Rational approximation in compact Lie groups and their Lie algebras*
Introduction

Let k be a field that is eithék or C. A subgroup H of GL(n,Kk) is an (affine)
algebraic group defined ovér if there exists a finite set ip Py .- q\l} of polynomials in
the variables {ﬁ : 1<i,j < n} with rational coefficients such that H = {8 GL(n,K) :
pi(A) =0 for 1<i <N}. Any such group H is a Lie group since it is a closed subgroup of
GL(n,k) in its standard Lie group topology.

More generally, let H be a compact, connected Lie group, U a finite dimensional
real vector space amd: H — GL(U) a representation of H on U; that is, a Lie group
homomorphism. Choosing a basis of U defines an associated homomorphism
Py H - GL(n,R), and it is natural to ask the following questions :

Question 1 : Can we choose a basiof U so thapB(H) is an algebraic subgroup
of GL(n,R) defined ove@ ?

Question 2 : Can we choose a basisf U so that I% Q- {hOH: pB(h) N
GL(n,Q)} is a dense subgroup of H in the Lie topology of H ?

We will call a subgroup H' of tdational if H' = HB Q for some basi&3 of U
andp : H - GL(U) has discrete kernel.

In fact, it is known that a basis of U that gives an affirmative answer to
Question 1 also gives an affirmative answer to Question 2 [S, Cor. 3.5 (iii))]. In the case
that H is semisimple, which is sufficient for our purposes, we include an elementary proof
in the appendix since no elementary proof seems to exist in the literature.

In this article we show that Questions 1 and 2 have affirmative answers for any
finite dimensional real representatipnG0 - GL(U), where % is a compact, connected
semisimple Lie group. Moreover, the adjoint representation dominates all the others in a
sense made precise in Theorem C of [E]. We state a special case of this result in section 5,
following Theorem A. To find a satisfactory basis of U we first consider a suitable
Chevalley basi§€ of the complexificatior® O(E of (SO = L(GO). FromC we pass to a
well known real Chevalley basﬁ%O of 8 o and we show that for any representatioﬁEO
- GL(V) there exists a basis of U such that d(CO) leaves invarianf -span (B).

Such a basis gives an affirmative answer to Questions 1 and 2 ,Theorem A of section 5.
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Our second main result, Theorem B of section 5, is a kind of universal rational
approximation result. Le® o denote a finite dimensional real Lie algebra that is compact
and semisimple ; that is, the Killing form @fo is negative definite. Then there exists a
dense subsd$ 0# of (350 with the following properties :

1) Ifo: (350 - End(U) is any finite dimensional real representation, then there

exists a basi® of U such that the matrix @f(X) relative toE has entries in
Q forall X O @50#.

2) Ifo: @50 - End(U) is any finite dimensional real representation, then the

eigenvalues af(X) are contained in@ for all X D(SO#.

3) Let Go be any compact, connected, semisimple Lie group with Lie aI@gra

Then for each X1 8 0# there exists a positive integersuch that
exp(2mX) = exp(ZTX)m = e, the identity in g;.

The set® o# is explicitly defined in the proof of Theorem B, and the definition
depends only on the choice of a real Chevalley b‘.?algief (350. In principle(SO# can be
calculated for each of the standard real Chevalley tﬁ?agm the classical simple Lie
subalgebras of M(k). Each Chevalley basi%o arises from a Cartan subalgebra@bcg(E
as described in section 1.5. A list of the standard Cartan subalgebras and root space
decompositions of the classical complex simple Lie algebras may be found, for example, in
[He, pp. 186-190].

There is also an analogous approximation result for compact, connected,
semisimple Lie groupscgs By using the result above we can show that there exists a
dense subsetoéf of G0 such that ifp : GO - GL(V) is any finite dimensional real
representation, then the eigenvaluep(gd lie in F=Q(i) = Q +iQ forall gO Go#'

Modern representation theory focuses primarily on complex or infinite dimensional
representations. A large part of this paper involves translating rationality questions about
finite dimensional real representations of compact semisimple Lie groups into more familiar
guestions about finite dimensional complex representations of complex semisimple Lie
algebras. The first four sections of the paper are devoted to this translation, and we make
no claims of originality for any of the results in these sections, although we are not aware
of published references for some of them. The exposition attempts to be self contained and
to summarize those basic concepts and results from the representation theory of complex
semisimple Lie algebras that are needed here. This paper is aimed at people like the author
who are not experts in representation theory but who are interested in applications of it to
related fields. Most of the framework for this paper was motivated by the problem of
constructing lattices in naturally reductive, simply connected, 2-step nilpotent Lie groups
with a left invariant metric.



Throughout this articl@owill denote a finite dimensional, compact, semisimple
Lie algebra, and U will denote a finite dimensional (égl- module. We le® denote a
finite dimensional complex semisimple Lie algebra, which in this article typically equals
(SO(E, and we let V denote a finite dimensional compgex module.

In section 1 we collect some basic facts that we need about roots, root space
decompositions, Weyl groups, Chevalley bases and universal enveloping alggBjas
of complex semisimple Lie algebrés The material is standard but scattered throughout
the basic texts.

In section 2 we consider finite dimensional comg#exnodules V, and we
describe some basic results about the weight spaces of V determined by a Cartan
subalgebrdl of . Given a Chevalley basis for &, which arises from the root space
decomposition of$ determined byll, we describe a standard construction of a H&Sis
of V such that= leaves invarian¥ -span (B*). There exists a special subriIig{JGi)Z of
the universal enveloping algebiid &) such thatZ O II((S)Z and if v is any nonzero
highest weight vector in V, then @0 (v) is a finitely generated-module in V. (Recall
that any$)-module is also &l ($)- module for any Lie algebrd.) If B*is any7Z -basis
of II((S) (v) then®B” is also aC-basis of V, andI((S)Z, hence alsd, leaves invariant
7-span (B )= 11((35) (V).

In section 3 we discuss the two types of |rredu0|ble real, finite dlmenﬁ%al
modules U : 1) V= G is an irreducible comple@ C module. 2) There exists an
irreducible, complex, finite dimensionéi -module V such that U = Q/(V considered
as a real vector space) . Recall l@%ft |s a complex semisimple Lie algebra .
Conversely, if is any finite dimensional complex semisimple Lie algebra, hen
(350(E for some real, compact , semisimple subalg@éaand any two choices (&fo lie
in the same orbit of Aut®).

Most of the discussion in section 3 concerns case 1) and relations between the
conjugation operator J : M V determined by U, the weight spaces of V and certain
transformations ;Iy'of II((S)Z , one for each elemeatof the Weyl group W, that permute
the weight spaces of V according to the actioa oh the weights of V.

Given a real, finite dimension@o-module U and a real Chevalley ba@'g of
(Sowe define BZ,CO) (respectively B@,CO)) to be the set of basés of U such that
every element OEO leaves invarian¥ -span (B) (respectively-span (8)). The main
result of the first four sections appears in section 4 and states Zhﬁ(p(s nonempty
for any real Chevalley bas@ of @ One begins by choosing a Cartan subalg&ébad
G = @ C anda Chevalley basi°s of @ that induces the real Chevalley bd§|8‘of 6]

(cf. sectlon 1.5). In case 2) one séts= B* 0i B, whereB” is theZ-basis of



4

U(@)Z(V) described above and v is any nonzero highest weight vector of V. In case 1)
one must choose the nonzero highest weight vector v so that J leaves irﬂ/(ﬁa%v).

The existence and further properties of such vectors v is given in Proposition 3.2e. Given
a nonzero highest weight vector v such that J leaves invé}(ﬁlll(v) we again choose

B* to be aZ-basis ofll((S)Z(v), and we now defin& to be anyZ-basis for7-span

(Re (38*), Im (‘B*)). In each of the two caséds [ B(Z,Co).

In section 5 we prove the Theorems A and B stated above.

We would like to give special thanks to Shrawan Kumar, who explained many
results about representation theory, and to Gopal Prasad for many helpful communciations
about algebraic groups. We are also grateful to Yves Benoist, Tom Brylawski and Marc
Burger for helpful direction and information.

Section 1  Notation and preliminaries

1.0 Notation :
We establish the following notation for this article. Definitions will be given
below. All vector spaces, Lie groups and Lie algebras are finite dimensional.

arbitrary elements of the finite & of roots in2*
a Cartan subalgebra 6f
R-span {i I—b : B OA}, a maximal abelian subalgebra@f0

> 2 o2 Q
© gon]

the vectoéa - E_a , an element of a real Chevalley ba(§i(§ for (80

* R

a basis for a finite dimensional complex vector space V

a basis for a finite dimensional real vector space U

the vector Ea + i E_a , an element of a real Chevalley ba(§i(§ for @)‘0
the Killing form of &

the Killing form of(So

a (complex) Chevalley basis f6& whose structure constants liedn
C ={HB:BDA;EG:GD¢}

a real Chevalley basis whose structure constants fiefor a compact real
form @ ;of 6, C ={iH,:BOAA B 1ol oM

A aZ - base ford

O the finite set of roots idl* = Hom (%,C)

<D+,<D the positive, negative roots 6f as determined bé
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Qi =Q +iQ={a+ib0OC :al Q and bO Q}.

a complex semisimple Lie algebra

the 1-dimensional eigenspace®fon which ad A = (A) Id for all A in 2
a compact, real, semisimple Lie algebra ; the Lie algebr% of G

the complexification of$ o

a compact, connected semisimple Lie group

{g O GO : Ad(g) leaves invarianfQ-span £ O}

{g O GO : p(g) leaves invarianf-span (B)}

the root vector irfl determined by a roat in @

a highest or lowest weight f\(V), where V is a comple®-module

the set of abstract weights fé = {p0 2*: pu(H, ) O Z for all o [ (O)
a vector lattice ifl*

the Z- span of® in 2*, the root lattice of finite index i\

a finite subset ofl*, the weights determined B and a complex G
(or @) - module V

an arbitrary weight if\(V), V a finite dimensional, comple®-module.
the unique element of W such thét= I1d, t(® 1) = ®~ andt(@ ) = d*
for o OW, an element ofI((«S)Z n GL(V) such that 'B(Vu) =V
all p OA(V)

areal Go-module or(SO - module

the complexification of U

the universal enveloping algebra®f

the subring ofll (8) generated by 1 andé{&)n /n!l:a0d and nDZ+}
a complex % - module or$ - module

the realification of V, V considered as a vector space Bver

the weight space of V on which AigA) Id for all Ain A

the Weyl group, a finite subgroup of GL) or GL(2*)

a vector that spar@‘a and is an element of a Chevalley basi§of

o(1) for



Semisimple Lie algebras and groups
1.1 Semisimple Lie algebras and Jordan decompositions

For a field Frecall that theilling form B of a finite dimensional Lie algebi&
over F is the symmetric bilinear form B): X § - F given by B(X,Y) =
trace (ad Xo ad Y) for any elements X, Y d. A finite dimensional Lie algebra over F is
semisimple if its Killing form B is nondegenerate.

If 8 is a complex, finite dimensional, semisimple Lie algebra then for every
element X of® there exist elements S and N®fsuchthat X =S + N, [S,N]=0,ad S
is a semisimple element of Erf¢l{ and ad N is a nilpotent element of E&J( Note that
ad S and ad N commute by the Jacobi identity since [S,N] =0. The elements S and N
above are uniquely determined. This decomposition Gf& is called theabstractlordan
decomposition of X, and in fact, the decomposition ad X =ad S + ad N is the usual
additive Jordan decomposition of ad X in E&J( See, for example, [Hu 1, p.24].

If & is a subalgebra of End(V) for some finite dimensional, complex vector space
V, then the elements X @ have an additive Jordan decomposition as elements of End(V)
; namely, X =S + N, where SN = NS, S is semisimple and N is nilpotent. These two
Jordan decompositions, abstract and additive, coinci@leiff a semisimple subalgebra of
End(V) (cf. [Hu 1, p.29]. This implies the following basic result, which indicates the
importance of the adjoint representation &l — End(®).

Proposition Let® be a finite dimensional, complex semisimple Lie algebra, and let X
be an element d¥ such that ad X is a semisimple (respectively nilpotent) element of
End(@®). Let 0: 8 — End(V) be a Lie algebra homomorphism, where V is a finite
dimensional, complex vector space. Tl€X) is a semisimple (respectively nilpotent)
element of End(V).

Proof

We show first that if X is any element 6f such that ad X is a semisimple
(respectively nilpotent) element of Ei®l), then ad ¢X) is a semisimple (respectively
nilpotent) element of Ends(®)). Note thaio o ad X = ad ¢X) o ¢ for every element X of
@. If ad X is semisimple ant” is any basis o6 consisting of eigenvectors of ad X,
theno(‘B*) spans the semisimple algelw@), and 0(18*) consists of eigenvectors of
ad ©X). Hence addX) is a semisimple element of Enal(®)). If ad X is nilpotent,
then sinceo o (ad X)n = (ad (7X))n o o for all positive integers n (induction on n) it
follows that ad ¢X) is a nilpotent element of End((®)).



Next, let X be an arbitrary element &f, and let X = S+N be its abstract Jordan
decomposition. The discussion in the previous paragraph shovegXat o(S)+o(N) is
the abstract Jordan decompositiom(X) in the semisimple Lie algeb ). Since
o(®) O End(V) the discussion above shows thigf) = o(S)+o(N) is also the additive
Jordan decomposition ofX) in End(V). In particular, if ad X is semisimple, then N =0
anda(X) = a(S) is a semisimple element of End(V). Similarly, if ad X is nilpotent, then S
= 0 ando(X) = a(N) is a nilpotent element of End(\é).

