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Introduction

Let Go denote a compact, connected semisimple Lie group, U a finite dimensional

real vector space and ρ : Go → GL(U) a representation of Go on U; that is, a Lie group

homomorphism.  The Lie algebra o of Go admits a (real Chevalley) basis o whose

structure constants are integers.  Choosing a basis of U defines an associated

homomorphism ρ : H → GL(n, ).  Define B( , o ) (respectively B( , o )) to be

the set of bases of U such that dρ( o) leaves invariant - span ( ) (respectively -

span ( )).   For ∈ B( , o ),  we define Go, , 
= {g ∈ Go : ρ(g) leaves invariant

-span ( ) = {g ∈ Go : ρ (g) ∈ GL(n, )} and  Go, ={g ∈ Go : Ad(g) leaves

invariant -span ( o)}.  In [E] we showed 1) B( , o ) is nonempty.  2)   If ∈

B( , o ), then ρ (Go) is an affine algebraic group defined over .  3)  If ∈ B( ,

o ), then Go, , 
is dense in Go in the Lie group topology.  In the present article we

investigate the structure of the set  B( , o ) under a natural equivalence relation.  In

addition, for a basis in B( , o ) we compare the group Go, , 
for an arbitrary

representation  ρ : Go → GL(U) to the corresponding group  Go, for the adjoint

representation.  Note that  Go, = Go, , 
in the case that ρ = Ad, U = o and =

o.

________________________________________
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Define two bases 1 and 2 for U to be - equivalent  if - span ( 1) =

- span ( 2).  In the first main result of this article, Theorem A in section 2, we show

that every basis ’ in  B( , o) is -equivalent to a basis ∈ B( , o).

Let Z( o) = {T ∈ GL(U) : T commutes with every element of o}.  Let T ∈

Z( o), X ∈ o and ∈ B( , o) be arbitrary elements.  It is evident that the matrices

of X with respect to and T( ) are the same, and hence Z( o) acts on B( , o).  The

action of Z( o) clearly descends to the quotient space B( , o) / ~, where ~ denotes the

-equivalence relation.  The second main result , Theorem B in section 2,  is that  if ρ : Go

→ GL(U) is an irreducible representation, then Z( o) acts transitively on B( , o) / ~, or

equivalently, if 
1
 and 

2
 are any two bases in  B( , o), then there exists T ∈ Z( o)

such that T(
1
) and 

2 
are -equivalent.

We do not know if Z( o) acts transitively on B( , o) / ~  in the case that U is

reducible.  However, the complex analogue for reducible -modules is true, where 

denotes a complex, semisimple Lie algebra.  See Lemma C2 in section 3 for a precise

statement.

The third main result, Theorem C in section 3, states that the group Go, , 
is

independent of the basis in B( , o).  Moreover, if ρ : Go → GL(U) has finite kernel,

then Go, , 
is a normal subgroup of  Go, and the quotient group  Go, / Go, , 

is an abelian group in which every element has finite order.

The group Go, / Go, ,
is a strange invariant that depends only on the

representation ρ: Go → GL(U) and the orbit under Ad(Go) of the real Chevalley basis o

in the Lie algebra o of Go.  If Go = SU(2) and o is the "natural" real Chevalley basis in

o, then for half of the real irreducible representations of SU(2) (those of real type) the

group Go, / Go, ,
 is the identity and for the other half (those of quaternionic type) it is

an infinite abelian group in which every element has order two.  See the appendix  for

details and a more precise description of Go, / Go, ,
 in the second case.
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Section 1 Notation and preliminaries

We shall use the notation, definitions and results of [E] in this article.  For the

convenience of the reader we repeat the table of notation from [E].  All vector spaces, Lie

groups and Lie algebras are finite dimensional.

