triple system wa(n,R) and define Z(W) = {XJ W : [X, Y] =0 for
all Y O W} We call Z(W) thecenter of W, and we say that W l@snpactcenter if
exp (Z(W)) is a compact subset of SAKh, Note that exp (Z(W)) is a connected abelian
subgroup of SO(fR) for any Lie triple system W.

The Lie triple systems sv(n,R) form an important class of examples whose
structure is described in more detail in Appendix 2. We now list two important examples.
Example 1 Representations of compact Lie groups

Let G be a compact connected Lie group, and 1&6 — GL(V) be a representation
of G on a finite dimensional real vector space V. Let S Jo& any inner product on V that
is invariant undep(G). Ifj=do: 8 - End(V) is the induced representation of the Lie
algebra® of G, then W = j@®) is a subalgebra ofo(V) , the skew symmetric linear
transformations of {V, <, %}.

A subalgebra W aofo(V) is clearly a Lie triple system (V). In this case W has
compact center, and if G is semisimple, then W has trivial center ; that is Z(W) = {0}.

More generally, any Lie subgroup G of the orthogonal group SO(V) is a totally
geodesic submanifold of SO(V) (possibly immersed) with respect to any biinvariant metric
on SO(V). A subgroup G is an imbedded totally geodesic submanifold if G is closed in

SO(V). A biinvariant metric on SO(V) is unique up to positive multiples.

Example 2  Representations of real Clifford algebras

Let{U, <, >} be an n-dimensional real inner product space, and [gf) @enote the
negative definite real Clifford algebra determined by {U, <, >}. Letj¢(} — End(V) be
a representation of ifn) on a finite dimensional real vector space V, where multiplication in
End(V) is composition. As in (2.3) choose an inner product <, > on V such that W = j(U)
Oso(V). We assert that W is a Lie triple system with trivial center.

To see that W is a Lie triple system Ie&,{u - un} be an orthonormal basis of U.

By the discussion in (2.4) we obtain
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™ j(ui) j(uk) = —j(uk) j(ui) ifi #k and j(Lf)2 =—1d for all i.
Hence [W, W] = span { [i(p, j(uk)] :1<i, k<n}=span {j(q) j(uk) cl<i<ksn} If
i, k, ! are all distinct, then j(ﬂl) commutes with j(p j(uk) by (*). If  =iork, then
i(U) i) i(u,) = j(up) or *j(u). It follows that [, [W, W]] = span iy i(u). i(u, )]
:1<i<k<n,1<? <n}=span {j(q) :1<i<n}=W. Hence W is a Lie triple system.

We show that the Lie triple sytem W = j(U) has trivial center. Letuibe an
element such that j(u) commutes with j(u*) for alllbJ. If <u, u* > =0, then j(u) j(u*)
=—j(u*) j(u) by the discussion of example 3 of (2.4). Hence if < u, u* > =0, then j(u)
j(u*) = 0, which implies that 0 = j(u) j(u*) j(u) j(u*) = j(@j(u*)? = Du? Cu*? Id. We
conclude that u = 0 and W = j(U) has trivial center.

If n =dim U, then for r# 3 the totally geodesic subspace X = exp (W) of SO(V)
with a biinvariant metric is a sphere of dimension n . This follows from the well known
facts that® = W&E[W,W] is isomorphic as a Lie algebraga(n+1,R) andf = [W,W]is
isomorphic tao(n,R). If n =3, then X could be either a 3-sphere or a 2-sphere. For

details see, for example, Proposition 3 in Appendix 3 and Lemma 2 of Proposition 3.

(2.6) Metrizing 2-step nilpotent Lie algebras into standard form

We show next that every 2-step nilpotent Lie algebravith an appropriate inner
product <, > is a standard metric 2-step nilpotent Lie algebra.
Proposition

LetJL be a 2-step nilpotent Lie algebra of dimension n+q suchXbat|]] has
dimension g 1. Then

1) There exists a g-dimensional subspace W(oiR) such thaf/l is isomorphic
as a Lie algebra to the standard metric 2-step nilpotent Lie al@b”b:aIRn B W.

2) If JL admits a basis with rational structure constants, then we may choose W to

have a basis whose matrices have entriésriglative to the standard orthonormal basis

fe, e, ...e}of R".



Proof

Let{Z . Z,, ..., Zq} be a basis of]l, J1] and extend it to a basis =
X 3 Xy Xy Zyy Zy o B O TL Let[X, X1 = él C|lj( z, forisijsn; 1sksgq
and suitable matrices EC:C2 Cg} in so(n,R). LetW = span {é, Cz, Cg} O
so(n,R), and let] L* = R™" @ W denote the standard metric 2-step nilpotent Lie algebra
determined by W and the usual inner producR&n We will show thatll is isomorphic
as a Lie algebra tol* = R"® w.
Lemma

The matrices {é, C2, ey C9} are linearly independent sa(n,R).
Proof of the lemma

q k q

Let{a,, a,, ...aq} be real numbers such that Ok§1 o C . LetZ*= k§1 A2 -
Define <, > to be the inner product dn [J1] that makqes { % 5 - éq} an (l)(rthonormal
basis. Then for &r, s<n we have < Dr(, XJ, 2+> = k§1 akCrS: (kél a,C )s=0.
Hence Z* is orthogonal td/, J1] = span{ 2,2, .. Zq}' It follows that Z* = 0, which
implies thaln(k =0 for all k.D
Proof of the Proposition

1) Let {el, SR %} be the standard orthonormal basisRl. Let {pl, Py oo
pq} be the basis of W such thatpa, CB > = 60([3 for 1< a,f <q, where <, > denotes the
standard inner product defined @n,R) in (2.5). LetT JL - J1* be the unique linear
isomorphism such that TQ(: e for1<i<nand T(%() == Py foralll<a<q. We
show that T is a Lie algebra isomorphism. It suffices to show thati,'l'){(pl =
[T(Xi), T(Xj)]* = [ei, e].]* forall1<i,j<n,where[,]and [, ]* denote the Lie brackets in
J1 andJL* respectively. Note that <iWej]*, cks=< d<(ei), eJ > = C]lf Furthermore,
since each Us skew symmetric we have < T(i[XXj]), Ck > =< r% Cijr T(Zr), Ck > =
<§10]: Py Ck> = lef =< [%, e]]*, Ck> for 1<i, j<n. Hence T( [)|<, Xj]) = [ei, ej]* for
all 1<i,j <nsince {Cl, Cz, C,q} is a basis for W. This completes the proof of 1).
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2) If JL admits a basis with rational structure constants, then the simply connected
Lie group N with Lie algebral admits a lattic& by the Mal'cev criterion. By the
proposition in (1.3e) we may choose a bdsis= {X 1 X s R 2 2y Zp} for JL
suchthat{Z,Z, ..., %)} is a basis forg, { Z 2y Zq} is a basis for ], J1] and
[Xi’ Xj] = él Cilj( Zk for 1<i,j<m; 1<k <q, where the constants I%’(}:Iie in Z.
Hence the symmetric matrices]{CCZ, C,q} have entries ir?.

If A=logr is a vector lattice iil, then we may also choo&€ to be a7 -basis of
A by the lemma in (1.3e).

If p=q, then m =n and we I&& = E'. Otherwise we construct a basis=
{X n X2, - >ﬂ1 Zl, 22’ - Zq} from E' by setting >§‘n+i = Zq+i for 1<i<p-q. Now
apply the construction in the proof of D1).
Remark

The proof shows that the isomorphismI* - JL in the proof of 1) is not
unique but depends on a choice of basis= {X n X2’ ey )% Zl, 22’ ey Zq} for J1 as

above.

(2.7) Lattices and rational linear maps

Let V be a finite dimensional real vector space, and let W be a subspace of End(V).
Call W arational subspace of End(V) if there exist ba&/sfor V and SBW for W such
that Z(Q-span (BV)) O Q-span (BV) for all Z in iBW . Equivalently, the matrix of Z
relative toiBV has rational entries for all Z iRW. (Compare Example 2 in section 1.3a).

For finite dimensional real vector spaces U,V a linear map 4: End(V) will be

calledrational if there exist bas%U for U andeV for V such that j(Z) Q—-span (BV))

O Q-span (EBV) forall Z in iBU :
Examples of skew symmetrizable, rational linear maps
Example 1  Fix an inner product <, > aR". Letso(n,R) denote the Lie algebra of

skew symmetric linear transformationsRY. Let W be a rational subspacesafn,R) U



End (IRn). Then the inclusion map j : W End (IRn) IS an injective, skew symmetrizable,
rational linear map.