1.2 Cartan subalgebras and root space decompositions

A Cartan subalgebra of a finite dimensional, complex semisimple Lie al@elsra
a maximal abelian subalgelffaof @ suchthatad A® - & is a semisimple linear
transformation for all A irfl. If ’2[1 and%[2 are any two Cartan subalgebragsihfthen
there exists an element of Aut (&) such thatp(%[l) = 2[2.

If 2 is a Cartan subalgebra of a finite dimensional, complex semisimple Lie algebra

@, then by 1.1 ad{) is a family of commuting semisimple linear transformations in End
(®). The decomposition d® into a direct sum of common eigenspaces of the elements of
ad() is called theoot space decomposition &f. Specifically, there is a finite subgbt

of A* = Hom (A,C), theroots of &, such that
G=A+ 2 6 (direct sum)
a[® d

where ad A = (A) Id on the subspao@a for each A in2l and eaclu in .

Proposition
1) Each subspadéa is a 1-dimensional complex subspacéSof
2) If a, B are any roots, ther@[q : (SB] 0 (S)‘O(+ if a+B 0P and [(Sa , ®
{0} otherwise.

B gl

Proof
See, for example, [Hu 1, p.38].

1.3 Root vectors and Weyl group

If 2 is a Cartan subalgebra of a finite dimensional, complex semisimple Lie algebra
@, then the restriction of the Killing form B # is nondegenerate ¢ (cf.
[Hu 1, p.37]). Hence we may defindCa- linear isomorphism betwedh* and 2 by
A - t)\ , WhereA(A) = B(t)\, A) for all Aiin 2.



Next, we define a symmetric, bilinear form (,9*x 2A* - C by
(O 1) =B, t)

Lemma 1l.3a

1) If 21[R =R - span {u: aJ®d}, then B : 21[R X ’ZI[R — C has values ifR, and
B is positive definite on2l R

2) If%[% =R -span @), then (,) :QIE; X QIE; - C hasvalues iR, and (,)
is positive definite or&[&.
Proof

Assertion 2) follows immediately from 1). For a proof of 1) see [Hu 1, p.40] or
[He, p.145]D

Remark : We also use (, ) to denote the positive definite inner produ@lﬂglgiven by
(A, A*) =B(A, A% forall A, A*in 2.

Definitions and notation :
For each rootr in @ we define a correspondimgot vector I?.I( in 2 by
H =2t /(a,0)=2t /( ,t)
a [of [of a a
Note thata(H,) = 2 for alla in P.

For eachn in ® define theweyl reflection O, in Hom @*, A*) by
oa()\) =A-{2 (A\,a)/ (a,a)} a forall A in 2A*.
Note thatoo(2 =1d andoa is the reflection in the hyperplane
P = {ADUA*: (N\a) =0}

Let W denote the subgroup of QL) generated by the Weyl reflections
{Ga :a0®d}. The group W is finite and is called thiéeyl group of® (relative to the
choice of Cartan subalgebfg. Any two Weyl groups are isomorphic since any two
Cartan subalgebras lie in a single orbit of A#).(

Action of W on % and 2A*
We let W act orfl by invertible linear transformations by defining
Ao(A)) = (0_1)\)(A) foralloin W, allA in 2* and all A in2L.
We list some basic facts.
Lemma 1.3b
1) OG(A) =A- cx(A)Ha forall Ain 2 and alla O ®. In particular,oa is
the reflection il in the hyperplane orthogonal toaHinceO((Ha) =2.



2) The Weyl group W preserves the bilinear form (, Yloand 2 *.
a) O(A), o(A*) = (A, A*) forall c OW and all A, A*(J 2.
b) (@(w), a(A)) =, A) foralloc OW and ally, A O 2™

3) o(t“) = to(u) forallo OW and allp O 2*.
4) oH)=H for allo OW and alla O .
a o(a)
5) o(W(H,) = “(Hc‘l(a)) forallo OW, alla O ® and allp O 2*.
Proof

These assertions follow routinely from the definitions. In 1) it suffices to prove
that)\(oa(A)) =AA - (X(A)HO() forallA O 2*. In 2) and 3) it suffices to consider the
generatorS({ra: a O @} for W and in 3) to prove thab(tu), A) = (tc(u), A) forall A
2. Assertion 4) follows from 2b) and 3), and 5) follows fromD4).

Some useful facts

We now collect some results that will be helpful later. The assertions 2) through 4)
in the next result say thél satisfies the axioms forraot system (cf. [Hu 1, p. 42])
Proposition 1.3c Using the notation above one has

1) 4 =C -span{H: oD dy.

2) BH YO Z for all a, B in @.

3) IfaOd®, then-a OD. If ma 0P for some m Z, then m =1 or 1.

4) The Weyl group W leave® invariant. In particular foa, B in @ we have

0, (B) =B - B(H,) a

5) If QI[’I; =R -span @) O A*, then W Ieaveéi[% invariant and defines a finite
group of isometries oﬁ& with the inner product (, ). Similarly, i&I[R =R - span {u:
ad®} =R - span {Hq: adJd}, then W leavel R invariant and defines a finite group of
isometries ofll R with the inner product (, ) =B(, ).

Proof

1) If Aiis any nonzero element &f, thenad A & - @& is nonzero sinc® is
semisimple, and hence, by the root space decompositidhjs nonzero for some [
®. It follows that B (A, I—&) =2a(A)/ (a, a) # 0, and hence no nonzero elementlok
B - orthogonal tdC- span {Hq :a 0 d}. Since B is nondegenerate dnwe are done.

For proofs of 2), 3) and 4) see [Hu 1, p.39]. The second assertion in 4) follows
from the definitions of Ia|and the action odra on2*. The group W Ieave%[ﬂ’; and%[[R
invariant by 4) and 3) of Lemma 1.3b. Assertion 5) now follows from this remark and 2)
of Lemma 1.3bD.
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1.4 Root basis, positive and negative roots and Chevalley bases
A good reference for this section is [Hu 1, pp. 47-50 and 143-146.]

An elementy of QIE; = isreqular if §, a) is nonzero for altx 0 ®. For a regular
elementy of 2[% let CD+(y) ={a0®P:(ay) >0}and letA=A(y) ={a O CD+(y) L ais
indecomposable, i@ cannot be written as a sum of two eIemenl@J(S(y)}. Then

1) Ais anR - basis for&[&.

2) IfA= {0(1, ...,an} and a is any element ofd, then there exist integers
{m 1 mn} such that

a)a=2 m. a

[
b) Either m= Ofor everyi or m= Ofor every i.

Define thepositive roots ®and thenegative roots @ (as determined bé )by
o = {fao0®P:a=2 m. a; , where m> Ofor every i } and
O ={a0P:a=2 m, a; , where m< 0 for every i }. Clearly® = OMIERON

Properties 1) and 2) say this abase for the root®. Any basé) for @ can be
obtained ad\ = <D+(y) for some regular elemenbf QIE. The Weyl group acts simply
transitively on the set of all bases fbr

If A is a base for the roof®, then the root vectors {H:a O A} are aC-basis for
the Cartan subalgebfa by 1) of Proposition 1.3c. We extend the root vectors to a
Chevalley basis” by appropriately choosing elemeﬁ&sfrom the 1-dimensional
subspace@a that occur in the root space decompositioof The Chevalley basis is
not uniquely defined byl andA. See [Hu 1, p.146] for further discussion.
Proposition Let 2 be a Cartan subalgebra in a complex, semisimple Lie al@&bra
and letA be a base of the roo®® 0 2A*. For eacha 0 ® one can choose a nonzero
vector O @ such that the sef = {HB BOA; €, 00 @} has the following
properties :

1) [Ea, E_a] =H_; [Ha, Eu] = ZEG ; [Ha, E_a] ==-2 E_a for alla O ®.

2) [HG, EB] = B(Ha) EB foralla, 3 O, WhereB(Ha) a7z.
3) Given linearly independent roatsp O @ there exist integersx 0 and 0
such that
a) B+ka 0P for-r<k<s

b) By &g =¥ (+1) €, ifa+BOO
Q) [ &gl =0 if o+ B OO
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4) For eaclu O @, H, O Z-span {I—l3 B OA}
Proof
See for example [Hu 1, p. 14%].

ExampleLet 8 =s!(2,C) = C-span {El, EZ : ES}, whereElz % E = d) 1D
and E = d) ODW|th the standard bracket relatiorii,[iz] = 222, [El, 23] = —ZE3 and

[EZ, 23] =& In this caseZ = {E EZ , ES} is a Chevalley basis of!$2,C) determined
by the root space decomposmoﬁt(%(li) A + (B +6 Where’ZI (]ZE
{a,-a}, A={a}, @Sa =C¢& and@i_a— (]ZE Wherea D 2" satlsflesu(Z )—

1.5 Compact real forms and real Chevalley bases

A good reference for this section is [He, pp.152-159].

A finite dimensional, real Lie algebf&0 is compact andemisimple if its Killing
form Bo is negative definite. I@O is compact and semisimple, and 'g@ any connected
Lie group with Lie algebr#s o then % is compact (cf. [He, Theorem 6.9, p.123])

A compact real form of a finite dimensional, complex semisimple Lie alg&bisa
a compact, semisimple Lie alget@% whose complexificatiOI@O(E is 8. Every finite
dimensional, complex semisimple Lie algelifaadmits a compact real forfﬁo, and the
set of all compact real forms f@ is the orbit of@ under Aut ().

Every Chevalley basi§ = {H BOA; Z ca 0P} for B defines a compact
real form(S as follows. For each p03|t|ve rocmt(l e. eactn 0 ®F ) define vectors A =
Eq—E_aand Ba—|Ea+|E_a. DeflneCO—{l H :BOA; A, B, 10D oM }and
define@iO = R-span CO). Then(S0 is a compact real form fd® (cf. [He, pp.155-
156]).

If & o is any given compact real form f@, then the fact that all compact real

forms of @ lie in an orbit of Aut@®) implies that one can choose a Cartan subalgébra
, a basid\ for @ and a Chevalley basis = {H[3 BOA; €, 00 @} for & such that
®,=R-span Co), Where(fO is defined as above. We call a ba@'gfor ® ,thatis
constructed in this mannereal Chevalley basis fd8 o

Alternatively, we can make a direct construction of the Chevalley Gasis ®
such tha@ = [R—span CO) leen@ , we Iet’Z[ be a maximal abelian subalgebra of
(35 and IetQI 2[ D @ the compIeX|f|cat|on oﬂo Thenl is a Cartan
subalgebra of§ = @ and&[0 = R-span {i I—b BODL If C =
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{H 5 BOA; €, a0 @} is a Chevalley basis 0¥, then® = IR—span Co)

- d ]D
Example Let @ j=su (2) =R-span{Z, Z,, Z }, where Z = 0 —i D Zz [+1 00

_® g _ @ C _ _
and Z3>_Ei orr If ® —(80 ,then 8 =s)(2,C) = C-span §

1.4. Note that %= i El, Zz= Ez— ES and %: i 22 + i 23. Hence if we consider the
Chevalley basis- = {€,&,. &} for 6, then(fO ={2,,Z,, Z} is the corresponding
real Chevalley basis fd8 o

T EZ , ES} as above in

Proposition
Let @ be a finite dimensional, compact, semisimple real Lie algebra, aﬁ% fet
n
{X., .. )%} be a real Chevalley basis f@‘ Then [)ﬁ X] = Cllj( K
where {d‘} 07 foralli,j k
Proof

This follows routinely from the definition dfo and the structure of complex
Chevalley base§ as described in the Proposition of %.4.

1.6 The universal enveloping algebra U (®) and the subring II((S)Z

For a formal treatment of universal enveloping algebras see for example
[Hu 1, pp. 89-101].

The universal enveloping algebild ) of a Lie algebrd) is an associative algebra
defined by a universal mapping property, ah(d) can be realized a8(%) / J, where
T (%) denotes the tensor algebrasofand J denotes the two sided idealidf) )
generated by all elements of the forfyx— y[Ix — [x, y], where x and y are arbitrary
elements ofy).

The algebrdl (%) has, among others, the following properties :

1) If Fis the field over whicl is defined, therdl (%) is the set of finite F - linear
combinations of formal expressionﬁ)ii(2 ...Xn, where n is any positive integer and ti]e X
are arbitrary elements &f. The only relations ikl ($) are those that come from the
bracket in$ : XY —YX = [X,Y] for elements X,Y of§.

2) U(%) becomes a Lie algebra by definigg] = &n — n¢ for all elements, n
of U(%). The Lie algebrd is isomorphic to a Lie subalgebrald{$).

3) Every representation &f on a finite dimensional vector space V over F also
defines a representation B{$) on V. In fact, if andll (%) also denote their images in
End(V) under the representation, tH&(S)) is the subalgebra of End(V) generated by the
Lie subalgebra).
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Now let ® be a finite dimensional, complex semisimple Lie algebra, and let
{H 5 BOA; Ea : a 0 @} be a Chevalley basis f@8 determined by a Cartan subalgebra
2l of & and a basid of the rootsd. LetII(@S)Z denote the subring df () generated
by 1 and the elementsig)n/ n! : nis any positive integer and] ®}. Then

1) €O II((S)Z.

The vectors {Ea a0 ®}liein II((S)Z by the definition oﬂl((S)Z. The root
vectorsl{ll-}3 :.B O A} lie in II(GS)Z since '_I!i = [EB, E_B] = EBE_B— E_BEB by the
Proposition in 1.4.

2) The ringII((S)Z is an infinitely generated - module with a particularly nice
explicit basis due to Kostant. See [Hu 1, pp. 149-154] for details.