α, β arbitrary elements of the finite set Φ of roots in *

a Cartan subalgebra of 

o -span {i Hβ : β ∈ ∆}, a maximal abelian subalgebra of o

Aα the vector ξα − ξ−α , an element of a real Chevalley basis o  for o
* a basis for a finite dimensional complex vector space V

a basis for a finite dimensional real vector space U

Bα the vector i ξα +  i ξ−α , an element of a real Chevalley basis o  for o

B the Killing form of 

Bo the Killing form of o

 a (complex) Chevalley basis for whose structure constants lie in ,

= {Hβ : β ∈ ∆ ; ξα : α ∈ Φ}

o a real Chevalley basis whose structure constants lie in for a compact real 

form o of , o = {i Hβ : β ∈ ∆ ; Αα, Βα  : α ∈ Φ+}

∆ a - base for Φ

Φ the finite set of roots in * = Hom ( , )

Φ+,Φ− the positive, negative roots of Φ as determined by ∆

F (i) = + i  = {a + ib ∈ : a ∈ and b ∈ }.

a complex semisimple Lie algebra
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α the 1-dimensional eigenspace of on which ad A = α(A) Id for all A in 

o a compact, real, semisimple Lie algebra ; the Lie algebra of Go

o the complexification of o

Go a compact, connected semisimple Lie group

Go,  {g ∈ Go : Ad(g) leaves invariant  -span - o}

Go, ,
{g ∈ Go : ρ(g) leaves invariant -span ( )}

Hα the root vector in determined by a root α in Φ

λ a highest or lowest weight in Λ(V), where V is a complex -module

Λ the set of abstract weights for = {µ∈ * : µ(Hα) ∈ for all α ∈ Φ} ,

a vector lattice in *

Λr the - span of Φ in *, the root lattice of finite index in Λ

Λ(V)  a finite subset of *, the weights determined by and a complex G

(or ) - module V

µ an arbitrary weight in Λ(V), V  a finite dimensional, complex -module.

τ the unique element of W such that τ2 = Id, τ(Φ+) = Φ− and τ(Φ−) = Φ+

Tσ for σ ∈ W, an element of ( ) ∩ GL(V) such that Tσ(Vµ) = Vσ(µ)
 for 

all µ ∈ Λ(V)

U a real Go-module or o - module

U the complexification of U

( ) the universal enveloping algebra of 

( ) the subring of ( ) generated by 1 and {(ξα)n / n! : α ∈ Φ and n ∈ + }

V a complex  Go - module or  - module

V the realification of V, V considered as a vector space over 

Vµ the weight space of V on which A = µ(A) Id for all A in 

W the Weyl group, a finite subgroup of GL( ) or GL( *)

ξα a vector that spans α and is an element of a Chevalley basis of 



5

Section 2 Classification of invariant - bases for irreducible real

o - modules

We use the notation of sections 1 and 2 of [E].  In this section we consider finite

dimensional, irreducible real o-modules U, where o is a  finite dimensional real Lie

algebra that is compact and semisimple; that is, the Killing form of o is negative definite.

Fix a real Chevalley basis o of o (cf. section 1.5 of [E]).  Let B( , o) and

B( , o) denote the set of all bases of U such that o leaves invariant - span ( )

and - span ( ) respectively.  In [E] we showed that B( , o) is nonempty.

Define two bases 1 and 2 for U to be - equivalent  if - span ( 1) =

- span ( 2).  Our first result says that any basis ’ in B( , o) is - equivalent  to

a basis in B( , o).

Theorem A

 Let o be a compact, semisimple Lie algebra, and let U be an irreducible, real o -

module.  Let ’ be any -basis for U such that o leaves invariant -span ( ’).  Then

there exists an -basis of U such that

1)  o leaves invariant - span ( ).

2)  -span ( ) = -span ( ’).

Proof

We consider separately the two types of real irreducible o-modules described in

section 3.1 of [E].  We use the notation of sections 1 and 2 of [E].

Case 1 V= U  is an irreducible complex = o -module

1)  Let F = + i  = {a + ib ∈ : a ∈ and b ∈ }. By hypothesis o =

{i Hβ : β ∈ ∆ ; Αα, Βα  : α ∈ Φ+} leaves invariant -span ( ’), and hence the

Chevalley basis = {Hβ : β ∈ ∆ ; ξα : α ∈ Φ} for =  o leaves invariant  F-span

( ’).  It follows that ( ) leaves F-span ( ’) invariant since ( )  is the subring of

( ) ⊆ End(V) generated by Id and {(ξα)n / n! : α ∈ Φ and n ∈ + }.
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Let λ be the highest weight in Λ(V), and let Vλ denote the corresponding highest

weight space.  Recall that the projection map πλ:  V → Vλ lies in ( ) ([Hu, p. 156]).

Since F is dense in , V = F-span ( ’) and Vλ = πλ(V) we conclude

a)  Vλ ∩ F-span ( ’) is a dense subset of Vλ.