In particular let <, > anthV = {el, €, . en} denote the standard inner product
and orthonormal basis of VR". Let {Al, Ay Ab} be arbitrary skew symmetric
n X n matrices with rational coefficients. If W is the subspage(nfiR) spanned by the
transformations whose matrices arel,{Az, . Ab} relative to TBV, then W is a rational
subspace afo(n,R).

Example 2 Let W be a rational subspacesofn,[R). Then for any g in GIJ]R”) the
inclusion map j : gWQ1 - End (IRn) Is an injective, skew symmetrizable, rational linear
map.

To see this, let W be a rational subspace@f,R) relative to base@V of V=R"
and fBW of W. The matrices of gVVd relative to the basis &1\/) of R" are skew
symmetric since they are the same as the matrices of W relam\t;. tdt follows that
gSBWg_lis a basis of gW_g1 whose matrices relative to B(/) have rational entries. If
<,>

9
gWg t0so(R" <, )

denotes the inner product &Y that makes ngV) an orthonormal basis, then

Example 3 Let W =@ be a subalgebra of EriIRi'(') whose Killing form B is negative
definite. Then the inclusion map j : W End (IRn) is an injective, skew symmetrizable,
rational linear map.

To see this, note that G = ex§)is a compact subgroup of GL(V) by remarks 3)
and 5) following Proposition 4.2. If <, > is any G-invariant inner product on V,&éhn
So\V,<,>). If ClR is a real Chevalley basis 6@f, then by the proposition in Appendix 1

there exists a basiBV of V such that the elements Bfm leave invarianﬂ—span(BV).

We introduce some terminology before stating the next result. We say that V is

29

irreducible relative to a subspace W of End(V) if no proper subspace of V is invariant under

all elements of W. We say that an inner product <, > onW-igvariant if W[

so(V,<,>.
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Proposition

Letj: U - End(V) be an injective, rational and skew symmetrizable linear map , and
let {TL =V&BU, [, ]} be the 2-step nilpotent Lie algebra defined in Proposition 1 of (2.3b).
Suppose that V is irreducible relative to W = j(U). THeradmits a basis with rational
structure constants. In particular if N is the simply connected 2-step nilpotent Lie group
with Lie algebral'l, then N admits a lattice.

The proof of the Proposition follows immediately from Lemmas 2 and 3 below and
the Mal'cev criterion for lattices from section 1. As an immediate consequence of the result
above and the discussion preceding it we obtain the following
Corollary

Fix an inner product <, > oR" and let W be a rational subspaceath,R) [

End(IRn) such thaR" is irreducible relative to W. L&l = RT@W be the corresponding
standard metric 2-step nilpotent Lie algebra. Theadmits a basis with rational structure
constants. If N is the simply connected 2-step nilpotent Lie group with Lie alfelihen

N admits a lattice.

Remark

If W is a " natural " rational subspacesofn,R), as defined above in Example 1,
then the corollary contains a converse to 2) of the proposition in (2.6).

We now begin the proof of the Proposition. We first state three lemmas and then
prove them in order.

Lemma 1

Let {V, <, >} be a finite dimensional real inner product space, and let
{vl,vz, ,vn} be a basis of V such that $,wj >0Q forall 1<i,j<n.

1) LetvOYV be a vector such that < V¥ [ Q forall1<i<n. Then W]

Q-span {\’1"’2’ ’Vn}'
2) There exists an orthogonal basijcf*{v o ,vn*} of V such that

<V, Vj* >0 Q forall 1<i, j <nandQ-span {v,v,, ... M} =



31

Q-span {v*,v,*, ... ,v*}foralll <rs<n.

2
Lemma 2

Let V be a finite dimensional real vector space, and let W be a rational subspace of
End(V) with respect to basesl{w Y e vn} of V and {El, EZ, ,Ep} of W. Let<,>Dbe
an inner product on V such thatWso(V, <, >) and < ¥ vJ > is a rational number for all
1<i,j<n. LetJl = VEBW be the standard metric 2-step nilpotent Lie algebra as defined
in Proposition 1 of (2.3b). Then {,vv A El, Ez, ,Ep} is a basis foffl with
rational structure constants.
Lemma 3

Let V be a finite dimensional real vector space, and let W be a rational subspace of

End(V) with respect to basesl{w s vn} of V and {§ ,Ep} of W. Suppose

1 &or
furthermore that V is irreducible relative to W.

Let <, >* be a W-invariant inner product on V; that i<Wo(V, <, >*). Then
there exists a positive constant ¢ such thatif <, >=c <, >*, then <, > is W-invariant and <
Vi, vJ > is a rational number for all<i, j < n.
Proof of Lemma 1

We omit the proof of 1). To prove 2) it suffices to find an orthogonal basis

{v "5 ... v} of V such thatQ-span {v -4} = Q-span {y*v*, ... ,v*} for all

1Yo -
1<r<n. Set \i =V, and proceed by induction on r. Suppose for some integemre

have found orthogonal vectorsl{wz*, *} such thatQ-span {v vV, ... ,vS} =

Q-span {v*v ¥, ... vj}forall1 <s<r. Definey,  *=v Z cv.*, where ¢ =

r+l1 &5
<Vyp vi* > /< vi*, vi* > [] (D.D
Proof of Lemma 2

By hypothesis the matrices cﬁl{ EZ, ,Ep} relative to the basis {¥ Vo, e Vn} of
V have entries iff2. It follows that <, Ej > =~trace (§ Ej) OQ forl<i,j<p.

Moreover, < [Y’ Vj]’ Ek > = <Ek(vi), vJ >0 Q for1<i,j<nand Ik <p since
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<V, vJ > is a rational number for alldi, j <n. Hence [Y’ Vj] O Q-span {l, EZ, ,Ep}
for1<i,j<n by Lemma 1D.
Proof of Lemma 3
Sublemma3a
If V is irreducible relative to a subspace WsefV, <, >*), then the W-invariant
inner products <, >on V have the formocB/here I% =<,>andc0.
Proof of Sublemma 3a
By hypothesis V admits a W-invariant inner product <, >*. Now let l<a,n:d
<, > be two W-invariant inner products on V, and let S-»W be the linear
transformation such that <\, W= < Sv,w 3 for all v,wJ V. The transformation S is
symmetric with respect to both < 1 and <, 3 and S commutes with all elements of W.
In particular, the elements of W leave invariant each eigenspace of S, and it follows that S is
a multiple of the identi%
Let <, >* be the given W-invariant inner product on V. Betdenote thdR-vector
space of symmetric, bilinear forms on V (not necessarily positive definite). Define an action
of End(V)on B by (XB)(v, w) = B(Xv, w) + B(v, Xw) for all Bl B and all v,wJ V. Itis
easy to check that X(YBY (XB) = —[X, Y]B for all X,Y O End(V) and B B. We say
that B[O B is W-invariant if XB = 0 for all X1 W.
Sublemma 3b
Let V be irreducible relative to a subspace WV, <, >*). Let1 be the
subspace oB consisting of W-invariant bilinear forms on V. Then ﬁyms =1 andB
is generated by a positive definite symmetric bilinear fogn B
Proof of Sublemma 3b
By the hypothesis of Lemma 2 we know tBatcontains a positive definite
symmetric bilinear form g\ If dim[R B =2, thenB contains a symmetric bilinear form

B such that %+ tB is R-linearly independent from(ﬁor all nonzero t. However, for

small nonzero t the form BB IS positive definite, which contradicts sublemmaD 3a.
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We are now ready to complete the proof of Lemma 3. Llet\@v ey vn} and
{El, Ez, ,Ep} be bases of V and W as in the statement of the lemma, where V is
irreducible relative to W. Let {y, vV 5 L, vn*} be the basis of V* that is dual to
{v 1 Vo e vn}. Forl<i<j<nlet {Bij = (1/2)(vi* va* + vj* Dvi*)} be the basis off
defined by l%(vk, vg) =1lif{k,2}={j}and B i (vk, vg) = 0 otherwise.

The hypotheses of Lemma 3 imply

*) If 9S® = Q-span {qj}, thenEu(%Q) O 9S® foralll<a<p=dimW.
Define alinearmag: B8 - g P by &(B) = (El(B), EZ(B), ,Ep(B)). Note thaE(%(D)

O ‘B®p by (*). Moreover, Ker{) = 3, the subspace @& consisting of W-invariant
forms. It suffices to find a nonzero element B in K@rr( 9S®. For such an element if we
write B :igj G Bij ,whereqij 0@, then B(y, v,) =q, 0@ forall1sk<?<n. By
sublemma 3b, B = c(lj%for some nonzero real number c. ¥ 0, then B is positive definite
and W-invariant while if & 0, then — B is positive definite and W-invariant .