Section 2  Finite dimensional complex & - modules
2.1 Weights of a representation

Let 8 be a finite dimensional, complex semisimple Lie algebra, and let V be a finite
dimensional, comple® - module; i.e. V is a finite dimensional, complex vector space and
there is given a Lie algebra homomorphism® - End(V), where End(V) has the usual
Lie algebra structure given by [X,Y] = X¥ YX. In the sequel we suppress the notation
when the context is clear, and we®talso denote its image in End(V).

Let 2 be a Cartan subalgebra®f It follows from the definition of Cartan
subalgebra and the Proposition in 1.1 tBats an abelian subalgebra of End(V) and
consists of semisimple linear transformations of V. Hence we may decompose V into a
direct sum of common eigenspacedlofo obtain thaveight space decomposition of V.

More precisely, there is a finite sub#¢tv) of 2* = Hom (%, C), theweights of the

representation such that

V=V_+ 2 V (directsum)
O pa (v M

where V0 ={vOV:A(v)=0forall AO 2%} and A =u(A) Id on the subspaceu\tor
each A in2 and eachu in A(V).
Remark : The roots and root space decomposition are just the weights and weight space
decomposition if we are considering the adjoint representation
ad:6 - End(®), where V =6.

The root space and weight space decompositions are related by the following
elementary but important result.
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Proposition Let 2l be a Cartan subalgebra®f and let V be a finite dimensional
complex® - module. Let® =% +a%b 3 (direct sum) and

V = V0 + Z( )Vu (direct sum) denote the root space and weight space decompositions
MIA (V

determined byll. Then for any roott 0 @ and any weighit O /A(V) one has
(«SG(V“) 0 Vu+a ifu+adAV) and
(«SG(V“) ={0}if pu+a@OAV)
Proof
See, for example, [Hu 1, p.10£].

2.2 Abstract weights and Weyl group invariance
A good reference for this section and the next is [Hu, pp. 67-71 and 108-116].

For the remainder of Section 2 we @&tbe a complex semisimple Lie algebra and
V a finite dimensional, comple® - module. We fix a Cartan subalgelifaa basé\ for
the roots® and a Chevalley basis = {H[3 BOA; Ea ca 0 d}for €. We regards,
U(®) andII(CS)Z as subsets of End(V). Let WGL(2*) be the Weyl group and {gk
a OA} O the root vectors defined above in 1.3.

An elemenq O 2* is said to be aabstract weight ofl if u(Ha) O Z foralla
[A . Note that by 2) of Proposition 1.3c every radfl @ is an abstract weight .

Let /A denote the set of all abstract weightglof Then/\ is a vector lattice ifll*

(i.e. a Z - module whose rank is dif), and/\ is the union of the weighi®&(V) as V
ranges over all finite dimensional, compl&x-modules V.

The Weyl group W leaveA invariant by 5) of Lemma 1.3b since W lea#®s
invariant. W leaved\(V) invariant for all finite dimensional, compleé& -modules V [Hu
1, p. 113].

Theroot Iattice/\r is defined to be thé - span of the root®, and W clearly
leaves the root lattice invariant since W lea@mvariant. The root lattice has finite index
in the abstract weight lattice, which indicates one again the importance of the adjoint
representation of.

2.3 Highest and lowest weights

Let V be a finite dimensional compléX - module. Let®l be a Cartan subalgebra
with corresponding weight&(V) O 2* and weight space decomposition
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V=V + 2 )V (direct sum). A choice of basfsfor the rootsP determines a
MIA (V
partition of® into positive rootsP™ and negative roo®" as explained in 1.4.

Relative to the choice d, a weightu 00 /A(V) is said to be a
highest weight if(Sa(Vu) = {0} for all rootsa O @™

lowest weight if («SG(V“) = {0}

for all rootsa 0 @~

Proposition 2.3a
1) For a given choice d, a highest weighk O /A(V) always exists for an{ —

module V , and the highest weight is unique if V is irreducible.
2) For a given choice d, if two irreducible®-modules \{ and \/2 have the

same highest weight, then they are equivalefit-anodules.
3) For a given choice d, if V is irreducible A O /A(V) is a highest weight and
N

OA(V) is any weight distinct from, thenA—p = i_Zl a;, where a; O o for

every i.
4) For a given choice @, if V is irreducible A T A(V) is a lowest weight and
N

OA(V) is any weight distinct from, thenA—p = i_Zl a;, where a; O @ for
every i.

5) If Vis irreducible and ik O /A(V) is a highest or lowest weight for a given
choice ofj\, then the weight space)\\}s 1- dimensional.

Proof
See for example [Hu 1, pp.108-109] for the proofs of 1), 2), 3) and 5). The proof

of 4) is an obvious modification of the proof of D3).
For later use we prove the following

Proposition 2.3b
Let V be an irreducible, finite dimensional, compl#x module. Letl, A and

A(V) O 2* be as above. Then
1) There exists a unique elementf W such that? = Id, (® ") = ®~ andt(P")

=0
2) If A" andA” are the highest and lowest weightg\(V), thenr()\+) =\ and
- +
TA )=A".

Proof
1) If one replaces the baleby the baseA for the rootsD, then one

interchangeSID+ and® . Since the Weyl group acts transitively on the set of bag®s of
(cf. 1.4) there exists 0 W such that(®") = ®~ andty(® ") =d™. To prove that? =
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Id andt is unique it suffices to prove that d)‘(CD+) =® foro O W, theno = Id. Note
thatA is the set of indecomposable element@5fby the two defining properties of a
base for® as stated in 1.4. Hencepi(¢+) =" foro OW, theno(A) =A ando = Id
since the Weyl group acts simply transitively on the set of bas@ fof: (e) of
[Hu 1, p.51)).

2) It suffices to prove ther()\+) =\~ sincet? = Id. This fact follows from 3) and
4) of the previous result and the observation that the zero elenéhcahnot be written
as a sum of elements®" or a sum of elements m‘.m

2.4 More about U (@) and the subring II((S)Z

By the discussion in 1.6 the subriﬂ@@‘)Z is generated in End(V) by Id and the
elements {EO()n / n!', where n is any positive integer and ®}. It follows from 2) of
the proposition in 1.2 that ai% is a nilpotent operator in En@{ for alla 0 ®. Hence
eachEa is a nilpotent operator in End(V) by the proposition in 1.1. In particular the

(00]
elements expE&) = n§1 (Ean/ n!) belong tolI((«S)Z n GL(V) for everya O @ since the

power series expansion is finite.
The first result of this section extends the observation above.
Proposition 2.4a

For every elemerd of W there exists an elemencty of 11(63)Z n GL(V) such that
TO(VO) = V0 and TO(VH) = Vo(u) for all weightsu in A(V), where WO GL(2*) denotes
the Weyl group. The definition ofGTdepends only oo and not on V.

Proof

We define 'I(; first for the generating elements of W, the reflections
{Ga: a[® } as defined in 1.3, and then treat the general case.

Givenal® we define -E( = exp(Ea) exp(—E_a) exp(Ea). By the discussion above
each T(; is clearly an element df((S)Z n GL(V). We need some intermediate results to
prove that ‘I(; permutes the weight space& My o, as desired.

Lemma 1

Let X O End(V) be any nilpotent transformation. Then for any element Y of

End(V)
exp(X)oY oexpX) = exp(ad X) (Y)

(0]
where exp(T) :nzl (Tn/ n!) for a linear transformation T.
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Pr oof
[Hu 1, p.9]l.j

Lemma 2
Leta O ® be given. Then
1) As elements of End(V),aTo Ao Ta_1= GG(A) =A-0a(A) Ha forall AO 2.
2) As elements of End(V),aTo Ha =- Ha 0 Ta.
3) TG(VO) = VO and 'I&(Vu) = VGG(H) for all weightsu in A(V).
Proof
1) For eaciy O @ it follows from Lemma 1 above that eiB][ oYo exp(—EB) =

exp(adg,) (Y) forall Y O &. If we definerra = exp(adEa) 0 exp(ad—E_a) 0 exp(adEu),

)
then sinie ‘&' = exp@a) exp(—E_a) exp(&q) we obtain
()T, oYoT ‘=1 (V) forall YO @.
Note thatra O Aut(®) since acﬁu is a derivation of8. The root vectors {Iél: BOP}
span2l by Proposition 1.3c, and hence to prove 1) it suffices by (*) to show(}ﬁa]g) =
oa(HB) = HB_ a(HB) H_ forall BOD.

We use the bracket relations of the Chevalley basis vectors as stated in 1.4. Now
for B O ® we have ac{a(HB) =- [HB’ &)= —G(HB) ¢, » Which shows that
(adEa)m(HB) =0 for all m>2. Hence

(8) exp(ack,) (Hy) = Hy + adg (Hy) = Hy - a(Hy) €.

Similarly ad¢-€_)(Hy = a(Hg) €) = [Hg, € (] -~ a(Hg) [, & o1 = a(H) & -
a(Hy) H,. It follows that ad fE_a)Z(HB - a(Hg) &) =

ad(—E_q)(— a(HB) E_a - a(HB) Ha) =- a(HB) [Ha, E_a] =2 CX(HB) E_a. This proves
that ad (—E_O()m(H[3 - G(HB) EG) = 0 for all m= 3, and from (a) we obtain

(b) exp(ad-g_exp(ads,,) (Hy) = Hy = a(Hy) H, - a(Hy) &

Finally, adﬁo()(H[3 - G(HB) H, - G(HB) Ea) =- [HB’ Ea] + G(HB) [ch’ Ea] =

- a(HB) EG + 20((HB) Ea = G(HB) Ea. This proves that an&)m(H[3 - G(HB) Ha -
G(HB) Ea) =0 for m= 2, and we conclude from (b) thao;[(HB) =

exp(adk ;) (Hy = a(Hg) Hy = a(H) &) = (1d + adg ) (Hg = a(Hg) Hy = a(Hg) &) =
H[3 - G(HB) HO(. By (*) above the proof of (1) is complete.

2) This follows immediately from 1) by setting A :arand using the fact that
a(Ha) = 2.

3). We prove that (;I'(Vo) = Vo' From 1) and 2) we obtain d\Ta = Ta oA+
a(A) (Ha ) Ta) = TO( oA-a(A) (Ta 0 Ha) forall AD . IfvO V0 Is arbitrary, then
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A(T ,v) = 0 by the equation above, which proves thai/T) 1V, and equality holds
since T is invertible.

Givenp O A(V) we know that A 9u(A) Id on V . If we set A* =g (A), then
from (1) and the discussion in 1.3 we see that on the subsge\(ze)'bne has A* = T 0
AoT, 1o H(A) Id = (u 00, ) (A" Id=o (p)(A*) Id. Hence T (V ) OVg o and
dim (Vu) <dim (Voa(p)). Equallty holds by symmetry, which completes the proof %f 3).

We now complete the proof of Proposition 2.4a. d.be any element of W and
write 0 = 0,00,0..00,, where eachrk is a Weyl reflection as above. We definoe:T
T°1 °T02° . 0 TGN , and the assertion of Proposition 2.4a now follows from 3) of
Lemma 2 and induction on N.
Proposition 2.4b

Let V be a®-module, and Ietto Vo Vo andttH VS Vu denote the projections
of V onto the weight spaceso\And Vu respectively, wherg O /\(V) is arbitrary. Then
us andttH can be realized as eIementsIIc(t(B)Z for everyp O A(V).
Proof

See [Hu 1, p.156é.

The next result is essential for the methods of this article.
Proposition 2.4c

Let V be an irreduciblé - module, and lex O /A(V) be the unique highest
weight. Let v be any nonzero vector ir)] VThen

1) U((B) (v) is a finitely generated - module.

2) If B* is anyZ - basis forII((B) (v), thenB” is aC - basis for V. Any ele-

ment of End(V) that lies i or II((S)Z has a7 - matrix with respect B
3) There exists d - ba5|sz for II(@S) (v) such thatB is a union of sets
{‘B ‘B }Where‘B isaC- baS|s forV ande is aC-basis for\{lfor
allu 0 /\(V)

Proof

For a proof of 1) see [Hu 1, p.156]. The rilii(;@’)Z clearly leaves invarian? -
span (B )= II((B) (v). Recall thatC O II((S)Z by the discussion in 1.6. Sin€eis a
basis for® andC Ieaves invarian? - span (B ) it follows that® leaves invariant -
span (B ) =V'. Hence V'=V since V is an irreducibt®e-module. The discussion in
[Hu 1, p.156] shows that th# - rank ofII((S)Z(v) equals dim V, and hend®” is aC -
basis for V. This proves 2)



3) LetB be anyZ - basis forll(6) ,(v). Letm :V -V andnp 'V - Vu
denote the projections of V onto the weight spacgand Vu respectively, wherg [
/A\(V) is arbitrary. DefineB' =B _'0 [0 B ' whereB '=n (@) andB '=

O ua(v) H °© 0 H
nu(:B). B'y Propositior2.4k'J, B D. U(@)Z(V) =7 - span (8)._le O x, theme(E) O
‘BO OB andnp(&)_D Bu OB f'or allp OA(V). HenceB O Z-span (B ) and it
follows thatZ-span (B) = 7Z-span (B ) = II((S)Z(V).

Now let B* be aZ- linearly independent subset ®f such thatZ -span (B*) =
7-span (B') = U((B)Z(v),@d Ietho* =B*n TBO' andiBu* = B*n TBH' forallp O
A(V). Since bothB* and B areZ-bases fodl((S)Z(v) they have the same cardinality,
and it follows from 2) thatS* is a C-basis for V. Henc&o* is a C-basis for \6 and
‘Bu* is a C-basis for \{1 for allp O A(V). We conclude thaB* satisfies the assertions
of 3).D
Proposition 2.4d

Let T be the unique element of W such tiat Id, t(®™) = @~ andt(d") =
oF. Let TT be the transformation iH((S)Z n GL(V) constructed in Proposition 2.4a.
Then

1) (TT)2 leaves invariant i and Vu for allp OA(V).