There exists a unique element τ in the Weyl group W such that τ2 = Id, τ(Φ+) =

Φ− and τ(Φ−) = Φ+  (cf.Proposition 2.3b of [E]).   Let Tτ be the transformation in

( ) ∩ GL(V) constructed in Proposition 2.4a of [E].  Next, we assert

b)  There exist nonzero vectors v+, v− in Vλ ∩ F-span ( ’) such that

     (J ο Tτ)( v+) =  v+ and (J ο Tτ)( v−) = − (v−).

If J : V → V is the conjugation map determined by U, then J is the identity on

-span ( ’) and hence J leaves F-span ( ’) invariant.  If τ and Tτ  are as above, then  Tτ
and hence also J ο Tτ  leave F-span ( ’) invariant.  By Proposition 3.2d of [E] we see that

J ο Tτ leaves Vλ invariant and (J ο Tτ)2 = Id on Vλ.  Hence J ο Tτ  leaves  invariant V’λ =

Vλ ∩ F-span ( ’), which by a) is a nonzero vector space over F.  The conjugate linearity

of J ο Tτ  combined with a) shows that the +1 and −1 eigenspaces of J ο Tτ in V’λ are both

nonempty, which proves b).

We now use ’ to construct a basis  in B( , o).  Let v be any nonzero vector

in Vλ  ∩ F-span ( ’) that is fixed by J ο Tτ.  Note that ( ) (v) is a finitely generated

- module (cf. [Hu, p.156]), and hence there exists a finite -basis * of ( ) (v) and

a finite -basis  of Uv = -span {Re ( *), Im ( *)}= -span {Re ( ( ) (v)) , Im

( ( ) (v))}  The proof of the theorem in section 4 of [E] shows that is an -basis of

U with ∈ B( , o).

The basis satisfies 1) of Theorem A.  We prove 2).  Let  v and be as in the

previous paragraph.  Since ( ) (v) ⊆ F-span ( ’) it follows that Re ( ( ) (v)) ⊆ -

span ( ’) and Im ( ( ) (v)) ⊆ -span ( ’).  Therefore -span ( ) ⊆ -span ( ’).

Equality follows since both and ’ have the same cardinality as -bases of U and are
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linearly independent over .  This completes the proof of 2) and of  Theorem A in Case

1.

Case 2 U = V , where V is an irreducible complex =

o - module

 We break the proof into a series of smaller steps.  As in case 1 we let λ denote the

highest weight in Λ(V), with corresponding highest weight space Vλ.  Let V =

Vo + Σ˚
µ∈Λ(V)

Vµ  (direct sum)  denote the weight space decomposition determined by the

Cartan subalgebra  to which the Chevalley basis is associated.  Let {πµ:  V → Vµ}

denote the corresponding projection maps, which all belong to ( )   ([Hu, p.156]).

Lemma A1

1)  ( ) leaves invariant F-span ( ’), and F-span ( ’) ∩ Vλ ≠{0}.

2)  The F-vector space V’λ = F-span ( ’) ∩ Vλ is 1-dimensional over F.

Proof

The proof of 1) is contained in the first part of the proof of Theorem A in case 1.

If ξ and ξ’ are any two nonzero elements in  F-span ( ’) such that ξ’ = cξ for some c ∈

, then it is easy to see that c ∈ F.  Assertion 2) now follows immediately from 1) and the

fact that Vλ is 1-dimensional over by the irreducibilty of V. 

For the rest of the proof of the proposition we fix a nonzero element v of

F-span ( ’) ∩ Vλ, which is possible by Lemma A1.  We fix also a o-invariant

Hermitian inner product < , > on V such that <v, v> = 1.  Let * be a finite -basis of

( ) (v).   We show that  = * ∪ i * is an -basis of U satisfying the two

conditions of Theorem A.

The proof of the theorem in section 4 of [E] shows that  is an -basis of U with

∈ B( , o); that is, satisfies 1) of Theorem A.