LetN = dim[R B. The basis {lﬁ : i<} for B defines a basis fdBP in a natural
way, and relative to these bases the lineargndp - %P has a pN x N matrix A whose
entries lie inQ by (*). The determinant of any k x k submatrix of A lie€inand hence
ranlgD(A) = ranlﬁR(A) and nuIIityQ(A) = nuIIity[R(A). By sublemma 3b nuIIilM(A) =1,
and hence there exists a nonzero element B inger (B(D. The proof of Lemma 3 is

complete,
O

Section 3 ~ Riemannian submersions
In this section we prove the following result. See (2.5) for terminology.
Theorem
Let 71 be a 2-step nilpotent Lie algebra , and let N denote the corresponding simply
connected nilpotent Lie group with Lie algebta Then there exists a left invariant metric
<, >on N, an involutive metric 2-step nilpotent Lie group {N*, <, >*} and a surjective

homomorphisnp: N* — N with the following properties :
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1) pis a Riemannian submersion whose fibers are simply connected, flat totally
geodesic submanifolds of N*. The fiberpdaire the orbits of Kemp), which
is a simply connected, totally geodesic subgroup of the center Z* of N*.

2) If N admits a lattic€, then for a suitable choice of N* there exists a lafticef
N* such thap(l'*) = I andl'™* n Ker (p) is a lattice in Kerg).

3) If N* admits a latticd * such thatl'* n Ker (p) is a lattice in Kerg), thenl =
p(I'*) is a lattice in N.

4) If there are latticeS* in N* and ™ in N such thatp(I'*) = I, thenp induces a
Riemannian submersiqpi : '*\ N* - '\ N whose fibers are flat, totally
geodesic tori that are isometric to each other.

Remark

As we shall see, the definition Bf* and N* depends upon a representatioi lof
as a standard metric 2-step nilpotent Lie algebra. This representation is not unique (cf.
(2.6)), and it is an interesting problem to determine a representation that is " optimal " with
respect to some reasonable constraint. The lack of uniqueness of N* accounts for the
wording in 2) of the proposition.
Proof

By the proposition in (2.6)1 is isomorphic as a Lie algebra to a standard metric
2-step nilpotent Lie algebil' = R"@W, whereJl has dimension n+pJ[, J1] has
dimension pJRn is given the standard inner product and W is a p-dimensional subspace of
so(n,R). LetJl be given the inner product <, > that makes this isomorphism also a linear
isometry. Henceforth we regardl{< , >} as the standard metric 2-step nilpotent Lie
algebrall' = R"@®w.,

Let & denote the subalgebrasef{n,R) generated by W, and I&t* be the

involutive metric 2-step nilpotent Lie algeb]%ﬂ@ &. AlthoughJl may be regarded as a

linear subspace df.* note that the bracket [, ] dii is not the restriction of the bracket



35

[,]*on Jl*. For elements X,Y oR" the bracket [X,Y]* will in general have a nonzero
component in W the orthogonal complement of W @ .

Regarding/l as a subspace df* we letmt: JL* - JL be the surjective linear map
such thattis the identity oR"andm: - Wis the orthogonal projection relative to the
canonical inner product aa(n,R) (cf. (2.5)). We show that: J1* - Jl is a surjective
Lie algebra homomorphism and that the lifted homomorppisid* - N with 1= dp
satisfies the statements of the proposition.

Proof of 1) of the theorem.

We begin the proof of 1). From the definitions a routine argument yields
Lemma 1

The maprt: J1* - JL is a surjective Lie algebra homomorphism &) = € for
any vecto 0 1 = Ker (m) .

If N* is the simply connected nilpotent Lie group with Lie algebrg then there
exists a unique homomorphiggnN* — N such thatd= m: J1* - JL. The
homomorphisnp is surjective sinceqlis surjective.

Lemma 2

Ker (p) = exp* (Ker (), where exp* JL* — N*is the Lie group exponential
map of N*. In particular, Kerg) is a simply connected subgroup of Z*, the center of N*.
Proof

Note that Ker1) 0 & O 3*, the center of/L*, and the exponential maps
exp :JL - N and exp* :Jl* - N* are diffeomorphisms satisfyingo exp* = expo dp.
The proof is now straightforvvade.

Lemma 3

The fibers ofp: N* — N are the orbits of Kepj) and are flat, totally geodesic

submanifolds of N*. In particular, Kep) is a totally geodesic subgroup of N*.

Proof
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Clearlyp_l(p(n*)) = n*-Ker (p) for all n* OON*. Since Ker p) [ Z* it follows
from d) of (2.3) in [E1] that Kerp) is a flat submanifold of N*. From c) of (2.2) in [E1]
and (2.10) of [E1] we see that Ke) (s a totally geodesic submanifold of N*. The orbits
n*-Ker (p) are also flat, totally geodesic submanifolds of N* since left multiplication by an
element n* of N* is an isometr%/.

To complete the proof of 1) of the theorem we must showpth&t* — N is a
Riemannian submersion. Given o*N* let X 0 Tn*N* be the kernel of (ﬂ)n* X Tn*N*
- TnN, where n 5p(n*). Since @ o dLn* = de(n*) odp= dLn o Tt ,it follows that X
= dL.(Ker () and hence X = dL«(Ker M™). Givené O X we writef = dL (&)
for someE' O Ker (M~ and note that(€') = &' by Lemma 1. Using Lemma 1 and the
discussion above we obtdiklp(§) = Eblp(dLn*(E'))D = Eban(T[(E'))D = EULn(E')D
=[§ '0=1[§0 since "n* and Lh are isometries of N* and N. This completes the proof of
1.
Proof of 2) of the theorem.

We begin the proof of 2). As in the proof of the proposition in (1.3e) we suppose
first that/A = log[ is a vector lattice ifil.
Case 1 A =logT is a vector lattice inJl
Lemma 4

Let A =logl be a vector lattice ifil. Then we may assume that

1) JL = IRn@W, a standard metric 2-step nilpotent Lie algebra suctiRN4ias
the standard innerpproduct and W is a subspagd€miR) with a basis {%, Zz, s Zp}
such that [F’ %] = kZ:1 Cilj< Zk,where {ei, €, .’ %} is the natural basis &R, C;Ilj(

for every i, j, k ,and<&,cl3>: —50([3 forall 1<a,B <p.

2) AN=logl =7-span {el, € - h &) Zl, Zz’ . Zp}

07

Proof
This follows from the proof of the proposition in (2.56).

Lemma 5
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LetTl = R"®w and {Zl, Z, .., Zp} be as in Lemma 4, and Iét be the
subalgebra aofo(n,R) generated by W. Then there exists an orthogonal bafiszgk,
} of & such that
1) Q-span{Z, Z,, ... Zp} = Q-span{Z*, Z.*, ..., Zp*}

2) {Zl*, Zz*’ s Zp*} is a basis of W

’ Zp+q

3) For I<i < p+q each matrix iZ in so(n,R) has entries if.
Proof

We show first that each matri>§ Z1<i<p, has entries if). Let {Cl, C2, s C,p}
be the matrices isv(n,R) defined in Lemma 4. These matrices are linearly independent
since < ; d >=- 6”- , and hence {&: CZ, ey OO} is a basis of W. The entries oi: @re
integers for X i < p, and hence <'cd > =-trace (d CJ) 07 forl<i,j<p. By
Lemma 4 <, d >=- 6|j OQ for 1<i,j<p. Itfollows from Lemma 1 of the
proposition in (2.7) that iZ[] Q-span {Cl, C2, s Cp} for 1 <i<p, and therefore eacq 4
has entries i) since the matrices {t‘ C2, e C,p} have entries ir?.

Let BO denote the basis Zz, ... Zp} of W = W°, and define inductively i
=W + W', W'. If B'is a basis of Wconsisting of matrices with entries@ then by
adjoining brackets of basis elements we may ex@hda a basiéBi+1 of Wt consisting
of matrices with entries if. Since® = Wi for some i we may extend
{Zl, Zz’ . Zp} to a basis {%, Zz’ s Zp+q} of & such that each matri>j Z1<j<p+tq,
has entries if).