2) The restriction of (pzto Vu has determinant 1 er1 for allp O A(V).

The restriction of {I’to Vo has determinant 1.
3) If Visirreducible, then (EI)Z: Id or—1Id on the highest and lowest weight
spaces.
Proof

1) This follows immediately from Proposition 2.4a and the factrthatld.

2) By Proposition 2.4c there exist€abasisB” of V such thatB™ is the union
of bases‘BO* for VO and Bu* for Vu’ u O A(V), and furthermore every element of
II(GS)Z has aZ-matrix relative toB”. It follows that the restriction of gz to Vu has a

*
Z-matrix relative toE ", and we conclude that the determinant cp)%Testricted to Yl IS
an integer rn Similarly, the determinant of gz restricted to Y) is a positive integer o
since 'I} leaves \6 invariant by Proposition 2.4a. Hence the determinantTQ?(d'n Vis
an integer m, the product of the integergand mu 1 OA(V).

For the first assertion in 2) it suffices to prove that m = 1. The definitioqj of T
2.4 shows that {I’is a composition of transformations of the forrop,'nvhere a0 ®dand
Tq = exp(&a) exp(—E_a) exp@a). Hence it suffices to show that eacop Ras determinant
1 on V. By the discussion at the beginning of 2.4 each eleﬁgemx 0 @, is a nilpotent

19
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element of End(V), and hence all eigenvalue&ucéqual zero. It follows that all
eigenvalues of exﬁ&) equal 1, and we conclude th%t Aas determinant 1 on V.
The proof of the second assertion in 2) is similar. The transformqtitera\Tes \6
invariant by Proposition 2.4a, and its determinant is 1 by the argument above.
3) This an immediate consequence of 2) since the highest and lowest weight spaces
are 1-dimensional if V is irreducible by 5) of Proposition 2D.3a.

2.5 Invariant Hermitian inner products on V

We continue the conventions of 2.2 fy®,C,V.
Proposition 2.5a

Let V be a finite dimensional, compl&k - module, and Ieﬁio be a compact real
form for 8. Then there exists(5O - invariant Hermitian inner product <, > on V; that is,
X* = =X forall X [ (50, where X* denotes the metric adjoint of X.
Proof

Let éo be a simply connected Lie group with Lie algeﬁrgt Then~% is compact
by the discussion at the beginning of 1.50 If§ - End(V) is the Lie algebra
homomorphism that defines V aggamodule, then since 635 simply connected there
exists a unique Lie group homomorphlpmG - GL(V) such thatd =o on (B
Since (% is compact there exists a Hermltlan inner product <, > on V such that the
elements oD(GO) leave <, > invariant; that is,{g)v, p(g)w > = < v, w > for all v,w in
V and all g G If XOG _ is given arbitrarily, then by differentiating at t = 0 the
equation C= < p( Xy, p(e®yw > = < 42Xy, d9X) > e obtain 0 = < X(v), w > +
<v, X(w) > =< (X+X*)(v), w > for all vectors v,w in VD.
Proposition 2.5b

Let V be a finite dimensional, compl&k - module, and Ieﬁio be a compact real
form for 8. Let2 be a Cartan subalgebra@f and letC = {H[3 BOA; €, 00 P}
be a Chevalley basis f@# such that@‘0 = [R—span CO), Where(f0 is the real Chevalley
basis constructed frofi as described in 1.5. Let<, > b@% - invariant Hermitian
inner product on V. Then

1) Eu* = E_a for alla O @.

2) HX=H, for alla O @.

3) The weight spaces %VV“ - OA(V)} from the weight space decomposition
of V determined byl are orthogonal relative to <, >.



4) For each elementof the Weyl group W Iet;ly’DIl((S)Z n GL(V) be the
transformation constructed in Proposition 2.4a such t(ry(axa) = Vc(u) for allp O A(V).
Then

a) TV ) =V and T*V H) = VO_1 for all p O A(V).

b) TO*TCy and -E,Tg* leave V invariant, and the restrictions ofGﬂT s and
Tcch* to Vu have determinant 1 for gl O A(V).

C) Tc and -l;:* leave VO invariant, and the restrictions ofo’&nd
TG* to VO have determinant 1.

d) If Vis irreducible and 0O /A(V) is the highest or lowest weight, then
To*Tc and -IE;To* are the identity transformations or}\v

Proof

1) By hypothesig = R-span Co), Where(fo =
{i HB:BDA;AG,BG:O(DCD}andAa:Ea—E_a, Ba=iEa+i E_a for alla O ®.
Hence Ea = (1/2) (Aq =i Ba) andE_a =—(1/2) (Aa +i Ba). The assertion 1) now
follows immediately since O(A* =- Au and Ba* = - Ba by hypothesis.

2) By the Proposition in 1.4,GH: [Ea, E_q] = Eq ) E_a - E_a ) Ea as an
element of End(V). The result now follows from 1).

3) Lety, u* be distinct weights if\(V), and let \{l ’Vu* be arbitrary vectors in
VH,VH* respectively. Since {f3—|: B 0 ®} spans? there exists [0 P such thap(Hq)
£ u*(H O(). Using 2) we computqu(Ha) < v“, Vu* >=< Hu(vu), vp*> =
< Vu’ Ha(vu*) > = p*(H O() < Vu’ Vu* > =p*(H O() < v“, Vu* > sincep*(H O() is an
integer. We conclude that <w . > =0 since SinCﬁ(H )% u*(H )

We show that \6 is orthogonal to \ﬁ forallp O /\(V) leenu 0 A(V) choose
a O @ such thap(H o) # 0; this can be done singez 0 and {H :a [ @} spans.
Given arbitrary elementso\D VO andv OV we compute 0 =< I&(vo) vH > =
<V, Hq(vu) > = p( Ha) <Vy Vu > by 2), which completes the proof of 3).

4)

a) Leto be any element of W and lgtbe any element d\(V). Given arbitrary
elements ¥ O V0 and \ﬁ [ Vu we compute < g*(vo), Vu >=<V,, TG(VH) >=0 by3)
and Proposition 2.4a. Hencg*'(vo) O Vo by 3), and equality holds sinc%":ind 'I;y*
are invertible.

Let o be any element of W, and igtp* be weights in/A(V) such thap # o(u*).
Letv ,v . be arbitrary vectors in L}Nu* respectively. Since '(Vu*) =V o) it follows
from 3) that 0 =< T(Vu )5 Vu >=< Vu* : T *(v ) >. This shows that 'F(V ) is
orthogonal to V* if y* 20 (u) and 4a) now foIIows from 3) and the Welght space
decomposmon

21
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b) The fact that ;l)'-*To' and 'IEyTO* leave VM invariant for everyu O /A(V) is an
immediate consequence of 4a) and the fact tgall'll) = Vc(u) by Proposition 2.4a.

Note that 'I&* = T_a for alla O @ by 1) of Proposition 2.5b sinceai exp(&a)
exp(—E_a) exp@iu). It follows that 'I;I* O II((?b‘)Z n GL(V) for all c OW by the
definition of TG, and we conclude thato’ITG and -E,TG* belong toII((S)Z n GL(V) for
allo OW.

The proof that the restrictions og T s and TGTO* to each V have determinant 1
is virtually identical to the proof of 2) in Proposition 2.4d. To modify the proof
appropriately we note that the integergamd rrﬂ1 from the earlier proof are positive in this
case since ;*To and TGTG* are positive definite on gand each V. The argument
showing that eachaThas determinant 1 on V for allJ ® implies that 'I&* = T_a has
determinant 1 on V for att 0 ®. Hence -lc-; and TG* have determinant 1 on V for ai [J
W. The proof of b) is now complete.

C) To leaves \6 invariant and has determinant 1 op by 2) of Proposition 2.4d.
For eacto W there existe' O W such that 'g* = To' since 'I&* = T_G for alla O .
This completes the proof of c).

d) If Visirreducible, then the highest or lowest weight spa}\c'es Y-dimensional

(cf. 5) of Proposition 2.3a). The assertion now follows frorB b).
Section 3 Real 6 0" modules
3.1 Irreducible real (So - modules

Proposition 3.1a Let (350 be a compact semisimple Lie algebra, and let U be a finite
dimensional, irreducible reﬁo - module. Then, up to module equivalence, one of the
following occurs :
1) There exists an irreducible comp@é@—modulev such that U is a real
subspace of V and V =y
2) There exists an irreducible, comp@(s(E - module V such that U =
VR,
Here U and® O(E denote the complexifications of U aﬁﬁo respectively, and v
denotes V regarded as a real vector space WitE whh=2 dim(D V.
Proof
If éo is the simply connected Lie group with Lie alge@rg, then for any Lie
algcibra homomorphisim: (BO - End(U) ther~e exists a unique Lie group homomorphism
p: GO - GL(U) such that d = 0. Hence the grmodules and théio-modules are the
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same. By 1.5 the grouBOCE compact, and the result above now becomes an immediate
consequence of the following somewhat more general result :
Proposition 3.1b

Let G be a compact, connected Lie group, and let U be an irreducible, finite
dimensional, real G-module. If V :(EU then one of the following occurs :

1) Vis an irreducible, complex G-module.

2) V=W@EB J(W) for any irreducible, complex G-module W, where J-\¥/
denotes the conjugation induced by U. In this case themeeW[R - U given bygp(w)
=w + J(w) is a G-isomorphism between the real G-modulBsand U.

The following preliminary result will be useful.

Lemma
Let WO V be a nonzero complex subspace of V that is invariant under J. Then
1) W=U.,", where | =Wn U.
2) If Wis also invariant under G, then W = V.
Proof of the Lemma

1) Since W is J-invariant it is the direct sum of\WWJ and Wn iU, the +1 and-1
eigenspaces of J. Since W is a complex subspacejW\= i (W n U), which completes
the proof of 1).

2) If W is G-invariant, then so is W U, and hence WA U = U by the
irreducibility of U as a G-module. Therefore W E(LU: V by 1).

Proof of Proposition 3.1b

Suppose that V is not irreducible as a complex G-module, and let W be any proper,
irreducible, complex G-submodule of V. We break the proof into steps.

Since G commutes with J, WJ(W) is a complex G-module that is also invariant
under J. If Wn J(W)# {0}, then W n J(W) =V by 2) of the lemma, which contradicts
the fact that W is a proper G-submodule of V. Hence we conclude

(@ Wn J(W) = {0}

The complex subspace W J(W)is invariant under G and J. Hence by 2) of the
Lemma we obtain

(b) WEB IJW) =V

Define : wR v by ¢(w) =w + J(w). Note thap(W[R) 0 U, the +1
eigenspace of J. The mapis R-linear, injective by (a) and hence also surjective since
dim[RWIR = dim[RU by (b). Sincep commutes with G the re&d-modules W and U are
equivalentm
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3.2 Irreducible real (50 - modules of type 1

The discussion in this section will be limited to irreduciﬁlg- modules U of type
1); thatis, V = Jisa complex irreducibl@o(t-module. We let J : \L V be the
conjugate linear map that is defined by conjugation with respect to the real subspace U. We
let 8 denote® O(E, and we fix a Cartan subalgel®aof &, a basid\ for the rootsP and
a Chevalley basi§ = {H[3 BOA; €, 00 ®} such that® = R-span Co), where
CO is the real Chevalley basis f6f | defined byifo ={i H[3 (BOA ; A B, al <D+}.

Proposition 3.2a

The conjugation operator J : V V has the following properties :

1) F=1d and hence J ="7.

2) Jo& 0d Tt =-¢ _ forallal®.

3) JoAoJ 1=-A forall AD 2.

Proof

1) Obvious.

2) By definitionAa = Eu - E_a and Ba =i Eq+ [ E_a, and hencéq =
(1/2) QAG =i B, ) andE_a =— (U 2)(Aa +i B, ). Since@’0 leaves U invariant an@O
= [R-span CO) it follows that J commutes with alll elements@)(g and in particular with
Au andBa. The assertion now follows since J is conjugate linear on V.

3) For anya O ®, J commutes with i H since i H, O CO. This, together with
the conjugate linearity of J, shows thatd | 0l t=- H, foralla O ®P. The
assertion 3) now follows sinc® = C-span {HG co 0P} 5
Proposition 3.2b

1) The conjugation operator J normaliib(éS)Z in End(V).

2) Ifu ONA(V), then— p OA(NV). If{V o VM s OA(V)} are the weight spaces
in the weight space decomposition of V, theno\)(iva0 and J(V“) =V_,  forallpOd
(V).

Proof

H

1) This assertion follows from 2) of the result above slth(ﬁ)Z is generated in
End(V) by Id and {CO()n /n!:a0d® and nO Z+}.

2) Lety OA(V) and vO VU be given. For evergi O @, H,v=p(H,) v, and
hence I—&Jv =—JHGV =-J (|,1(Ha) V)= —u(Ha) Jv :—u(Ha) Jv by 3) in 3.2a, the fact
thatu(Ha) is an integer and the conjugate linearity of J. It follows that A (Jv) =
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-u(A) (Jv) forall AO A since {Ha a0 @} spans?2 by Proposition 1.3c. This proves
that J(VH) OVv_,  forallp O/A(V), and equality holds by applying J to both sides of the
inclusion.

The fact that J(X) = Vo follows from 3) of Proposition 3.2%.