Before proving 2) of Theorem A we first reduce to the case that  = * ∪
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i *, where * is a  special -basis of ( ) (v) that  is a union of -bases o* for

Vo and µ* for Vµ , µ ∈ Λ(V).  Such a basis * exists by 3) of Proposition 2.4c of

[E].  If 
1
* is any other -basis of ( ) (v) and 

1
 = 

1
* ∪ i 

1
*, then -span

(
1
) = -span ( ) since -span (

1
*) = -span ( *).  Moreover, -span (

1
) = -

span ( ) and 
1
=   = -rank ( ( ) (v)).  Hence 

1 
is an -basis of U, and

-span (
1
) = -span ( ’) ⇔ -span ( ) = -span ( ’).

To prove 2) we need some further preparation.

Lemma A2

1)  If T ∈ ( ) , then T* ∈ ( ) , where T* denotes the metric adjoint of T 

     relative to < , >.

2)  Let µ ∈ Λ(V) be given, and let vµ be any nonzero element of

( ) (v) ∩ Vµ.  Then there exists T ∈ ( ) such that T(v) = vµ  and 

     T*(Vµ) = Vλ.

Proof

1)  The ring ( ) by definition is generated in End(V) by Id and

{τα,n 
= ξα

n / n!, where n ∈ + and α ∈ Φ}.  By 1) of Proposition 2.5b of [E] we know

that τα,n
* = τ−α,n 

for all n ∈ + and α ∈ Φ, which completes the proof.

2)  By hypothesis there exists ∈ ( ) , such that (v) = vµ.  As an element

of ( ) , is a finite sum of elements of End(V) of the form

{(τα1 , n1 
) ... (ταΝ , nΝ 

)},where αi ∈ Φ and ni ∈ + for all i}.  Divide the summands of

 into two disjoint sets, namely  A
1
 = { (τα1 , n1 

) ... (ταΝ , nΝ 
)} : ( Σ˚

i=1
˚
N

 niαi )  + λ = µ}

and A
2
 = { (τα1 , n1

) ... (ταΝ , nΝ 
) : ( Σ˚

i=1
˚
N

 niαi )  + λ ≠ µ}.  Let T ∈ ( ) be that

element obtained from by keeping the terms from A
1 

and discarding the terms from  A
2
.

It is well known (cf. [Hu, p.107]) that for any α ∈ Φ and σ ∈ Λ(V),  α(Vσ)  ⊆ Vσ+α

if σ+ α ∈ Λ(V) and α(Vσ)  = {0} otherwise.  By inspection T (v) =  (v) = vµ, and T*

is a sum of terms of the form  { (τα1, n1 
) ... (ταΝ , nΝ 

)}* =
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{ (τ−αΝ , nΝ 
) ... (τ−α1 , n1 

)}, where ( Σ˚
i=1
˚
N

 niαi )  + λ = µ.  Since

{ (τ−αΝ , nΝ 
) ... (τ−α1 , n1 

)} (Vµ ) ⊆ Vλ  for each such term it follows that  T* (Vµ) ⊆

Vλ.  Note that T* (Vµ) ≠ {0} since < T*(vµ), v > = < vµ, T(v) > = < vµ, vµ > ≠ 0.  We

conclude that T* (Vµ) = Vλ since Vλ is 1-dimensional.

Lemma A3

Let µ ∈ Λ(V) and consider the basis µ* = {v
1
*, ... v

m
*} for Vµ.  Then

1)  <v
i
* , v

j
*

 
> ∈ for all 1 ≤ i, j ≤ m.

2)  There exists a basis µ** = {v
1
**, ... v

m
**} for Vµ such that

     <v
i
** , v

j
**> = 0 if i ≠ j and -span {v

1
**, ..., v

r
**} =

     -span {v
1
*, ..., v

r
*} for every integer r with 1 ≤ r ≤ m.

Proof

1)  Since µ* ⊆ * ⊆ ( ) (v), Lemma A2 allows us to choose elements Ti ∈

( ) , 1 ≤ i ≤ m, such that Ti (v) = v
i
*

 
and Ti * (Vµ) = Vλ for all i.  For 1 ≤ i, j ≤ m we

compute  <v
i
* , v

j
*

 
> = < Ti (v) , Tj (v) > = < v , Ti*Tj (v) >.  It suffices to prove that

Ti*Tj (v) = k
ij
 v for some integer k

ij 
since < v , v

 
> = 1 by the choice of < , >.

Note that Tj (Vλ) ⊆ Vµ since Vλ is spanned by v, and hence Ti*Tj (Vλ) ⊆ Vλ.