By the discussion above <|’Zj > =-—trace (4 Zj) OQ for 1<i,j <p+q. Now
apply 2) of Lemma 1 in the proof of Proposition (2.7). We obtain an orthogonal basis
{z 1*, Zz*’ ’Zp+q*} of & such that—-span {21’ Zz’ ’Zr} = Q-span {Zl*, Z.* ...,
Zr*} for every 1<r<p+q. Choosing r = p proves 1). From 1) it follows tlfatspan
{z 1*, Zz*, - Zp*} = R-span {Zl, Z, .., Zp} =W, which proves 2). Finally, iZ has
entries inQ for 1<i < p+q since £ 0 Q-span {21’ Z, .., Zp+q} and each %has entries

in Q for 1<j<p+q. This proves 3) of the Iemnela.
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Lemma 6

Let {Zl, Zz’ ey Zp} be the elements ab(n,R) defined in Lemma 4, and let g *

Zp+2*, ey Zp+q*} be the elements afo(n,R) defined in Lemma 5. LeB* = {el, S
. . . . o ,
. Zl, 22’ - Zp, Zp+1 , Zp+2 Y e Zp+q }. Then B*is a basis with rational structure

constants for the involutive metric 2-step nilpotent Lie algébta= R 6.
Proof

Let [, ]* denote the bracket operationlitt. Observe that < vl Zj* > = —trace
(Zk* Zj*) OQ forall 1<j, k < p+q by 3) of Lemma 5. Furthermore, < [(i]*, Z>>=
< Zk*(ei)’ % >0 Q for1<i,j<nand Ik <p+q since %* has entries i and
<8, e] > :6ij' Now apply 1) of Lemma 1 in the proof of Proposition (2.7) and 1) of
Lemma 5. We conclude thag ,[ej]* O Q-span {21*’ Z* ..., Zp+q*} = Q-span {21’ Z,
e Zp, Zp+1*, Zp+2*, e Zp+q*} O Q-span (B*). Hence [B*, B*]* O Q-span (B*).
Finally, B* is a basis ofJ1* = R"® @ since {el, €, er eﬁ} is a basis ofR" andR-
span {Zl, Zz’ s Zp Zp+1*, Zp+2*, s Zp+q*} = [R-span {Zl*, Z.* ..., Zp+q*} = @ hy
2) of Lemma 5.D

We are now ready to complete the proof of 2) of the theorem in the ca8e=that
log I is a vector lattice ifl. By 2) of Lemma A =logl' =7-span {ei, e, ... .8, 7,

Ly oo s Zp} By Lemma 6‘Jl*® = Q-span (B*) is a Lie algebra oveR such thaﬂl*(D

D® R is isomorphic td'L*. Let N* denote the simply connected 2-step nilpotent Lie
group with Lie algebrdl*, and let exp* :JJ1* - N* denote the exponential map. If L* =
7-span (B*), then by a) of (1.2b) exp*(L*) generates a latticein N*,

We assert thai(l*) = I', wherep : N* — N is the surjective homomorphism and
Riemannian submersion whose existence was established in assertion 1) of the theorem.
This will complete the proof of assertion 2) of the theorem in the caséthangl". We
recall from the proof of 1) that=dp : JL* — Tl is the orthogonal projection, where we

regardJl = R"®W as a vector subspaceldf = R'"® 6. In particulartfixes each of

the elements in the sét e, e, ... 6,2,7Z, .., Zp} whoseZ-span is\ by Lemma 4,
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andrtannihilates the remaining elementspi?, Zp+2*, - Zp+q*} of B*, which are
orthogonal toB by Lemma 5. It follows that(L*) = Z-span (B) = A.

If exp :JL - N and exp*:JL* — N* are the Lie group exponential maps, then
(p o exp*) (L*) = (expo 1) (L*) = exp (A\) = exp (logr') =I'. Hence exp* (L*)p _1(F)
and it follows that™* [p ‘1(r) since exp* (L*) generatds*. We have proved tha(l*)
[T . To prove that equality holds we note that for any elemént, logy Olog(") =
A OL*. It follows thaty* = exp* (logy) U exp* (L*) [I" *. Finally p(y*) =
(p o exp*) (logy) = (expo 1) (logy) = exp (logy) =y sincertis the identity on lod [ JL.
This proves thap(lF") =T.
Case 2 I is an arbitrary lattice of N

By (1.2c) there exists a Iattid:'% of N such thaf is a finite index subgroup d)'f0
and log( 0) is a vector lattice iffl. By case 1 there exists an involutive metric 2-step
nilpotent Lie group {N*, <, >*}, a Iatticé'o* in N* and a Riemannian submersion
p:N* - Nsuch thap(ro*) = FO andp satisfies 1) of the theorem. Let = p_l(r) N
FO*. Sincep(ro*) = FO [T it follows thatp(l'*) = '. Moreover[ * has finite index in
Fo* sincel has finite index inro. It follows thatl™* is a lattice in N*_
Proof of 3) of the theorem.

Assertion 3) of the theorem and the remaining part of assertion 2) are consequences
of the next result.
Lemma 7

Letp: H* - H be a surjective Lie homomorphism of noncompact connected Lie
groups. Assume that Kgp)(is a connected Lie subgroup of H*. W[étbe a cocompact
lattice in H*. Then the following are equivalent :

1) I'* n Ker (p) is a cocompact lattice in Kep)(

2) p(M'*) is a cocompact lattice in H.

If H* is a simply connected nilpotent Lie group, then 1) and 2) are equivalent to
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3) Ker (@) is a rational subalgebra &f* relative to the rational structurg* Q-
Q-span (log™*).
Proof

We first prove the equivalence of 1) and 3) in the case that H* is a simply connected
nilpotent Lie group. The Lie algebra of K@) {s Ker (¢p) and hence
exp (Ker (gb)) O Ker (p). Equality holds since exp(Keg) is a simply connected Lie
group by (1.1a) and (1.1b) and K@r(s connected by hypothesis. The equivalence of 1)
and 3) now follows from (1.3b).

The proof of 1Y] 2) is contained in Lemma 5.1.4 of [CG]. We provél2})).
Sincel * is a cocompact lattice in H* there exists a compact set D* of H* sucli that
=H*. LetD =p(D*) andl' =p(l'*). The set” n D is finite sincd" is discrete and D is
compact. Choose elemenfsl,{Ez, ,Em} in I* such thatl’ n D = {p(El), p(El), s
p(Em)}. Let C* be the union of the setéi{_l(D*) :1<i<m}. Then C*is a compact
subset of H*, and it suffices to show th&t{n Ker (p)}-{C* n Ker (p)} = Ker (p).

It is enough to prove that KepXO {I'* n Ker (p)}-{C* n Ker (p)} since the
reverse inclusion is obvious. Givaril Ker (p) there exist elementg [T * and d*[

D* such thato = y* d*. Then e =p(a) =yd, wherey=p(y*) (I and d =p(d*) O D.
Hence'y_l =d[I n D, and there exists an eleméptls I <m, such thaty_l = p(Ei). It
follows thatf = y* Ei Or* n Ker (p). Thereforen =y*d* =3 Ei_ld* = 3 c*, where c*
= Ei_ld* [0 C*. Since c* :B_la 0 Ker (p) n C* we conclude that Kempjj [

{r* n Ker (p)}-{C* n Ker (p)}. This completes the proof of 2) 1).D

Proof of 4) of the theorem.

Lett*: N* - ™\ N*andtt: N - '\ N be the projection maps and define
p':T*\N* - N\ N by p'(r* n*) = 1t(pn*) or equivalently

a) P ot =Tlop
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It is routine to verify thatp' is well defined. From a) it follows that' has maximal rank at
every point sincetandtt* are local isometries arulhas maximal rank at every point.
Hence

b) The fibers ofp' are compact submanifolds [of \ N*.

From a) we also obtain by straightforward arguments
¢) ©) Ym) =m(p~Y(n)) for every nO N.
From 1) of the proposition the fibers@f N* — N are flat, totally geodesic submanifolds
of N*. Sincert* is a local isometry we obtain from b) and c)
d) (p')_l(nn) Is a compact, flat, totally geodesic submanifol&@of N* for every
ni N.

We conclude the proof of 4) by showing that the fiberp'aire all isometric to the
flat torusl" \ Z', where Z' = Kerg) andl"" =T'* n Z'is a lattice in Z' by lemma 7. It
follows from 1) of the proposition that Z' = Kg)(is a simply connected, flat, totally
geodesic submanifold of N* that is contained in Z*, the center of N*. Hence Z'is
isometric to a Euclidean spa€e=I* n Z'is a lattice of translations in Z' ahth Z' is a
flat torus.

Lettt: Z' - "\ Z' denote the projection. For eachl N fix an element nt]

p Y(n) and observe that X(n) = n* Z'. Define a map T ©) "{m) =(p Xn)) -
"\ zZ' by T (T*(n*z")) = 1t (2') for every z[O Z'. It is straightforward to verify thatnTls
well defined and a bijection. Sinc% o1 0 Ln* =Tt it follows that Tn is a local isometry
sincett andtt* are local isometries anoH,, is an isometry. Therefore

Tn : (p')_l(nn) - "\ Z'is an isometry for every[d N, and the proof of 4) is compleée.