Proposition 3.2c

Let<, > be e(So - invariant Hermitian inner product on V. For each elensant
the Weyl group W let TD II((E)‘)Z n GL(V) be the transformation defined in Proposition
2.4a such that 'I(V ) V of )for allp OA(V). Then for allc OW

1) JoT, o) =T, *)‘1

2) fVi |s |rredUC|bIe then J commutes Wlth*Tand T , Where T and T

denote the restrictions ofoTo the hlghest and Iowest Welght spaces
respectively.

Proof Leto OOW be given.

1) ThemapC: g (g*)_1 is an isomorphism of GL(V). By its definition in
Proposition 2.4a, the transformatiog i$ a composition of transformations of the forrop T
= expﬁa) exp(—E_a) exp@a), wherea O ®. Hence to prove 1) it suffices to prove that
JoT 037t =C(T )foralla D ®.

Using properties of the matrix exponential map and 2) of Proposition 3.2a we
compute J)T 0J 1= (Joexp€ )oJ )o(Joexp( & )oJ )o (JoexpE )oJ )
= (exp(JoE oJ )o (expE JoE oJ )o(exp(JoE oJ ) =
expt & ) 0 exp(E ) oexpE & ) A similar argument together with 1) of Proposition
2.5b shows that 'I* = exp€_ )o exp E )oexp(&_ ) = (JoT 0J ) WhICh
completes the proof of 1).

2) By 4d) of Proposition 2.5b we know thatOZT)* = (TG+ )_1 and ('%_ )* =
(TG_ )™, Now apply 1).

Proposition 3.2d

Let T be the element of W such thge ™) = ®@~ andt(® ") =®*. LetV be an
irreducible® - module, and Iet{l’be the element oiI((S)Z n GL(V) constructed in
Proposition 2.4a. Lét denote the highest weight. Then

-

1) The lowest weight is A.

2) Jo T leaves invariant both Vand V_,.

3) (TT )2 =Id onv)\ and (TT )2 =1ld on V_)\.

4) (Jo Tr)2 is the identity on \){ , and (b TT)2 is the identity on \_/}\.
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Proof

1) It suffices to prove that ngis the lowest weight space since X]XV-‘ V_)\ by
2) of Proposition 3.2b. Recall thab au =- E_q o J for alla O @ by 2) of Proposition
3.2a. Ifa is any positive root, theﬁ_u(J(V)\)) ==J (EG(VA)) =0 since \( is the
highest weight space. Since each subs@eof @ is 1-dimensional it is spanned by
Eq, and it follows from the definition at the beginning of 2.3 that\)](S/the lowest
weight space.

2) By 2) of Proposition 2.3b and 1) above we seetidat=— A. It follows from
Proposition 2.4a that['(V)\) = VT()\) =V_ and 'I_'[(V )\) N V)\. This completes
the proof of 2) since J(ﬁ) = V—u for all u D A\(V) by Proposrtlon 3.2b.

3) and 4) We prove these assertions simultaneously. By 3) of Proposition 2.4d it
follows that ('I.'[) =|d or-1Id on each of \){ and V . We prove onIy that ([T) =1Id on
V}\srnce the proof in the other case is similar. Note thatl'{[\) = (T ) since J
commutes with the restrictions O]I_ 10 V and V. by 2) of Proposition 3.2c. Hence
JoT ) has determinant 1 er1on V It sufflces to prove the first possibility to prove
3) and 4) since VIS 1-dimensional by 5) of Proposition 2.3a.

Letv be any nonzero vector ir}\V Since \5\ is 1-dimensional it follows from 2)
above that (8 T. )(v) = cv for some ¢1 C. Because dT is a conjugate linear map of V
we conclude that (o]T ) (v) = (JoT )(cv) = c(JoT )(v) [cPv. Hence the determlnant
of (JoT ) on V DCD2 t1lby the previous paragraph We conclude thafl'([,) has
determlnant 1 on V which completes the proof of 3) and 4).

Proposition 3.2e

LetV, 1, A and 'I'T be as in Proposition 3.2d. Let;\;E {v DVA - (Jo TT)(V) = v}
and \/;\ =V DVA :(Jo TT)(V) =-v}. Then

1) V;\ and \& are 1-dimensional real subspaces ptV

2) Letv[ VA.Then the following statements are equivalent :

a) vO V;\ or V..

b) J(v)O II((B) (v)

c) JU(6), (V)) = U(®), (V)

d) There exists &- basrs‘B for V such thatB”™ is also aZ-basis for
U(@)Z(V) and J has & - matrix relative toB".

If any of the equivalent statements a) through d) hold, then Jhaswaatrix
relative to anyE-basisz* of V that is also &-basis forII((S)Z(v).
Proof

1) By 2) and 4) of the previous resuti ]IT leaves \{ invariant and (a TT)2 =1d
on V)\. Hence for all vectors w in)\\/, V; contains (b Tr) (w) + w and \{ contains
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Jo TT) (w) —w. Clearly both \K and \/;\ are nonzero real subspaces Qfs‘ihce N TT
is a conjugate linear map orl,Vand the real dimension of both subspaces must be 1 since
the complex dimension of)\\/ls 1.

2) We prove the equivalences in cyclic order. [I]’Vj\ or V;\ , then
V= i’(JoTT)(v) 0J (U(@)Z(V)) since T is an element of the rin@(@)z. Applying J
again, we obtain J(\) II((S)Z(V), which proves that &) b). The map J normalizes
II((S)Z in End(V) by 1) of Proposition 3.2b and hencéw(ﬁ) (V) = II((S)‘)Z Jv) O
II((S) (v) if b) holds. The reverse inclusion then follows by applylng J to both sides,
WhICh proves that )l c). By Proposition 2.4c there exist€easisB” for V that is
also aZ-basis forII((S)Zc(v) In any such caslé((S) (v) = Z-span (B ), which implies
that J(B ) O Z-span (B ") if c) holds. Hence d)] d)

To prove that d)J a) we use the following
Lemma

If v is any nonzero vector in)}/thenu(@)z(v) N V)\ = 7v.

Proof

By 3) of Proposmon 2.4c we may choos&a— basisB”* for U((S) (v) such that
B* is a union of setsz ‘Bu I3 Where‘B is aC-basis forV and TB isaC-
basis for V for allp O /\(V) Since V is 1- dlmenS|onal there is a unique vectonn/*
B* n Vv, = ‘B)\* and by the structure &B" it follows thatII((S) (V) n Vv, =
7 - span(B )n V =7 - span(B)\ ) = Zv*. In particular v = mv* for some ml 7
since v[J II((S) (v) nv,. Since v B O II((B) (v) it follows thatZ - span(B )=
II((S) (V)=m II((S) (v*) Om II((S) V)=m7Z - span(B ). We conclude that m =
*1, WhICh implies thaﬂv 7v* = II((S) (V) n Vg

We now prove that d) a). LetE" satisfy d). It follows that J leaves invariant
7 - span(B*) = II((S)Z(V). Since To II((S)Z we conclude thato]TT leaves invariant
II(@S) (v). Since Vi V it follows from the previous line, 2) of Proposition 3.2d and the
Lemma above that (;JT )(v) O II((S) (V) n V = Zv Hence (JJT )(v) = mv for
some n] 7, and it foIIows that m 4’1 since (J)T ) =Id on V by 4) of Proposition
3.2d. Hence d)J a).

Finally, suppose that any one of the equivalent statements a) through d) holds, and
let B” be any basis of V that is als@’abasis forII((S) (v). Since J leaves invariant
II(@S) V=7 - span(B ) by c), it follows that J‘B ) D II((S) V) =7 - span(B ), or
equwalently, that J hasZa - matrix relative toB”.
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Section 4 Existence of Z - bases for real (SO- modules

Theorem Let (So bea compact, semisimple, finite dimensional real Lie algebra, and
let U be a finite dimensional re0 - module. Letifo ={X NERE )%} be a real

Chevalley basis fo (cf. 1.5) Then

_ K
D X, X1= 2 G X,

2) There eX|sts aIR basisB for U such thatZ o leaves invarian? - span(R).
Proof of the Theorem

It suffices to prove this result for irreducilcﬁbo - modules U since evel(j“a‘0
module U is a direct sum of irreducikik0 - modules . We break the discussion into the
two cases described in Proposition 3.1a, using the same numbering.

Case2 This case is by far the easier, and we treat it first.6Let © (E. Let2
be a Cartan subalgebra®fandA a basis for the roo® [ 2* such that(S

- span CO) where@o ={i H BOA; A, B, a0 o* } is the real Chevalley
basis determined by the Chevalley basSis {H[3 ; [3 OA; €y 00 d}. This choice of
2, A andC can be made by the discussion in 1.5. Re@hrals a subalgebra of End(V).

Assertion 1) of the theorem is satisfied according to the Proposition in 1.5. By
Proposition 2.4c there exist€a- basisE* for V such that the Chevalley basisfor @
leaves invarian? - span(B*). If B = B* Oi B*, then clearlyE is anR - basis for U
= VR , and it follows routinely from the definition <Eifo that(‘io leaves invarian¥ -
span(B).

Case 1 In this case we need to apply the results from section 3, and for the
convenience of the reader we outline the proof. Re@aehdll(®) as subalgebras of
End(V), and, as usual, Ié(t((«B‘)Z be the subring ofl (&) generated by 1 andE{&) /nl:
a0 ®and ndz* }. Let C be exactly as in Case 1. Letdenote the unique highest
weight in/A(V), and let \f and V, be the 1-dimensional real subspaces oti¥fined in
Proposition 3.2e. Letv be any nonzero vectorirD/V;\ , and letB be anyZ - basis
for the finitely generated - module Y, = Z - span (Re {I((S)Z(v)}, Im { H(@)Z(V)}).
We showE is anR-basis of U and that the paii‘i{), B} satisfies the two assertions of
the theorem.

We now begin filling in the details of the outline. Assertion 1) follows exactly as in
case 2, so we consider only assertion 2). Let v be any nonzero vec}’\oﬂir\/y .

Since v[J Vv, we know thaﬂl(@)z(v) is a finitely generated - module by 1) of
Propositiion 2.4c. Hence iB* is a finite 7 - basis forII((S)Z(v), then

where {q‘j(} 0 7 for all i k.
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7 - span {Re B*), Im (B*)}= 7Z-span {Re (I(@)Z(v), Im (U(@)Z(V)}: U,, - Hence
Uv is a finitely generated - module and admits a finit@ - basisE. The setB*is aC-
basis for V by 2) of Proposition 2.4c, and hefiegpan (B) = R-span {Re (B*), Im
(B*} = U since Z-span (B) = Z-span {Re (B*), Im (E*)}.

To prove thatE is anR - basis for U it suffices to prove thatB[= dim[R U.
This is an immediate consequence of the next result whose proof we postpone temporarily.
Lemma 1

RankZ (UV) = dim(E V= dim[R uU.

Next, observe that [ II((S)Z by the discussion at the end of 1.6, :M((@’)Z
leaves invarianﬂ(@)l(v) = 7-span (B*). HenceC leaves invarianZ-span (B*).
Assertion 2) and the theorem will now follow immediately from the next result :
Lemma 2

Let B be anR-basis for U and3* a C-basis for V =} such thatZ-span (B) =
Z-span {Re (B*), Im (B*)}. If C leaves invarianZ-span (B*), then CO leaves
invariant Z-span (B).

Proof of Lemma 1

We proceed by constructing a spediat basisE for Uv' By 3) of Proposition
2.4c there exists @ - basisEB* for U(@)Z(V) such thatB* is a union of setszo*,
‘Bu*} where ‘Bo* is aC-basis for v and‘B“* is aC-basis for \{1 for allp O A\(V).

By 2) of Proposition 3.2b we know thatu O/A(V) if u O/A(V). Hence we can
find a subset\+(V) of /A(V) that contains exactly one ofi{— i} for eachp O A(V) ;
that is,A(V) is the disjoint union o\A™ (V) and- A (v).

Let I, R be subsets c%o* with the following properties :

i) Im () isaZ - basis for the finitely generatetmodule,Z - span {Im (BO*)}.

i) Re (R) is aZ - basis for the finitely generatettmodule,7 - span {Re ﬂ%o*)}

Lemma 1 will be a consequence of the following assertions :

a) (RO+0I0O=dim Vo
b) 7 - span (Re ‘Bu*)) = 7 -span (ReB_u*)) and s
7 -span (Im (Bu*)) = 7 -span (Im CB_H*)) for everyp OA (V).
Assuming a) and b) we complete the proof of Lemma 1.H_§t= {Im (1), Re (R)},

anddefineB=8_0{ U Re@ % 0{ [ Im(B . This will be the
O um ) 2 M *(V) 2
specialZ - basisE for UV referred to in the first paragraph of the proof of the lemma.

From the definition of | and R we see tiat span (Bo) =7 -span ( ReiBo*),

Im (‘Bo*)). From b) we see that - span ({ ] Re (B %)} O{ ] im (B "D
M *(V) H MIA *(V) K
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=7 -span (Re Bu*), Im (SBIJ*) : L OA(V)). Hence?Z - span (B) =

7 -span (ReE*), Im (B*) )= UV . We conclude thal is aZ - spanning set foIrJV

, and it follows thafB is anR-spanning set for U by the discussion preceding the lemma
above. Hence

OB dim[R U= dim(E V.

From a) above we see thabt o= dim, Vo and evidintI;D{Re(iBu*),

Im(Bu*)} (& 2dim, Vu = dim, Vu +dimg V—u forallp OA (V). HencelB[x
dim(D V0 + um\sz(V) {dim(D Vu + dim(E V—u} = dim(D V= dim[R U. The inequalities in
(*) now become equalities, which completes the proof of Lemma 1.