Lemma A2  shows that Ti*Tj ∈ ( ) for all i, j, and it follows that  Ti*Tj (v) ∈

( ) (v) ∩ Vλ = v by the lemma in the proof of Proposition 3.2e of [E].  We conclude

that Ti*Tj (v) = k
ij
 v for some integer k

ij
.

2)  We proceed by induction on r, using 1).  If orthogonal vectors {v
1
**, ..., v

r
**}

have been constructed so that { -span {v
1
**, ..., v

k
**} = -span {v

1
*, ..., v

k
*} for

1 ≤ k ≤ r, then define v
r+1

** = v
r+1

*
 
− ( Σ˚

j=1
˚

r
{< v

r+1
*, v

j
** > / < v

j
**, v

j
** >} v

j
**.

Lemma A4

’ ⊆ F-span ( *), where ’ is the original -basis of U such that o leaves

invariant -span ( ’).
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Proof

Let ξ ∈ ’ and write ξ = ξo  + Σ˚
µ∈Λ(V)

ξµ,  where ξo ∈ Vo and ξµ ∈ Vµ for all µ

∈ Λ(V).  It suffices to prove that ξo ∈ F-span ( o*) ⊆ F-span ( *) and  ξµ ∈

F-span ( µ*) ⊆ F-span ( *) for all µ ∈ Λ(V).  We prove only that  ξµ ∈

F-span ( µ*)  for all µ ∈ Λ(V) since the proof for the analogous assertion about ξo is

similar.

By Lemma A3 there exists a basis µ** = {v
1
**, ... v

m
**} for Vµ such that

<v
i
** , v

j
**> = 0 if i ≠ j and -span ( µ*) = -span ( µ**).  Write ξµ = Σ˚

j=1
˚
m

cj vj** ,

where cj ∈ for all i.  It suffices to prove that cj ∈ F for all j since F-span ( µ*) =

F-span ( µ**).

Lemma A2 allows us to choose elements Ti ∈ ( ) , 1 ≤ i ≤ m, such that Ti (v) =

v
i
**

 
and Ti * (Vµ) = Vλ for all i.  Fix i and define qj ∈ by Ti * ( v

j
**) = qj v for all j.

We compute  qj = < Ti * ( v
j
**), v > = < v

j
**, Ti (v) > = < v

j
**, v

i
** > = 0 if i ≠ j.  If i =

j, then qi = < v
i
**, v

i
** > ∈ by Lemma A3.  It follows that Ti * (ξµ) = (ci qi ) v.  If

πµ: V → Vµ is the projection, then πµ ∈ ( ) (cf. [Hu, p.156]).  Hence ξµ = πµ(ξ) ∈

F-span ( ’)  and Ti * (ξµ) ∈ F-span ( ’) ∩ Vλ by  1) of Lemma A1 and 1) of Lemma

A2.  It follows that (ci qi ) v 
= Ti * (ξµ) = c v for some c ∈ F by 2) of Lemma A1, and we

conclude that ci ∈ F since qi ∈ ⊆ F and  qi = < v
i
**, v

i
** > ≠ 0. 

The next result will prove 2) of Theorem A in case 2.

Lemma A5

Let  = * ∪ i *.  Then -span ( ) = -span ( ’).

Proof

By the definition of , F-span ( *) = -span ( ), and hence  -span ( ’) ⊆

-span ( ) by Lemma A4.  Equality holds since both  and ’ have the same

cardinality as -bases of U and are linearly independent over .
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We now return to the second main result of this section, classifying up to -

equivalence the elements of  B( , o).  We consider only the case that U is irreducible.

We begin with  separate statements for each of the two cases listed in section 3.1 of [E],

and then combine them into a single unified result in Theorem B.

Proposition B1

Let U be an irreducible, real o - module such that V = U  is an irreducible o -

module.  Let o be a real Chevalley basis for o.  Let 1 and 2 be bases of U such

that o leaves invariant - span ( i) for i = 1, 2.  Then 1 is - equivalent to t 2

for some nonzero real number t.

Proposition B2

Let U be an irreducible, real o - module such that   U = V , where V is an

irreducible, complex o -module and V denotes V considered as a real vector space.

Let o be a real Chevalley basis for o.  Let 1 and 2 be bases of U such that o

leaves invariant - span ( i) for i = 1, 2.  Then 1 is - equivalent to t 2 for some

nonzero complex number t.

We now combine the two results above into a single statement.