Section 4 Existence and nonexistence of lattices
4.1 Nonexistence of lattices
Typically lattices will not exist in a simply connected 2-step nilpotent Lie group N.

A" generic " 2-step nilpotent Lie algebra with dimension n and center of dimension p will
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not admit a lattice if g 3 and n is sufficiently large relative to p. See [E 3] for details. For
the convenience of the reader we outline a proof here.

It is shown in [E3] that the set of isomorphism classes of 2-step nilpotent Lie
algebras with dimension n and center of dimensigmis an orbit space X(p) / G, where
G = GL(n,R) and X(p) is a smooth manifold of dimension pq + pD, where q =
n—-pand D = (1/2)q(gl). The set of elements in X(p) with rational structure constants is
a countable union of G-orbits. If q is sufficiently large relative to p, then the dimension of
X(p) will be larger than the dimension of any of the G-orbits, and hence the union of

countably many G-orbits will be a null set in X(p).

4.2  Lattices constructed from compact subgroups of GL(V)
Proposition

Let V be a finite dimensional real vector space, and let G be a compact, connected
subgroup of GL(V). Let <, > be a G-invariant inner product on V.'dte a basis of the
Lie algebra® such that

a) the structure constants©flie in Q

b) any finite dimensional reé -module U admits a basiBU so that the

elements of' leave invarianfQ—span (BU).

Let W be a rational subspace®frelative to the rational structuﬁé@ = Q-span
(Y on@. LetIl = VEBW be the corresponding standard metric 2-step nilpotent Lie
algebra defined in (2.5). If N is the simply connected Lie group with Lie algébtiaen N
admits a latticé .
Remarks

1) A basisC' of & with the properties above always exists. In fact one may

replaceld by 7 in the statements of a) and b). See Appendix 1.
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2) Itis well known that G-invariant inner products on V exist since G is compact.
The isomorphism type af. = VW is independent of the the G-invariant inner product
on V by the proposition in (2.3a).

3) If G is a compact, connected subgroup of GL(V) @ni the Lie algebra of G,
then G = expB), where exp : End(V)- GL(V) is the exponential map.

4) If G is a compact, connected Lie group, then G has a finite covering by G' =
T x G*, where T is compact, connected and abelian and G* is compact, connected and
semisimple. For completeness we include a proof of this well known result in the first
lemma of Appendix 1. Note that the group T is a finite index subgroup of the center of G
since G* has finite center.

5) The Killing form of a subalgebr& of End(V) is negative definite- § is the
Lie algebra of a compact semisimple subgroup H of GL(V). Any Lie group H with Lie
algebra$) is compact. See Proposition 6.6 and Corollary 6.7 of [He, pp. 132-133]. The
connected Lie subgroup HGL(V) with Lie algebra$% is closed in the topology of
End(V) by the semisimplicity ofy. See Corollary 2 of [Mo, p.615]. Hence H = ex(
by 3).

In particular,

a) If G is any compact semisimple Lie group, pnds — GL(V) is a nontrivial
representation of G, then the Lie alge@raf p(G) has negative definite Killing form.

b) If <, >is any inner product on V afd is any nonabelian subalgebrasofV),
then® =[%, ] is semisimple and has negative definite Killing form. See Appendix 2 for
further details.

6) The discussion of example 3 in (1.3a) explains how to compute a " standard "
rational structureé Q if 8 is the compact real form of a complex simple Lie alg@ﬂ"ain
the classificatior‘e[n, B, ¢ and® o From this case one may readily comrﬁi(ﬁ: in
the case tha® " is a direct sum of these classical complex simple Lie algebras.

Proof of Proposition 4.2
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Let C' be a basis o with the properties stated in the Proposition, an&l(st:
Q-span (). Let W be a subspace 6fthat is rational relative to the rational structure
(8® for 8. LetB = {El, EZ, ,Ep} ad (S® be a basis o8 that contains a basiBW =
{€, 8 - ,Eq} of W.

The elements o, and in particular of W, are skew symmetric relative to the G-
invariant inner product <, > on V. Hence we can write V as a direct i@v\g@...@vl\l,
where each Ms W-invariant and W-irreducible. The subspace W may be regarded as a
subspace of End@/for each ki< N. By the hypothesis of the proposition we may
choose basei%%i on V. such that any element ®f has a matrix with rational entries
relative toTBi forl<i<N. SinceiBW O8O (8® it follows that W is a rational
subspace of End(Yrelative to the baséBW and iBi for each ki <N. By Lemma 3in
the proof of Proposition (2.7) we can find W-invariant inner productsi on ¥, such that
< Xi’ Yi > 0 Q for any two elements iXYi of iBi. Let TBV = {vl, Vo oo s vn} be the union
of the basesiBi}, and let <, > be the W-invariant inner product on VlzﬂﬁNzGB ...GBVN
suchthat<,>=< N V; and the subspaces I{}\/are orthogonal.

The setszV and iBW are bases of V and W that satisfy the hypotheses of Lemma
2 in the proof of Proposition (2.7). By that result the b&i/sD TBW: Vv Y &

Ez, ,Eq} for 71 = VEBW has rational structure constants. The proof of Proposition 4.2

is now complete by the Mal'cev criterion in (1.%b).

4.3 Lattices constructed from Lie triple systems
(4.3a) Lie triple systems with compact center

Let & be a finite dimensional Lie algebra oWerwhose Killing form By IS
negative definite, and let G be a compact, connected Lie group with Lie aijelet
ZW) ={X OW : [X, Y] =0forall YOW}. We call Z(W) thecenter of W, and we say
that W hagompactenter if exp(Z(W)) is a compact subset of G, where €&p- G is

the Lie group exponential map.
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Remarks
1) Note that exp(Z(W)) is a connected abelian subgroup of G for any Lie triple
system W since Z(W) is an abelian subspad8 of
2) If Wis a Lie triple system if8, then the compactness of Z(W) does not depend
on the choice of the Lie group G with Lie algelfa Let Gl and C} be two Lie groups
with Lie algebra®, and let Goe a simply connected Lie group with Lie aIgeBraThen~G
is compact and is a finite cover of bottf &d G. Hence ex[(Z(W)) IS compact in G-
epo(Z(W)) is compact in CZ"
3) We shall use the results of this section only in the cas@thaso(V), the
skew symmetric linear transformations of a finite dimensional, real inner product space V.
(4.3b) Decomposition of Lie triple systems
We shall need the following result.
Proposition
Let @ be a finite dimensional Lie algebra oWerwhose Killing form By IS
negative definite, and let <, > be an)@a(ihvariant inner product <, > d#f. Let G be a
compact connected Lie group with Lie algefira Let W be a Lie triple system i#.
Then
1) The subspaces [W, W] afdd = W + [W,W] are subalgebras €.
2) LetZ(W) ={XOW :[X, Y]=0forallYOW}, and letH =W + [W,W].
Then Z(W)s the centerofy and$ =Z(W) & £ o where35O =[H, N]isa
semisimple ideal db. Moreover, the direct sum is orthogonal relative to <, >.
3) Let W1 denote the orthogonal complement of Z(W) in W relative to <, >. Then
W1 is a Lie triple system if® and350 = W1 + [Wl’ Wl]. If W has compact
center, then H = exf)() is a compact, connected subgroup of G, where
exp :® - G is the Lie group exponential map.

Proof



46

The proofs of 1) and 2) may be found in Appendix 2. We prove only 3). Since W

is the orthogonal direct sum Z(\I@)W1 it follows that [W, W] = [Wl, Wl] and
[\Nl, [Wl, Wl]] OMW, [W,W]]OW = Z(W)GBWl. To show that Wis a Lie triple
system it suffices to show that < A, [X, [Y, Z]] > = 0 for allAZ(W) and all X,Y, Z[J W,.
However, <A, [X, [Y, Z]] > =—<ad X(A), [Y, Z] > = 0 by the definition of Z(W) and the
the aqs- invariance of <, >.