Finally, we prove a) and b). To prove a) we considefﬁﬂtnasiszo* for Vo that
is part of our initialZ -basisB* for H(@)’)Z(V), and we let | and R be the subsetﬁg*
with the properties i) and ii) above. Defin%M Z -span (B 0*) and (Vo)ﬂ} =
Q - span (80*) O Vo' Define T = (1/2) (Id + J), where J : V V is the conjugation map
determined by U. Note that T leaves invariant boéhaldd (VO) Q- observe that J QJ O
V, by Proposition 3.2b and J had a matrix relative toB* and hence also t® o by
Proposition 3.2e. Note also tha€J € Re §) for all & O V.

In the remainder of the proof of a) we regard T &5 alinear transformation of
(Vo)®' To prove a) it suffices to prove thaR[]= ranlb TandOO= dim(D Ker (T) since
dim® (Vo)tD = DiBO*D = dim(D Vo' More precisely, we show

TV o)(D) =Q -span (Re (R)) and Ker (T)& -span (i Im (1))
The elements of Re (R) (respectively i Im (I) ) are linearly independent.ogeice they
are linearly independent ovér by the definitions of R and | above in i) and ii).

If{0R, thenRe)=TE)OT ((VO)(D)' HenceQ - span (Re (R)
T ((VO)Q). Conversely, it [ (Vo)tD’ then&* = m& O Mo =7 -span (BO*) for some m
O Z. From the definition of R we see thagT(= Re *) U Z - span (Re (R)), and we
conclude that &) = (1/m) T€¢*) O Q - span ( Re (R) ). This proves the first assertion in
(**)_

If £ 1, then T(i Im €)) = (1/2) (Id + J) (i Im )) = 0, which shows that
Q - span (i Im (I))J Ker (T). Conversely, i§ [ (Vo)® is an element of Ker (T), theyf
=m¢ [ M0 n Ker (T) for some nl 7. Hence Re&*) = T(&*) = 0, which implies that
& Oilm (MO) = /7 -span (i Im (I)). We conclude that (1/m)¢&* O
Q - span (i Im (1)), which completes the proof of (**) and a).

We prove b), which will complete the proof of the lemma. We recall tha&)J:(V
V—u for all u O A(V) by Proposition 3.2b. By Proposition 3.2e J -W has a



7 - matrix relative to the basis*, and by the special nature &f* it follows that J : \{1
- V_ has aZ-matrix relative to the basés *and B_ *.
Letp OA(V) and€ O Bu* be given. Then R&f = Re (&) [
7 -span ( ReiB_u*)) since J§) O 7 - span (B—u*)' Similarly, Im ) =—Im (X) O
Z -span (Im CB_H*)). Since & [ Bu* was arbitrary we have shown
7 -span ( ReBu*)) 07 -span ( ReiB_u*))
Z -span (Im (Bu*)) 07 -span (Im (B_H*))
The reverse inclusions follow by reversing the rolgs ahd—p, which completes the
proof of b).D
Proof of Lemma 2
By the definitions of the elements(FnO it follows that Ay (B*) O7 -span (B%
i H, (B*) OZ -span (iB*) and B, (B*) O 7 -span (iB*). Hence A (Re B*) =
Re A, (B*) O 7 -span (ReB*) O 7 - span (B). Since Re (iB*) = —Im B*,
similar arguments show that u-(Re B¥ O 7 -span (ImB*) O 7 - span {B) and
B, (ReB*) 07 -span (ImE*) O 7 -span (B). We have shown thﬁo(Re B*) O
7 -span (B), and a similar argument shows tlff‘aé(lm B*) O 7 -span (B).D

Section 5 Rational Approximation

We adopt the following hypotheses and notation in this secti%ris &compact ,
connected semisimple Lie group, dﬁg is the Lie algebra of65 U is a finite
dimensional real vector space, andGO - GL(V) is a representation with derived
representationg: @0 - End(V). CO is a fixed real Chevalley basis @fo, and
B(Q, CO) is the set of baseéB of U such that Q(Co) leaves invarianf) - span (B).
For B 0OB(Q, Co), Go,fB Q- {g O G, p(g) leaves invarian®-span (B). Go,(D =
{g O Go : Ad(g) leaves invariar® -span C o)}.

Theorem A
Letp: G0 -~ GL(V) be as above, and for any basisof U IetpiB : GO - GL(n, R)
denote the corresponding Lie group homomorphism.
1) If B O0B(Q, CO), thean(GO) is an affine algebraic group defined od&r
2) If B O0B(Q, CO), then %,SB Q is dense in Gin the Lie group topology.
Remark

In a sequel to this article we shall prove the following

31
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Theorem
Letp: Go - GL(U) be as in Theorem A above.
1) Go,SB Q is independent of the basis 0 B(Q, CO).
2) If p has finite kernel, then 6’:?8 Q is a normal subgroup OfOC,-ED .
Moreover, the group o(,5® /Go,SB Q is abelian and every element of
G, ./G has finite order.

0,0 0,B ,Q
Note that%® = G, in the case thati = Ad, U :(Soande = CO.

B, Q
Before stating the second main result of this article we need to recall and introduce
some further notation. Let F&(i)) = Q+i Q. Let @So be any compact, semisimple Lie
algebra. For an arbitrary eIemen‘CJX@So defineIRX ={tOR : forany finite
dimensional real representation & 0~ End(U) the eigenvalues of exp(tX)) are
contained in F}, where exp : End(UJ) GL(U) is the matrix exponential map. The
elements in expKo(X)} form a commuting family of semisimple elements in GL(U).
Hence, the se[Rx is always an additive subgroup [Bf but for a typical element X cﬁio
one expects thdk = {0}.
Theorem B (Universal rational approximation)
Let @50 be a compact semisimple Lie algebra. Then there exists a dense subset
(350# of (SO with the following properties :
1) Ifo: (350 - End(U) is any finite dimensional real representation, then there
exists a basi® of U such that the matrix @f(X) relative toE has entries in
Q forall X O @50#.
2) Ifo: @50 - End(U) is any finite dimensional real representation, then the
eigenvalues af(X) are contained in@ for all X D@o#.
3) Let Go be any compact, connected, semisimple Lie group with Lie aI@gra
Then for each X1 8 0# there exists a positive integersuch that
exp(2mX) = exp(ZTX)m = e, the identity in g;.
4) a) IRX is a dense additive subgroupleffor all X [ (50#.
b) Let G0 be any compact, semisimple Lie group with Lie alg@bga, and
let %* = {exp(tX): tO R, and XD (Bo#}. Then GO* is a dense subset
of G0 in the Lie topology of % , and the eigenvalues pfg) are contained
in F for all gl GO* and any finite dimensional real representation
p: GO - GL(U)
Remark The subsef$ o# of @0 is by no means unique. We could repl&g# by
Ad(g) (® 0#) for any element g of any compact connected Lie gro&wiﬁl Lie algebra

e
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Proof of Theorem A

We use the definitions, notation and results stated in the Appendix.

1) LetE be any basis in H{, CO), which is nonempty by the theorem in section
4. If we identify GL(U) and End(U) with GL(RR) and M(n[R) using the basis$3, then
by the definition of B(Q, Co) it follows thatQ-span (@(CO)) is a semisimple subalgebra
of M(n, Q). By the theorem in section 3 of Appendix 2 there exists an algebraic group H
in GL(n,Q) with Lie algebra L(H) Z2-span (qb((io)). Let GO GL(n, R) be the affine
algebraic variety defined ovér by the same polynomials that define H. By the discussion
in section 1 of Appendix 2, G is an affine algebraic group and Ia:GG n GL(n,Q).
Moreover, L(G) =L(HJ R =R - span (gd)(@ )). However,R - span (@(C ) is
also the Lie algebra qn‘(GO) It follows thatp(GO) G°, the identity component of G,
since bothp(Go) and G are connected Lie groups with the same Lie algebra. The proof
of 1) is complete since Ws also an algebraic group defined olelby the discussion in
section 1 of Appendix 2.

2) This is an immediate consequence of the next " weak approximation " result of
[S, Cor.3.5 (iii)]. See also Theorem 7.7 of [PR, p. 415]. For the convenience of the
reader we give a brief proof in section 5 of Appendix 2 in the semisimple case, the one of
interest to us here.

Theorem [S, Cor.3.5 (iii)]

Let HO GL(n, C) be a connected algebraic group defined @veand let K
denote the identity component of H. Theﬁ HH® n GL(n, Q) is dense in Iﬁ
HO n GL(n, R) in the Lie group topology ofﬁl
Proof of Theorem B

Let® =6 T Let¥ be a Cartan subalgebra®fandC = {HB BOA; €y
aOd®dP}a Chevalley basis o such that® j = R-span CO) WhereC ={i H[3 B DA

A B a0 d" } is the corresponding reaI Chevalley basis. (See section 1.5.) Define

il —IRspan{rI—b BDA}and’Z[ —®span{|l-b BDA}D(DspanCO) Let
G be the simply connected Lie group with Lie alge@r(a Then % is compact by the
dISCUSSIon at the beglnnlng of section 1.5. LSIQG— {g O G : Ad(g) leaves invariant
Q- Span CO)} and deflne@ = Ad(G ®) (2[0 o) 0 Q- span Co) We show that
(35 has the properties asserted in Theorem C.
Remark

The set (50# O Q-span CO) could have been defined, with the same result, by
any compact, connected semisimple Lie grordpm;h Lie algebra® o If Go,@ =
{9 D~GO : Ad(g) leaves invariantl)-span Cio)}’ then by using a covering homomorphism
Py GO - Go it is routine to prove that Ad((ga,@) = Ad(G ®) O GL(@O)
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We shall need the following
Lemma 1

Let A0 be Ehe connected subgroup ég with Lie aIgebra&[O. Then Ab is a
maximal torus ofGO.
Proof of the lemma

Note that%[o(E = C-span {I—t5 :B OA}= %, a Cartan subalgebra @fo(t, which
by definition is a maximal abelian subalgebra@iqfE such that ad A is semisimple for all
Ain 2. Since@iO is the Lie algebra of the compact Lie groﬁBiGollows thatad X :
(350(E - (350(E is semisimple for all XJ (350. Therefore, if8 is any abelian subalgebra of
(350, then 8¢ is an abelian subalgebra@fo(E such that ad X is semisimple for allCX

3¢ we concltide theﬂlo is a maximal abelian Eubalgebra@b{). If H is a connected

Lie subgroup ofGO, then H is a maximal torus oGo = the Lie algebra oj Hisa
maximal abelian subalgebra @fo. It follows that Ab is a mflximal torus OGO.D

Since%[0 is the I:ie algebra of a maximal torus, Af Go by the lemma above we
conclude thatSO = Ad(go) (2[0). Hence® o# is a dense subset @i‘o sincel isa

~ 0,0
dense subset dio and Go is a dense subgroup ofO(En the Lie topology by Theorem
A.

Q
1) Leto: (So - End(U) be a finite dimensional real representation. By the
theorem in section 4 there exists a basisf U such thao(C 0) leaves invariant -span
(B). Hence every element of Q-span Co)) leaves invarianf-span (B). Since(So#
O Q-span Co) the proof of 1) is complete.
2) We shall also need
Lemma 2
Let H be any connected Lie group with Lie algefra Let U be a finite
dimensional real vector space, andietH — GL(U) be a Lie group homomorphism with
derived Lie algebra homomorphisp d$% — End(U). Then d (Ad(h) Z) =
p(h) odp(2) o p(h)_1 forallhOH and all ZO §.

Pr oof

& dp Ad(h)Z AN Z) _ oy ot Z 7Y =

For any t0 R we have =p(e
p(h) et dp(2) p(h)_1 . Differentiating at t = O proves the Iemréla.

Leto: (80 — End(U) be a finite dimensional regl representation. ST%C'BG
simply connected there exist§ a (unique) representarti@g - GL(U) such thatd=o0.

For any X(O ® o and any g Go the eigenvalues af(X) anda(Ad(g)X) are the same
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sincea(Ad(g)X) = dp (Ad(g)X) = cp(g) dp(X) = cp(g) o(X) by the Lemma above, where
cp(g)denotes conjugation lp(g). Hence it suffices to prove that the eigenvaluex X}
are contained ini for any X[ QIO Q- Q-span {i I—h B OA}.

LetV = U(E, andletV =V + S V (direct sum) denote the weight space
O um (v) M

decomposition of V determined by the Cartan subalg#braeto: 8 = @ O(E - End(V)
also denote the complex representation that exten@o -~ End(U). Fou OA(V) and
B OA we know thato(HB) = u(HB) Id on Vu’ where u(HB) O Z by the discussion in

sections 2.1 and 2.2. If X =2 iH), theno(X)=i( Z H)IdonV.
=2 G (i Hg). theno() =i ( T g H(Hp) 1d on

5
Hence the eigenvalues ofX) lie in iQ for any X Q-span {i I—h ‘B OA}.

3) We apply 2) to the adjoint representation @’q): - End (® 0). Let GO be any
compact, connected, semisimple Lie group with Lie algétga If X is any element of
(50#, then ad X ISO - (SO has eigenvalues inlk by 2), and hence there exists a
positive integer N such that if X* =r@\ X, then ad X* has eigenvalues int2. Hence
Ad (exp (X*)) = eadX* has eigenvalues ind" = {1}. Since G0 is compact the
elements of Ad(CO-‘,) are semisimple elements of C@L&G), and hence Ad (exp (X*)) =Id
on GL((SO). The kernel of Ad : 8} - GL((SO) is finite since % is compact and
semisimple, and we conclude that e = exp If)(i‘)exp (kX*) = exp (2kNiX) for some
positive integer k.