Theorem B

Let U be an irreducible, real o - module, and let Z( o) = {T ∈ GL(U) : T

commutes with every element of o}.   Let 1 and 2 be any two elements of

B( , o).  Then there exists an element T of  Z( o) such 1 and T( 2) are

-equivalent.

Proof of Theorem B

We assume Propositions B1 and B2 for the moment.  Under the hypotheses of

Proposition B1 we define T = t Id ∈ Z( o), where t is the real number that appears in the

statement of that result.  We may restate Proposition B1 by saying that 1 and T( 2) are

-equivalent.
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Next, let t = a + i b be the complex number that appears in the statement of

Proposition B2.  Define Jo in Z( o) to be multiplication by i = √-1.  If T = a Id + b Jo,

then T ∈ Z( o), and we may restate Proposition B2 by saying that 1 and T( 2) are -

equivalent.

We now prove Propositions B1 and B2.

Proof of Proposition B1

Let λ be the highest weight in Λ(V), and let Vλ denote the corresponding highest

weight space.  Let τ be the unique element in the Weyl group W such that τ2 = Id, τ(Φ+) =

Φ− and τ(Φ−) = Φ+.  Let Tτ be the transformation in ( ) ∩ GL(V) constructed in

Proposition 2.4a of [E].  By Propositions 3.2d and 3.2e of [E],  J ο Tτ leaves invariant Vλ,

and its +1 eigenspace Vλ is a 1-dimensional real subspace of Vλ.

For i = 1, 2,  the discussion of case 1 in Theorem A , especially assertion b), says

that there exists a nonzero vector v
i
 in F-span (

i
) ∩ Vλ , a finite -basis 

i
* for

( ) (v
i
) and a finite -basis 

i
’ for -span {Re (

i
*), Im (

i
*)} such that  

1
’ and

2
’ are -bases for U and - span ( i) = - span ( i’) for i = 1, 2.   Since Vλ is 1-

dimensional over there exists a nonzero real number t such that  v
1
 = t v

2
 .   It follows

routinely that - span ( 1) = t - span ( 2) = - span (t 2) ; that is, 1 is -

equivalent to t 2.

Proof of Proposition B2

The proof is virtually identical to the proof of Proposition B1.  For k = 1, 2, case 2

of  Theorem A says that there exists a nonzero vector vk in F-span ( k) ∩ Vλ  and a finite

-basis 
k
*  for ( ) (v

k
) such that if 

1
’ = 

1
* ∪ i 

1
* and 

2
’ = 

2
* ∪ i 

2
*,

then 
1
’ and 

2
’ are -bases for U and - span ( k) = - span ( k’) for k = 1,2.

The vector space Vλ is 1-dimensional over since V is an irreducible, complex o -

module. Hence there exists a nonzero complex number t such that  v
1
 = t v

2
 .  As above, it

follows routinely that - span ( 1) = t - span ( 2) = - span (t 2).
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Section 3 Properties of the rational subgroups Go, ,

We adopt the following hypotheses and notation in this section.  Go is a compact ,

connected semisimple Lie group, and o is the Lie algebra of Go.  U is a finite

dimensional real vector space, and ρ : Go → GL(U) is a representation with derived

representation dρ : o → End(U).  As above, o is a fixed real Chevalley basis of o,

and B( , o ) is the set of bases of U such that dρ( o) leaves invariant

- span ( ).  For ∈ B( , o ),  Go, , 
= {g ∈ Go : ρ(g) leaves invariant

-span ( ).  Go, = {g ∈ Go : Ad(g) leaves invariant -span ( o)}.

The results of section 2 of [E] will be useful in this section, whose main result is

Theorem C

Let ρ : Go → GL(U) be as above, and let Go* = {g ∈ Go : cρ(g)
 leaves invariant

-span {dρ( o)}, where cρ(g) 
denotes conjugation in End(U) by ρ(g).  Then

1)  The group Go, , 
is independent of the basis in B( , o ).

2)  Go, ⊆ Go*, with equality if ρ has finite kernel.

3)  Go, ,
is the kernel of a homomorphism : Go* → A, where A is an abelian

     group.

4)  The group Go* /  Go, ,
is abelian, and every element of Go* /  Go, ,

has

      finite order.