If H =W, +[W, W] thenH =W +[W, W] =Z(W) +W, +[W,, W]=
Z(W) + 350*. Moreover, Z(W) is orthogonal to [le] and hence td o by the
ad(g- invariance of <, >. By the Jacobi identity Z(W) commutes witlg, [Wl] since Z(W)
commutes with VY. Hence Z(W) commutes witf o which shows thaf) o~
[H, 9] = [350*, 350*] O 350* since V\/l is a Lie triple system anfj o* is a Lie algebra
by 1). By 2) and the discussion above we have Zl{Mb)o* =9 =Z(W) B 350 O
Z(W)DB % o*’ which shows that) . » o*'

Suppose now that W has compact center; thabis, axp(Z(W)) is a compact,
connected abelian subgroup of G. Siﬁngis a semisimple subalgebra®f it follows
that H0 = exp® o) is a compact, connected subgroup of G ; see remark 5) following the
statement of Proposition 4.2. Hence H O:t-rg = exp(Z(WYE % O) = exp®) is a compact,
connected subgroup of G with Lie algel&';raD
(4.3c) The Main Result
Proposition

Let{V, <, >} be a finite dimensional, real inner product space, arsd(®t) denote
the Lie algebra of skew symmetric linear transformations of {V, <, >}. Let W be a Lie
triple system irsQV) that has compact center. Liet= VW be the standard, 2-step
nilpotent , metric Lie algebra defined in (2.5), and let N be the simply connected, 2-step
nilpotent Lie group with Lie algebf@.. Then N admits a lattide
Corollary Let {N, <, >} be a simply connected 2-step nilpotent Lie group with a left

invariant metric that is a space of Heisenberg type. Then N admits allattice
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For another proof of the corollary see [CD].
Proof of the Corollary

Let {N, <, >} be a simply connected, 2-step nilpotent Lie group with a left invariant
metric of Heisenberg type (cf. example 3 of (2.4)). et {, ], <, >} be the metric Lie
algebra of {N, <, >}, and writél = 1V &6 2, where2 denotes the center df andV is
the orthogonal complement &f in J1. Let C! (%) denote the negative definite real
Clifford algebra determined by the real inner product spage<{, >}. By the discussion
of example 3 in (2.4) the linear map%: - so(‘1") extends to an algebra homomorphism
j:CU(T) - so(1V) OENd(1), where multiplication in End{) is composition. By the
discussion of example 2 in (2.5) the subspace WE¥ ¢f so( ") is a Lie triple system
with trivial center inso( 7).

LetJL* = 1V W be the standard, metric, 2-step nilpotent Lie algebra constructed
asin (2.5). By the Mal'cev criterion the corollary will follow from the Proposition once we
show that {L*, [, *}and { T, [, ]} are isomorphic as Lie algebras. By the definition in
(2.5) of a standard, metric, 2-step nilpotent Lie algebra the inner product <, >* on3) = j(
for JL* satisfies < j(2), j(Z*) >* =—trace j(Z) j(Z*) for all Z, Z*in . Let<, >'be the
inner product ory suchthat<zZ, Z*>'=<j(2), j(Z2*) >*. Letl'=1T7 &2 =7l asa
vector space, and let{', [, ]'} be the 2-step nilpotent Lie algebra constructed from the
linearmap j: &, <,>% - so(V)asin (2.2b). Lep : Jl' - JL* be the linear map
defined byp(X + Z) = X + j(2) for all XO 17, 20O 2. It follows routinely from the
definitions thatp : {Jl', [, ]} - {Jl* [, ]*} is a Lie algebra isomorphism. Next, note
that <, >' = (diml7) <, >on%3 by the discussion of example 3 in (2.4). Hen€e,{, ]}
and {J1, [, ]} are isomorphic as Lie algebras by the proposition in (2.3a). We conclude
that {JL*, [, *}and {71, [, ]} are isomorphic as Lie algebras.

Proof of the Proposition
By the proposition in (4.3bp =W + [W, W] is a subalgebra & =s0(V) and

H =exp®) is a compact subgroup of G = SO(V), the special orthogonal group of V. By
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the corollary to the proposition in Appendix 1 the Lie algebraas a basi§' that
satisfies the hypotheses of Proposition 4.2. What remains is to showhat dhosen
carefully, then the Lie triple system W is a rational subspage with the rational
structure$ Q- Q-span(C'). One then applies Proposition 4.2 to complete the proof of
the proposition in (4.3c).

We consider first the case that W has trivial center and then the general case that W
has compact center.
Case 1 W has trivial center

To conform better to the standard notation of the literature W@ seW andf =
[W, W] = [T, B] for the remainder of the proof.

We proceed in several steps.
Lemma 1

[R, BIOB,[B, B]=8 and [], 8] T &. The Lie algebrd = §& + R is
semisimple.
Proof of Lemma 1

By the proposition in (4.3 = &+ B =W + [W, W] is a semisimple
subalgebra afo(V). The first two bracket relations follow from the definitionfdfand
the hypothesis tha8 is a Lie triple system isp(V). It remains only to prove thafl], f]
08,

LetP, P, P/ and B be arbitrary elements &. To show that§f, 8]0 & it
suffices to show that [ EI?PZ] [P, P2']] O&/. IfX= [Pl', P2'], then [[Pl, P2] , X] =
ad ([P, P)]) (X) = [ad P, ad B] (X) = ad P, (ad F, (X)) —ad B, (ad F, (X)) by the Jacobi
identity. Now ad B(X) O[3, f] 0 B and hence ad Rad B (X)) O[B, B] = K.
Similarly ad B (ad F, (X)) O §, which proves thatff, 8] O S‘?.D

For the notation used in the next result see the discussion of (1.3a).

Lemma 2



Let 8 be a Lie algebra whose Killing form is negative definite. Supposéthat
! @ R, direct sum, wher® and{ are subspaces @ such that

®[8], K10/, [/, B]O P and [B, B1 O K.
Then there exists a Chevalley baSis= {H* o y[3 ca [A , B Ob } of the complexification
6" such that

a) The real Chevalley baS‘fgR ={iH* ,u,vV

o U3 B:am , B OP }is a basis for®,
where '111 = y[3 - y_[3 and \ﬁ =i y[3 +i y_B.

b) There exist bases fét and§ that are contained ifi-span C[R). In
particular§ and® are rational subspaces @f relative to the rational structuﬁé(D =
Q-span Cp).

Remark

f6:6 =/@R - B isthe linear map given (K+P) = K- P for all KO &
and PO R, then the bracket operations of (*) imply tBas a Lie algebra automorphism of
®. Conversely, iBis a Lie algebra automorphism @fwith +1 eigenspac& and-1
eigenspacé&, then the subspacésand’ satisfy the bracket relations of (*).

Proof of Lemma 2

If 8* = 8 @B B*, where B* =i, then@* is the noncompact, semisimple Lie
algebra dual td® (cf. [He, p.235]). The bracket relations (*) fir and 8 imply the
analogous bracket relations f@r and 8*. Hence the linear mafy : 8*= 8 & B* -
@* given by (K+P*) =K - P*forall KO & and P*O $*is a Lie algebra
automorphism of$*. By Proposition 3.7 of [B] and its proof we may use the Cartan
involution ©* to construct a Chevalley basis = {H* o y[3 ‘oA ,BOP}of @+t =
6" such that

a) The real Chevalley baS‘fﬁR ={i H* o uB v[3 ca (A, B O }is abasis for the
compact, semisimple Lie algebéa

b) & has a basis i@ —span C[R).

c) B*=iP has a basis in £—span C[R)}.

49



The proof of Lemma 2 now follows immediat%ly.

Now Ietblz ! n B. By Lemma 1351is anidealof) =& + R sinceSBlis
invariant under ad) and ad ). We consider separately the case$ ?): {0} and b)

» 17 {0}. Suppose first that L= {0}. The Killing form of § is negative definite since
$ is semisimple, and by hypothesisis a direct sunft & R. By lemmas 1 and 2, W =
B is a rational subspace bf with the rational structur® Q- Q- span CR). By the
proposition in Appendix 1 and the remark that followS'it (‘3[R satisfies the hypotheses
of Proposition 4.2. Now apply Proposition 4.2 to conclude the proof in this case.

We consider case b) wheitel =8 n B #{0}. By the argument of case a) it
suffices to find a real Chevalley ba% of $ such that W is a rational subspaceyf
with the rational structur® Q- Q- span C[R).

In the remainder of the proof let B denote the Killing forn$of It follows that B
is negative definite o since$ is semisimple. We fix the inner product <, >8 on
5.

Recall the following basic fact about Killing forms of Lie algebras

(1) B([X, Y], Z]) =-B(Y, [X,Z]) forall elements X,Y, Z off;.

Define 352to be the orthogonal complement&imi in $ relative to- B. Similarly,
define & 5 and SBZ to be the orthogonal complements?p{ in & andB respectively.
Hence we have

2 H=HBH, /8 =H BR,andB =5H DY,

Remark
Since$ 1 is an ideal of$) it follows that&52 is also an ideal oy since

B(X, %], ,1)=-B(%,, [X, $,]) 0= B(H,, $,)={0}forall Xin & by (1). It

follows that both$) 1 and § ,are semisimple Lie algebras since the Killing form of an ideal

A of § is the restriction of the Killing form B ab to 2. Hence EZ[ = B is negative
definite onZl.