4)

N a) Let XO (SO# = Ad(éo,(D) (’2[o 1®) be given and write X = Ad(g) A for some g
O Go,@ and some AFI’ZIO Q- Q-span {i I—h B OA)). ~Note thatIRX = IRA since
exp(tX) = g exp(tA) g for all t0 R, where exp (SO - Go Is the Lie group exponential
map. Hence it suffices to show tfﬂh}\ is dense ifR. Let m be a positive integer such
that A Z-span {i H : B A}, and let S = {0 R : lOF=0Q+iq). Itiswell
known that S is a dense additive subgrouf® ofiWe show thaiRA 0 msS, which will
complete the proof of a).

Let o : (So - End(U) be a finite dimensional real representatio@8f The
proof of 2) shows that(mA) has eigenvalues i¥i since mAL 7-span {i I—b ‘B OA}.
If s O S is arbitrary, thew(msA) has eigenvalues infisand hence exp(ngA)) =
expE(msA)) has eigenvalues ii% OF. Therefore m& IRA and the proof of 4a) is
complete.

b) The proof is an immediate consequence of a) and the fa gﬁa&; a dense
subset of® o
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Appendix  Affine algebraic groups
We describe briefly some definitions, examples and other basic information that we
need. For a more thorough treatment see for example [Bo], [C], [CSM] or [Hu 2].

Section 1  Basic definitions
Notation

Let k be any field, and let M(n,k) denote the k-vector space of n x n matrices with
entries in kK. M(n,k) is a k-algebra under matrix multiplication, but M(n,k) also becomes a
Lie algebra by defining [X, Y] = X¥- YX for elements X, Y of M(n,k). Let k[M(n,k)]
denote the k-algebra of polynomial functions from M(n,k) to k, which is generated by the
subspace of linear functions from M(n,k) to k. We let GL(n,k) denote the (general linear)
group of invertible elements of M(n,k).

Zariski closed subsets of M(n,k)

A subset X of M(n,k) igariski closed if there exists an ideal J of k[M(n,k)] such
that X = {g0 M(n,k) : p(g) = 0 for all @71 J}. Anideal of k[M(n,k)] is always finitely
generated (Hilbert Basis Theorem) so we may make the equivalent definition that X is a
Zariski closed subset of M(n,k) if there exists a finite set of polynomizilqogp... q\l}
such that X = {1 M(n,Kk) : pl(g) =0 for 1<i < N}. The intersection of any family of
Zariski closed sets is again a Zariski closed set. Hence the Zariski open sets, which are the
complements in M(n,k) of Zariski closed sets, define a topology on M(n,k).

Let X be a Zariski closed subset of M(n,k) defined as the set of common zeros of
an ideal J in k[M(n,k)]. One may now associate to X the ideal | of all polynomials in
k[M(n,k)] that vanish on X. Clearlyd I, but the inclusion is strict in general. However,
it is routine to show that X = {g M(n,k) : p(g) = 0 for all g1 1}.

A Zariski closed subset X of M(n,k) iiseducible if X is not the disjoint union of
two Zariski closed subsets of M(n,k).

Affine algebraic groups and their Lie algebras

A subgroup G of GL(n,k) is called affine algebraic group if G is a Zariski closed
subset of M(n,k). It follows immediately from the definitions and the discussion above
that the intersection of any family of affine algebraic subgroups of GL(n,k) is again an
affine algebraic subgroup of GL(n,k).

To every affine algebraic group G one may associate a Lie subalgebra L(G) of
M(n,k) called theLie algebra of G (cf. [C, p. 126]). We give a brief account below in
section 4. If k =R or C, then any affine algebraic group in GL(n,k) is a Lie group since it
is closed in the topology induced from the standard Hausdorff topology on M(kﬂﬁ)
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In this case L(G) is isomorphic as BrALie algebra to the standard Lie algebra defined for
any Lie group.

If G O GL(n,k) is an affine algebraic group, then L{GM(n,k) is isomorphic
both as a k-algebra and a k-Lie algebra to the set of left invariant derivations of the k-
algebra k(G), the polynomial functions from G to k. See section 4 for a brief discussion.
For further details of this more intrinsic definition of L(G) see for example [Bo, pp.62-66]
or [CMS, pp.161-171].

Identity component of an affine algebraic group
(cf. [Bo, pp. 46 and 65] and [C, pp. 86 and 129])

For every affine algebraic group G of GL(n,k) there exists a unique subgPoup G
with the following properties :

1) G’ is an affine algebraic group in GL(n,k) that is irreducible as a Zariski closed
subset.

2) G? has finite index in G.

3) L(G°) = L(G).

Moreover, if k =R or C, then & is the connected component of G containing the
identity, where G is regarded as a Lie group with the topology induced from the standard
Hausdorff topology of M(n,k).

Extension of the base field (cf. [C, pp. 103-105)

Let k and! be fields with ki1 £, and let GJ GL(n,k) be an affine algebraic
group. If I0Kk[M(n,k)] is the ideal of polynomials that vanish on G, then Liexﬂelznote the
ideal in 2[M(n, 2)] consisting of alll-linear combinations of elements of I. Le% =
{g OGL(n,?) : p(g) = 0 for all pJ ID‘}. Then GI2 has the following properties :

1) GD‘ is an affine algebraic group in GL{), the intersection of all affine
algebraic groups in GL(f) that contain G.

2) G=& n MnK.

3) L(GQ) is the subset of M(f) consisting of alll -linear combinations of
elements of L(G). Equivalently, L&) = L(G)J!, the tensor product over k.

Affine algebraic groups defined over subfields
(cf. [Hu 2, pp. 217-218))

Let k and? be fields with kiJ . Let GO GL(n,?) be an affine algebraic group,
and let I be the ideal of all polynomialsifM(n, ?)] that vanish on G. If | is generated by
elements {Q, Py - q\l} of k[M(n,k)] , then we say that is defined over k or th&@ is
a k-group. In this case if J is the ideal in k[M(n,k)] defined b}{ {B q\l} and if H =
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{h OO0 M(n,k) : p(h) =0 for all pdJ}, then H is an affine algebraic group in GL(n,k) and H
= G n M(n,k). Moreover, it is easy to see that | L and G = I—? in the terminology
above.

The following result is useful.

Proposition

([C, pp. 104-105] and [Bo, p.46]) Let k ahdbe fields with kJ £, and let GJ
GL(n,?) be an affine algebraic group defined over k. Then

1) GO GL(n,?) is also an algebraic group defined over k.

2) [Gn GL(N,K)I°=G° n GL(n,k).

Warning

Let J be an ideal in[M(n, ?)] that is generated by polynomialsl{ppz, g\l} in
k[M(n,K)], and let X = {g00 M(n,!) : p(g) = 0 for all g J}. If I is the ideal of all
polynomials in?[M(n, £)] that vanish on the Zariski closed set X, then in general | is
strictly larger than J and may not be generated by finitely many polynomials in k[M(n,k)].

However, if k has characteristic zero, then | is generated by finitely many
polynomials in k[M(n,k)] whenever J has this property (cf. [Hu 2, p. 217]). Hence we
obtain the following
Proposition

Let k and! be fields with ki1 £, and suppose that k has characteristic zero. Let G
0 GL(n,?) be an affine algebraic group such that G £{&L(n,!) : pl(g) =0forl<ic<
N}, where {pl, Py - q\l} are polynomials in k[M(n,k)]. Then G is defined over k.

Algebraic Lie algebras
(cf. [C, pp. 171-185] and [Bo, pp. pp. 105-110])

Following Chevalley, a Lie subalgebh of M(n,k) will be calledalgebraic if there
exists an affine algebraic group G in GL(n,k) such that L(®).=Not every Lie
subalgebra of M(n,k) is algebraic, but if k has characteristic zero (g.4.)kthen
Chevalley has developed a theory to identify many algebraic subalgebras of M(n,k). In
particular one has the following
Theorem ([C, p. 177] and [Bo, p. 109]) Let k be a field of characteristic zero, arél let
be any Lie subalgebra of M(n,k). Then the commutator subalg&h@] [generated by
{[X,Y]:X,Y O @®}is an algebraic subalgebra of M(n,k).

We shall prove this result later in the appendix, except for one lemma that we quote
without proof (see example 6 below). Observe thék i a simple subalgebra of M(n,k),
then® must equal §,&] since® is nonabelian and contains no nontrivial ideals. Hence,
if & is semisimple (the direct sum of simple subalge&ra)sthen [8,8] is the direct
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sum of the subalgebra@i[,@i] = (Si. Hence® = [®,®], and by the theorem above we
obtain the following

Corollary Letk be a field of characteristic zero, and@ete any semisimple Lie
subalgebra of M(n,k). Thef® is an algebraic subalgebra of M(n,k).

Section 2 Examples

Let k be a field. We present some basic examples of affine algebraic groups G in
GL(n,k) and their Lie algebras L(G) in M(n,k) that will be useful to us. For the
convenience of the reader we include some short proofs but omit calculations of the Lie
algebras.

In the remainder of this appendix we shall drop the word affine and use only the
expression algebraic group, with the understanding that we always mean affine algebraic
group.

Example 1

Let G = SL(n,k), the n x n matrices with entries in k whose determinant is 1. The
determinant function is a polynomial function dhdo SL(n,K) is the locus of zeros of p =
det-1. L(G) = 4(n,k), the n x n matrices with entries in k whose trace is zero.

Example 2

Let 8 be a semisimple subalgebra of M{h,and let G = Aut®), the group of
Lie algebra automorphisms &f. Then G is an algebraic subgroup of GL(ndefined
overQ. L(G) = Der (), the derivations 06.

Pr oof
Let {X >§1} be a basis of8 with structure constants i; that is

[X- X-] = kZ Ck Xk, where {(_f-(} 0 Q. For example, we may take a Chevalley basis

1
Whose structure constantsnactually lieZin Given gl GL(n,C) we consider the matrix A

(A ) defined by g(X) =2 JI X.. A routine computation shows that g lies in A@) (
= P (A)=0for1lst<n, {N%ere I?(ZJ) is a quadratic polynomial with rational

coefﬂ(:lents in the coordlnates {)zof Q" =M(n,Q) given by P(z )=
k
rzs 1CrS ZiZ sj Z CIJ Zy - Slnce(D has characteristic zero and G is defined by the

vanishing of the polynomlals gp Py - q.'} in Q[M(n,Q)] it follows from the discussion

in section 1 that G is defined ov&r 5
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Example 3

Let GO be a compact, connected, semisimple Lie group, and let %d4 G
GL((SO) denote the adjoint representation, Wr@rgis the Lie algebra of G. Then G =
Ad(GO) is an algebraic subgroup of GLI), defined oveQ. L(G) = Der GSO), the
derivations of® o
Proof

Identify GL( (80) with GL(n,R), n = dim G, by choosing a basis 1{)()(2,
Xn} of & o with structure constants i, for example a real Chevalley baﬁg as
defined in section 1.5. The argument used in example 2 shows that H @@ljs @n
algebraic subgroup of GL(R) defined ovef. Since % is semisimple, Ad(g) is the
identity component Riof the Lie group H (cf. [He, p.122]). By the discussion in section
1, H s also the unigue irreducible algebraic subgroup of H that contains the identity.
Since H is defined ovel this is also true for Piby the discussion in sectionml.
Example 4

Let k be any field and let XI M(n,k) be any nonzero vector. Le;(G {gO
GL(n,k) : Ad(g)X = X}, where Ad(Q)Y = ng for Y OO M(n,k) and gCIGL(n,k). Then
GX is an algebraic group and gg);- {Y OM(n,k) : [Y,X] =0}.
Proof

By definition Gk = {% O0G:gX=Xg}=Gn {g OGL(n,Kk) : Hj (g) =0 for all

1<i,j £n}, where ;ﬁ(z) = k§1 {X K Ziy ~ Xy zkj }, a polynomial of degree 1 in the

variables %([3}' 0
Example 5 (cf. [C, pp. 172-173] and [Bo, p.107]).

Let V and W be subspaces of M(n,k) withllWW. Let G = {gU GL(n,k) :
Ad(g)V =V, Ad(g)W =W and (Ad(g) Id)(V) O W}. Then G is an algebraic group and
L(G) ={Y O M(n,k) : ad(Y)(V) O W}, where ad(Y)X = [Y,X] for X,Y OO M(n,k).

In particular, if V=W, then 9 ={g O GL(n,k) : Ad(g)V = V} is an algebraic
group with L(Ci/) ={Y OM(n,k) : ad(Y)(V)O V}.
Proof

Let {E } be a basis for M(n,k) such tha{{ Ep} is a basis for W
and {E p q} is a basis for V. Letl{J n2} be the dual basis in
Hom (M(n k),k). Let {E c1l<a,B<n } be the standard basis of M(n,k) whose dual
basis is given by the coordlnate functlonsB{z 1<a,B<n } in M(n,k) = knz Since
{El, n2} 0 M(n,k) we may write

n - .
= J J
W) g O([23:130(B Eyg - (B Ok
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v= 3 Alz Alyok
I gp=1 OB aB ap

The second equation says that eajcl'res ink[M(n,k)], the polynomials in {%KB} with
coefficients in k.

If det O k[z] denotes the determinant function, then SL(n,k) £{GL(n,k) ; d(g)
= 0}, where d = det 1 O k[z]. For g0 GL(n,k) let §® denote % (@Y. Then §® =
P (g) for some polynomlal P [0 k[z]. From (1) we obtain

(@) (©&9 gp=2p 059 ) =Fiy (@

where gd GL(n,k) and %([3 OK[z]for1<r< n2, l<a,B< n°.

We obtain from (2), since the composition of two polynomial functions is a
polynomial function,
3) W @EgH=P, (9
WhereP O K[z] for 1<i<n 1<r<n”.
For g0 GL(n, k) Ad(g)W W = v, (gE g )—0 for p+]_|<n 1<r<p.
= P (g) =0for p+tkic< n l<r<p. Argumg in S|m|Iar fashion we obtain
Ad(QW =W = P (g)—Ofor p+]_|<n 1<r<p
(4) Ad(glV=V = P (g) =0 for ptg+ki< n 1<r<p+q
(Ad(g) - Id)V DW = P (g) W, (E) 0 for p+1<|<n 1<r<pta.
Since . (Er) Ok it follows that G = {gD GL(n, k) Ad(g)V V, Ad(g)W =W and
(Ad(g) - Id)(V) 0 W} is an algebraic group.

2

Example 6

Let k be a field of characteristic zero, and lelGL(n,k) be a connected algebraic
group. Then [G,G], the subgroup of G generated by {[g,h] :_Jg'h_g :g,h0G}is an
algebraic group, and L([G,G]) = [L(G), L(G)], the subalgebra of L(G) generated by
{IX,Y]: X,Y OL(G)}
Proof

The proof is less elementary than the proofs above, but may be found, for example,
in Proposition 7.8 of [Bo, p. 108E].

Section 3 More on algebraic Lie algebras

In this section we@rove the following theorem, which was previously stated in the
discussion in section 1 of algebraic Lie algebras.
Theorem Let k be a field of characteristic zero, and@etbe any Lie subalgebra of
M(n,k). Then the commutator subalgebé ] generated by {[X, Y] : X, YO B} is an
algebraic subalgebra of M(n,k).
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Proof

Let k be a field of characteristic zero, and let M be any subset of M(n,k)z (Mgt
denote the intersection of all algebraic Lie algebras that contain M. It is knovit(hais
an algebraic Lie algebra L(G), where G is the intersection of all algebraic subgroups H of
GL(n,k) such that MJ1 L(H). See [Bo, p. 105].

Let V and W be subspaces of M(n,k) withiWW, and let tr (V,W) = {X M(n,k)
:ad X(V)O W} Then tr (V,W) is an algebraic Lie algebra by example 5 abov®. i
any Lie subalgebra of M(n,k), then by definiti&n O tr (8, [&$,8]). Since
tr (8, [6,®]) is an algebraic Lie algebra it follows from the definitiorix§f$) above that
Q(®) Otr (6, [6,8]) or equivalently that(®), 8] O[6,8]. Since® O
tr (3(6), [6,6]) the same argument implies thag®) O tr (3(S), [6,B]) or
equivalently that(®), G(®)] O[G,8]. It follows that [G,8] = [G(8), G(B)] since
G 0Q(6), and [1(6), G(®)] is algebraic by example 6 sinc€®) is algebraic.

Section 4 The Lie algebra of an algebraic group
Left and right invariant derivations of k[M(n,k)]

Let k be any field and let k[M(n,k)] denote the k-algebra of polynomial functions
from M(n,k) to k. An element x of M(n,k) defines a left multiplicatiq®) : k[M(n,k)] -
k[M(n,k)] and a right multiplicatiomp(x) : kiM(n,k)] - k[M(n,k)] by [A(X)f](y) = f(x_ly)
and p(X)f](y) = f(yx) for any f0 k[M(n,k)] and any yi1 M(n,k). It is routine to check
that the mapsX(x), p(x) : x 0 M(n,k)} are k-algebra isomorphisms of k|M(n,k)] for all x
0 GL(n,K) andA(xy) =A(X) o A(Y) , p(xy) =p(X) o p(y) for all x,y in M(n,k).

A k-linear map D : K[M(n,k)]- k[M(n,k)] is aderivation if D(fg) = D(f) g +
f D(g) for all f,g in kiIM(n,k)]. A derivation D igeft invariant (respectivelyight invariant )
if D o A(X) = A(X) o D (respectively Db p(x) = p(x) o D) for all x1 M(n,k). Each
element x of M(n,k) defines a left invariant derivatigp:lk[M(n,k)] - K[M(n,Kk)], which
is uniquely determined by its value on linear functions u : M(n,l) given by (LXu)(y) =
u(yx) for all ydd M(n,k). Similarly one defines a right invariant derivatio)Q K[M(n,k)]

- K[M(n,K)], which is uniquely determined by its value on linear functions u by defining
(qu)(y) =-u(xy) for all yO M(n,k).

It is straightforward to verify tha.t)!_o Ly - Ly 0 Lx = L[x,y]

RX 0 Fi/ - Ry 0 RX = R[x,y] for z':lll x,3'/ in M.(n,k). o
Left and right invariant derivations of k[G]

Let GO GL(n,k) be an algebraic group, and &t kiM(n,k)] be the ideal of

polynomials that vanish on G.golynomial on G is the restriction to Garfi element of

and
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k[M(n,k)]. The set K[G] of polynomials on G is a k-algebra and the restriction map r :
kIM(n,k)] - K[G] is a surjective k-algebra homomorphism whose kernel is I. Note that if
f Ol and xOO G, thenA(X)f O 1 andp(x)f I 1.

If X is an element of G, then the left and right multiplicatidgg andp(x)
kIM(n,K)] - K[M(n,k)] induce correspondlng left and rlght multlpllcatldr(x) andp(x)
k[G] - k[G] such that b A(x) = )\(x) orandro p(x) = p(x) or. A derivation of k[G] is
a k-linear map D K[G] - K[G] such that Ing) = D(f) g+f D(g) forall f, gin k[G] A
derivation Dof k[G[ is left invariant (respectively right invariant) |ch\(x) = )\(x) oD
(respectively D p(x) = p(x) 0 D) for all x in G. The left invariant (respectively right
invariant) derivations of k[G] form a k-Lie algebra.

Definition of the Lie algebra of an algebraic group

Let GO GL(n,k) be an algebraic group, and &t kM(n,k)] be the ideal of
polynomials that vanish on G. Let L(G) = &XM(n,K) : Lx (D O 1}, where Lx is the left
invariant derivation of k[M(n,k)] determined by x as defined above.

L(G) is called the Lie algebra of the algebraic group G.

Remarks

1) From the discussion above it is easy to check that L(G) is a Lie subalgebra of
M(n,k).

2) Ifkis a subfield of and I' O £[M(n,?)] and dg 0 GL(n,?) are defined as in
section 1, then it is routine to verify from the definitions that%_)(c-‘onsists of all-linear
combinations of elements of L(G), or equivalently that {X@ L(G)T! , the tensor
product over k.

3) One may also give an equivalent intrinsic definition of L(G). If x is an element
of L(G), then the left invariant derlvatloq(bf k[M(n k)] defined above induces a left
invariant derivation | L( of k[G] such that b L = L or, where r : K[M(n,k)]- K[G] is the
restriction homomorphism. Conversely, |f k[G] - K[G] is a left invariant derivation
of k[G], then it is not difficult to show that & L for a unique element x of L(G). The
map X- Lx is a k-Lie algebra isomorphism of L(G) onto the k-Lie algebra of left
invariant derivations of k[G].

!

Section 5 A density theorem
Preliminaries
Before beginning, we review some notation and basic facts from section 1 that we
need. Let H1GL(n,C) be a semisimple algebraic group defined dveand let K be
the irreducible algebraic subgroup of H that contains the identity. qLet H n GL(n,Q)
and I—‘R =H n GL(n,R). The groups Iq—:! and I—’R are algebraic groups in GL[) and
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GL(n,R) respectively, and we Ietg—land I-g denote the corresponding irreducible
algebraic subgroups that contain the identity. By the discussion in section 1,
Hg =H%n GL(,@) and H = H® n GL(n,R).

Theorem [S, Cor.3.5 (iii)]

Let HO GL(n, €) be a connected algebraic group defined @veihen I—E is
dense in Iﬁg in the Lie group topology of %

An elementary proof of this result seems to be difficult to find in the literature. We
provide an elementary proof below in the case that H is semisimple, which is sufficient for
our purposes. The theorem in the semisimple case is a consequence of the Proposition
below, whose proof will be carried out in several steps. We wish to thank S. Kumar and
G. Prasad, who explained and outlined the proof of Lemma 1 in the next result.
Proposition

Let HO GL(n,C) be a semisimple algebraic group defined dvewrith identity
component e % the closure of Ia in the Lie topology of 'ﬂ then I-E =K°,
the identity component of K regarded as a Lie group.

We assume this result for the moment and use it to prove &mcﬂense in the Lie
topology of I-E thereby completing the proof of the Theorem stated above in the case that
H is semisimple. Le O H[g be given. SinceTBl)o =K°= H[g we can find a sequence
{Ek} O HtD such thaEk S &0 H[g OHp. Hence, = E_lzk ~ 1in Hp, and we
conclude thaiak [ Hﬂg for all k= ko’ where léis some positive integer. Hen&lg:

Esk O H[g N H® for k= ko’ which proves that ﬁ O H[g N HfD = Hg since¢ [ H[g
was arbitrary. The reverse inclusion is obvigus.
Proof of the Proposition

Lemma 1

Let K :TQ, the closure of Ia in the Lie topology of I—HL Then K is normalized
by H[g .
Proof

We break the proof into steps. We adopt the conventions that Cl (X) dedote
the closure of a set X in the Zariski and Lie topologies of Gl nespectively.

Step 1

The group % is dense in Iﬂ 0 GL(n,R) in the Zariski topology of GL(fR).
Proof

See Corollary 18.3 on [Bo, p.22(D)].
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Step 2

HQ n SL(n,R) is dense in Hh SL(n,R) = H[R n SL(n,R) in the Zariski
topology of GL(nR).

Proof

IfA O H O H ,then A'00 H for some positive integer n smcegH‘has finite
|ndex in H[R Note that Iﬁg O SL(n,R) smce H is semisimple. Hence 1 = de't‘XA (det
A) which implies that det A #1 since det A1 Q. Hence we may write

(2) H@ =H® O H(D , Where I-(b = HQ n SL(n,R), H@ = HQ n SL (n,R)

and SL (n,R) ={g O GL(n,R) : det(g) =—1}.

We obtain

(2)H =Cl(H )—CI(HQ)DCI(H

{H n SL (n,R)}
However, the argument used to prove (1) also proves

(3) Hy ={Hp n SL(NR)} O{H n SL (n,R)}

Combining (2) and (3), all the inclusions in (2) become equalities, and in particular,
Cl (H;;) ={H RO SL(n,R)}, which is the statement of Step 2.

Step 3 (completion of the proof)

Let & denote the Lie algebra of K = H —d—tD H_ OGL(n,R). Then from (1) we
obtain I—E DH N SL(nIR)—K N SL(nIR)DN {g O SL(n,R) : gK g 1ok }
={g OSL(n,R) : g fqg g f£}. Since & is a subspace of M(R) it follows from
example 5 in section 2 that N is an algebraic subgroup of B)L(riThe group Iﬁt is
clearly an algebraic subgroup of GLR), and hence H n N is an algebraic subgroup of
GL(n,R).

The discussion above shows theg H H[R nNO H[R n SL(n,R), and
H n N is Zariski closed in GL(1}). By Step 2 % = H n SL(n,R) is dense in
H n SL(n,R) in the Zariski topology of GL(fR), and We conclude thatﬂt-lm N =
H n SL(n,R). Finally, HIR O H n SL(n,R) = H n N ON. It follows that 'Tg
normallzes 2 by the definition of N. The proof of Lemma lis complete

We shall need a further intermediate result.

Lemma 2

o) OfH p n SL(nR)} O

Cl (HfD N Ko) = Hﬂg, where Cl denotes closure in the Zariski topology of
GL(n,R).
Pr oof

Since K has finite index in K it follows that(5| n K° has finite index in Iil2 n K

= H®, and hence CI (EI N KO) has finite index in ClI ([—Dl) = H[R by Step 1 of Lemma
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1. Let {hl, hz’ i’b} be elements of Iﬁ! such that I-ﬂg =4 hi A, where A = Cl (I-(b N
KO). Hence ITE is the disjoint union of the Zariski closed subseﬁsA][hw Hﬂg ,1<i<
p}. Since I—g is connected and the identity liesAn HD(; it follows that Hﬂg =An H[R9
or H[g OA=Cl (H(D N KO). The reverse inclusion follows sinc%l-h K°OK®O Hg,
and I—g Is a Zariski closed subset of GL), 5

Proof of the Proposition

We now complete the proof of the proposition stated at the beginning of this
section. By Lemma 1 we know thaP ks a normal subgroup ofg—l If  and§ denote
the Lie algebras of EI and I@, then by the semisimplicity db it follows that$) is a
direct sumf & & —of commuting ideals (cf. Corollary 6.3 of [He,p.121]).

It suffices to show tha® ~ lies in the center ofy, which will show thatf —=
{0} and KO = ng since is semisimple. Given an arbitrary element X0t it follows
that Ad(&)(X) = 2@V (x) = X for all Y in . Hence Ad(g)(X) = X for all g in R. By
the discussion in section 1 and example 4 in section 2 it follows ;pat{g H R
Ad(g)(X) = X} and I—g(o are algebraic subgroups of GLIR), Furthermore Ia n K°
0k°o HXo [ Hﬂg . Since '7b n K is Zariski dense in ﬁby Lemma 2, it follows
that I—g(o = Hug. We conclude that X lies in the center$pffor all X in § *.D
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