Lemma 3

50



The Lie algebrabzis a direct sunﬁzz S‘?ZEB 5[32. Moreover, Bz, 5[32] O ‘,]32,
[B,, B, 10 §2and [§2, 5?2] O S?Z.
Lemma 4

There exists a basis of $ that satisfies the hypotheses of Proposition 4.2 df
= Q-span (), then® = W is a rational subspace bf®.
Proof of Proposition 4.3c This is immediate when Proposition 4.2 and lemma 4 are
applied toJl = VEBW. .

We now prove lemmas 3 and 4.
Proof of Lemma 3

Since$, =B n { it follows from (2) above tha, n §2D (B n&)n
(B n &) ={0}. HenceR,®/,0%,=5H, . Notethath BH,=% = & + B
=(9 183 §2) + (9 183 5[32) 0% 183 QZEB 5[32 0% 1@ 352. Hence all inclusions are
equalities, ancbz: S‘?z@ EBZ.

To show thath, 5[32] O 5]1%2 it suffices to show thatf], 5[32] O ﬁzsinceﬁzm
f. By (1) and (2) we know that BY[, ], ) =-B(®,, [8&, ) O
- B(EBZ, 9 1) = {0} since 1 is an ideal of$y. By Lemma 2 and (2) we know that
[], S|32] O[], B]IOR = 35163 5I32. We conclude thatf], 2[32] O S|32.

Next, [B,, B,JO[R, R]=f = B, and B, R, %)=
-B(B, [B, %,]) - B(B,, %) ={0}by (1) and (2). Hence},, B, ] O 92.

Finally, [, 8 ] O[®, 8]0/ =H B/, andBR,, &,] H)) =
- B(§2, [92, L1 B(ﬁz, %) ={0}. This proves that@z, 92] 0 S‘?Zand
completes the proof of Lemma 3.
Remark

The direct sunib2 = QZEB 582 is in fact an orthogonal direct sum relative to the
inner productB on §. If K2 O S‘?Zand P2 [ 332 are arbitrary elements, then by Lemma 3

(ad K,oad B)(®,) U S‘?Zand (ad Koad PZ)(S?Z) 0 B, Moreoverad P(5 ) O
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[‘,]32, 351] O [352, 551] O 352 N 551: {0} since blandbzare ideals ofy. Since% =
HBEH,=HDBRD §2 it follows that B(K,, P,) = trace (ad Koad P,) = 0. Hence
! 5 and 5[32 are orthogonal relative toB.
Proof of Lemma 4

Applying Lemma 2 toS‘pz = S‘?ZGB ‘Bzwe can find a Chevalley bas‘fs2 of 352(5
such that the subspac§§ and 5[32 are rational relative to the rational struct&r§®:
Q-span CZ[R) for 352. Here(‘iz[R denotes the real Chevalley basi§goj‘ determined by
(‘32 as in example 3 of (1.3a). Choose any Chevalley lffalsts‘ » 16 such that the
corresponding real Chevalley ba?ﬁ?R is a basis of ,. ThenC = Cl 0 62 isa
Chevalley basis ofy t- 351@83 352(5, and(f[R = @1[R 0 GZ[R is the corresponding real
Chevalley basis ofy = % l@ 352. Define a rational structur‘iaQ for H by $ 0° Q-
span (Cp) = Q-span C )@ Q-span C,p). SinceR,, is a rational subspace &,
relative to the rational structufg-span CZ[R) for 5 it follows thatB = % 183 B 5 is a
rational subspace ¢ relative to% o

The Lie algebra = 163 352 is semisimple by Lemma 1. By the remarks
following the statement of Proposition 4.2 it follows that H = &Jyaé a compact,
connected subgroup of SO(V), where efp(V) — SO(V) is the exponential map. We
conclude that the basff"sIR of § satisfies the hypotheses of Proposition 4.2 by the
Proposition in Appendix 1 and the remark that foIIovas it.

We have completed the proof of Proposition 4.3 in the case that W has trivial center.
Case 2 W has compact center

LetH =W+ [W, W] and350 =[%, $]. Recall that$ andSéo are Lie algebras
and350 is semisimple by 1) and 2) of (4.3b). The proof of 3) in (4.3b) showsthat

Z(W)D H o and H=expp) = TO-H where '5 = exp(Z(W)) is a compact, connected

0 )
abelian subgroup of SO(V) andolft exp(bo) is a compact, connected semisimple
subgroup of SO(V). Moreoverchommutes with '6' since Z(W) commutes withp o

Hence H is a representation OJX'HO onV.



Recall from 3) of (4.3b) that W = Z(V&BW1 (orthogonal direct sum), wherel\ms
a Lie triple system igo(V) and 350 = Wl + [\Nl, Wl]. The center of the Lie triple
system W is trivial by 2) of (4.3b) sinc@o is semisimple. By Case 1 we may choose a
real Chevalley basi@lg of $ oSO that W IS a rational subspace @fo@ = Q-span Cg).
Choose a basis {12 s q(} of Z(W) so that exp(ﬂzi) =1din T0 for alli. By the
proposition in Appendix 1 the s&t = {Z,, ... 2} 0 Gg is a basis ofy =Z(W)E 5
that satisfies the hypotheses of the Proposition 4.2. Moreover, W :QZWY) is a
rational subspace ¢§ with the rational structur® o- Q-span C'). Now apply

Proposition 4.25.

Appendix 1
Standard bases for representations of compact Lie groups
Let TP be a ptorus , a compact, connected abelian Lie group of dimenstdh p
and letTP denote the Lie algebra oPT A basis=P = {z NEEE Zp} will be calledstandard
if exp(2rrZi) =1for 1<i<p, where exp TP - TPis the exponential map (and also a
group homomorphism). Note that eH@pI(i) is a Ttorus for each i.
Proposition
Let G = TP x G*, where G* is a compact, connected, semisimple Lie group and p
0. Let=' =P O C;, whereCP is a standard basis &P = LTP and (‘3; is a real
Chevalley basis o* = LG*. ThenC' = {X 1 X X } has the following properties :
1) X %1 = igl ci‘J.( X, where g'; 07 foralli, j, k.
2) Ifp: G - GL(U) is a representation of G on a finite dimensional real vector
space U, then there exists a b&sisf U such that each element gf((")
leaves invarianf —span (B).
Corollary
Let G be a compact, connected lie group with Lie alg€brd hen there exists a

basisC' = {X 1 X2, ey )ﬂ\l } of & with the following properties :
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D) X %1 = igl ci‘J.( X, where g'; 07 foralli, j, k.
2) Ifp: G - GL(U) is a representation of G on a finite dimensional real vector
space U, then there exists a b&sisf U such that each element gf((")
leaves invarianf —span (B).

Remark

If p = 0 and G is semisimple in the Proposition, ther (‘3; and the result
follows from [R2], with the slightly weaker conclusion that the structure consta’?}so[fc
1) lie in@Q. However, with some additional work one may conclude th%&} {T7. See
[E2] for details and an alternate (but longer) proof of the Proposition above in the case that
G is semisimple.
Proof of the Corollary

We prove the corollary first. The first step is the following known result, whose
proof we include for completeness.
Lemma

Let G be a compact, connected Lie group. Then G has a finite comertdg- G
such that G' = T x G*, where T is compact, connected and abelian and G* is compact,
connected and semisimple.
Proof of the Lemma

It is well known that® = 3 5 G*, where® and®* are the Lie algebras of G and
G* and3 is the center 06. See for example Lemma 2 of Appendix 2. The Killing form
of B* is negative definite, and hence any Lie group with Lie alg&ranust be compact.
(See the remarks following Proposition 4.2.) In particular, if G* is the simply connected
Lie group with Lie algebr&*, then G* is compact. If G RP x G*, where p =dim3,
then Gis a simply connected Lie group with Lie algel§ra

If : G - G is the universal covering homomorphism, then Keeiq a discrete
subgroup of Z(¢= RP x Z(G®). If Y : Z(G) - Z(G*) is the projection homomorphism,
then Ker (V) has finite index in Zngsince Z(G*) is finite. Hence H = Ker(n RP=
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Ker () n Ker ) has finite index in Kerr) n Z(G) = Ker (). 1fG'=G/H = RP/ H)

x G*, then G'is a finite cover of G = (Xer (M), and hence G'is also compact. The group
T=RP/His clearly abelian and connected, and T is compact since G'is compact. The
group G'is connected since both T and G* are conn%cted.

Now let G be a compact, connected Lie group, amd lé6' — G be a finite cover
asinthe Lemma. Ip: G - GL(U) is a representation of G on a finite dimensional real
vector space U, thepi =1t op: G' - GL(U) is a representation of G'. The corollary now
follows from the proposition since G' and G have the same Lie al@elarad ¢p'(®) =
dp(®) in End (U).D
Proof of the Proposition

Let G =T x G*and let=' = P O C;, whereP = 2,2, ... Zp} is a standard
basis oftP = LTP and C; is a real Chevalley basis 6* = LG*. Note thatT P is the
center of6 = TP® G* since the semisimple Lie algebé& has trivial center.

It is clear that™' is a basis of§ with structure constants ifi since the Chevalley
basis(‘ia; has structure constantsZn(cf. [Hu, p. 145 or [B, section 3.2]). The basis
therefore satisfies 1) of the Proposition, and we need to shoW'thiso satisfies 2). We
may assume that1 by the remark after the statement of the proposition.

Lemma

Let p: G — GL(U) be an irreducible representation of G on a finite dimensional
real vector space U. Assume tban) fixes no nonzero vectors of U. Let
{z P Zz’ e Zp} be a standard basis &P = LTP. Then

1) There exists a nonzero linear nmapr - R such that ;i(Z)2 = —0((Z)2 Id
on U forall ZinTP.

2) There exists a linear map J :-UU such that3=-I1d and J commutes with
p(G). Moreover, for K k < p there exists an intege& such that d(Zk) = nkJ on U.

3) U has a complex structure such @) [ End(E(U) and U is a comple@@—

module.



4) There exists a basis of U such that each element gf((€") leaves invariant

7Z-span (B).
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For the moment we postpone the proof of the Lemma and complete the proof of the

Proposition. Let G = Rx G*as above, and let: G - GL(U) be a representation of G
on a finite dimensional real vector space U. FX@)-invariant inner product <, >on U.
Let U0 ={uOU :p(t) u=uforall t] TP }. Then U0 is a G-module sincep(Tp) lies in
the center op(G), and it follows that the orthogonal complemegtlUis alsoa G
module. By the definition of | p(TP) fixes no nonzero vector ofOUL. Write UOl =

U, (B... B U,,, an orthogonal direct sum of irreducibler@odules. By 4) of the Lemma

N’
we can find a basi@k for U, 1< k <N, such that each element gf((€") leaves invariant
Z-span (B)). If iBg = gl By thenﬁ%g is a basis of HL such that each element of
dp(C') leaves invarian? -span (Bg).

Now regard Yasa G*module, and consider the real Chevalley bﬁ‘.ﬁsof G*.
Since G* is semisimple we can apply [R1] to prove that there exists aiB;gsi‘on such
that every element df& leaves invarianf —span (B O) See the remark following the
statement of the Proposition. Sincpz(ﬁp) = {0} in End (Uo) by the definition of Y and
sinceC' ={Z,,Z,, ..., Zp} 0 (‘3& ,where {Z,Z,, ..., Zp} is a standard basis &P, it
follows that every element opdZ") leaves invarianf —span (B 0) Finally, if B = B oH
iBg, thenE is a basis of U = b’@ UOLsuch that every element (") leaves
invariantZ-span (BO). This will complete the proof of the Propositign.
Proof of the lemma

For convenience we fix@G)-invariant inner product <, > on U. Then each
element of @¢(®) 0 End (V) is skew symmetric relative to <, > and has eigenvalues in
Ri = {ai:al R}.

1) LetV= UE, the complexification of U, and Ipet: G — GL(V) also denote the
complex representation that extends the real represergati®n- GL(U). Sincep(Tp) is

compact, connected and abelian there exists a nonzero eigenvectloﬂvui for p(Tp),
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where Y, u, [0JU. Then v is an eigenvector fop(@ p) = Lp(Tp), and there exists a linear
mapa: TP - R suchthat g(z) =a@)ivforallz0 TP. IfU_={uOuU: do(2)%u =
—a(Z)Zu forall Z[ Tp}, then Ua iS nonempty since it contains the real and imaginary
parts y, u, of v. Note thap(G) commutes with p(Tp) since G = exp®) and TP is the
center of8. Hencep(G) leaves Y invariant, and U = %Jsince U is an irreducible G-
module. Ifa: TP - R is zero, then 0 :gz(Z+Z')2 O dp(Z) dp(Z2) =0 forall Z, Z'in
TP, It follows that @(T P)(U) O Ker dp(TP). Hence Ker d(TP) # {0} and p(TP) fixes
all vectors in Ker pi(Tp), which contradicts the hypothesis on U.

2) By 1) cp(Tp) is a Fdimensional subspace of End (U) siocis nonzero.
Hence if {Zl, Z, .., Zp} is the standard basis afP from the statement of the lemma, then
dp(Zk) is nonzero in End (U) for some<lk < p.

We show that p= cx(Zk) is an integer for ¥k < p. If ciis an eigenvalue of
dp(Zk) for some k k <p, then gnci is an eigenvalue of epr(QTer)) = p(exp(.?nzk))
=1d since exp(ﬁZk) =1inT™ by the hypotheses on iZZZ, ey Zp} Here exp denotes
both exp : End(U)» GL(U) and exp TP = LTP. TP, Hence 1= ?J[C', and we
conclude that €] 7 and cp(Zk)2 has eigenvaluec2 = —a(Zk)z.

Now fix k with 1< k < p such that ﬂ(Zk) is nonzero in End (U). Let, = a(Zk)

O Z. Note that R IS nonzero since pr(Zk)2 = —0((Zk)2 l[donU. IfJ=(1/ IQ) dp(Zk),
then clearly 3=-1d on U, and J commutes wii{G) since @(Tp) commutes wittp(G).
If 1 <r<p, whereris arbitrary, therp(Zr) = ch on U for somerd] R by the definition
of J and the fact thapdT™ k) is 1-dimensional in End(U). Hence by iiu(Zr)z Id =
dp(Zr)2 = —cr2 Id on U, and we conclude thartcf G(Zr) O 7.

3) By 2) we may define a complex structure on U by setting (a + bi) u = au + bJu
for all a,b R and all ul U. It follows thatp(G) O End@(U) sincep(G) commutes with
J. With the complex structure defined by J, U becomes a cor@&emodule if we
define (X +iY) u=Xu + JYu for all X,YJ & and all u] U.

4) We shall need the following
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Sublemma

Let £ be a finite dimensional complex semisimple Lie algebra, and let
{H a*, y[3 ;o [A , B P } be aChevalley basis fét (cf. section 1.3a). LetV be a finite
dimensional comple -module. Then there existsﬂi&basisiBV of V such that every
element ofC leaves invarianZ-span (B, ).

Proof of the sublemma

If UL() denotes the universal enveloping algebr& othen V is also &[(2)-
module. IfII(S)Z denotes the subring &f(£) generated by {ff/ n':B0OP,n0OZ+},
then there exists a baé]&v of V such that every element I:W(SZ)Z leaves invarian? —
span (BV). See for example, [Hu, p. 156]. It suffices to prove thai II(Q)Z, and this
follows since—Hu* = [ya, y_u] for alla CA (cf. [B, section 3.2])3.

We now apply the sublemma above to the complex vector space U whose complex
structure is determined by the linear transformation J-: U from 2). LetC* be a
Chevalley basis of@*)(E ne’, By the sublemma there existf abasisB' = {El, e
&y Of U such that each element qb(@*) leaves invarianZ-span (B"). LetB =
{ul, s me}, where y :Ei for1<i<mand Ui = ‘Ei forl<i<m. ThenE is an
R-basis for U regarded as a ré&tmodule.

From 2) above it follows immediately that

a) cb(Zk) leaves invarian —span (B) for 1<k < p.

By the discussion in (1.3a) the Chevalley basis= {H a*, y[3 ;oA ,BODP }for (6*) C
may be chosen so thﬁb ={i Ha*, UB’ VB ;a A, B P }is a basis for8*, where Lb:
y[3 —y_B and \f3 =i yB +i y_[3 forall 0P . Note that for alp [ , i yB = Jy[3 leaves
invariantZ -span (B) since J andé/have this property. We conclude

b) Every element ofp:((f[R) leaves invarianf —span (B).

Assertion 4) follows immediately from a) and b) sifice= {Z,2, ... Zp} 0 GE;.D
Further sources

Appendix 2 Lie triple systems
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Appendix 3 Clifford algebras and Lie triple systems
The appendices 2 and 3 can be found on the author's website at

(www.math.unc.edu).
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