Remarks

1)  By 1) of Theorem C the abelian group  Go, / Go, ,
is independent of in

B( , o) and hence depends only on the real Chevalley basis o for o and the

representation ρ : Go → GL(U).  In fact, the isomorphism type of the group

Go, / Go, ,
is unchanged if we replace o by Ad(g) o  for any g ∈ Go, which

corresponds to replacing the Cartan subalgebra of = o  by the Cartan subalgebra

’ = Ad(g)( ) of .
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2)  The group Go* /  Go, ,
is sometimes an infinite group as we show in the

appendix  for certain irreducible real SU(2) modules. Note that in this case ρ always has

finite kernel since SU(2) is simple.

Proof of Theorem C

The proof of 1) of Theorem C is rather lengthy, and we sketch a brief outline now.

Recall that F = (i) = + i .  If is a real basis of U, then  is also a complex basis

of V = U , and if B ∈ B( , o ), then B ∈ B(F, ) = { -bases * of V such that 

leaves invariant F-span ( *)}.  Here denotes the Chevalley basis of =  o that

defines o (cf. section 1.5 of [E]). The key step in the proof is to show that Go, ,
=

Go, ,F 
, where Go, ,F 

= {g ∈ Go : ρ(g) leaves invariant F-span ( )}.  Note that

Z( ) commutes with o and hence with Go, which is generated by exp ( o)

Furthermore, for any basis in B(F, ) and any elements T of Z( ) and g of Go , the

matrices of g relative to and T ( ) are the same.  In particular Go, ,F 
is independent

of the basis of B(F, ) by Lemma C2 below, and 1) of Theorem C now follows

immediately.

 To prove 1) we need to work first with isotypic modules.

Let be a finite dimensional complex, semisimple Lie algebra.  A complex -

module V is isotypic if any two irreducible submodules of V are equivalent as -modules.

If W is any irreducible complex submodule of V, then V is equivalent to the direct sum

W ... W (n times), where n is some positive integer.  Moreover, W ... W

(n times) is equivalent to W ⊗ n, where acts trivially on the n factor by setting

X(v⊗ξ) = X(v)⊗ξ for all v ∈ W and all ξ ∈ n.  Given a basis {ξ
1
, ... , ξn} of n one

defines a -homomorphism : W ... W (n times) →  W ⊗ n by (v
1
, ... , vn)

=Σ ˚
i=1

n
 vi ⊗ξi.  Given v ∈ W and ξ = Σ ˚

i=1

n
 ci ξi it follows that (c

1
v, ... , cnv) = v⊗ξ , and
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hence is surjective.  We conclude that  is an isomorphism since W ... W (n

times) and W ⊗ n have the same dimension.  Note that −1(W ⊗ ξ ) is an irreducible -

submodule of V for every ξ ∈ n.

A real o-module U is isotypic if any two irreducible submodules of U are

equivalent as o-modules.  The discussion above of complex isotypic -modules carries

over to the real case.

To prove 1) of Theorem C we need some intermediate results.  We recall the

notation  F = (i) = + i = {a + bi ∈ : a ∈ and b ∈ }.

Lemma C1

Let V be a complex -module and write V = V
1
 ... Vp, such that each Vi is

an isotypic -submodule equivalent to Wi ⊗ 
ni, where ni is a positive integer, Wi is an

irreducible -submodule of V and the submodules Wi, 1 ≤ i ≤ p, are all inequivalent as -

modules.  Fix a Chevalley basis for , and let * be a basis for V such that  leaves

invariant F-span ( *).  Then there exists a basis ** for V with the following properties :

1)  ** is a union of bases k
** for Vk  for 1 ≤ k ≤ p.

2)  and ( ) leave invariant  -span ( k
**)  for 1 ≤ k ≤ p.

3)   F-span ( *) =  F-span ( **).  ( ) leaves invariant -span ( **).

Proof of Lemma C1

Let V = V
1
 ... Vp be the decomposition of V into distinct isotypic

components, and write Vi  = Wi ⊗ 
ni  as above.

If Wi = (Wi)o + Σ˚
µ∈Λi(Wi)

(Wi)µ   (direct sum) is the weight space decomposition

for Wi , then since acts trivially on the 
ni  factor of Vi , it is easy to see that

Vi = (Wi)o⊗ 
ni + Σ˚

µ∈Λi(Wi)
{(Wi)µ ⊗ 

ni } (direct sum)  is the weight space

decomposition for Vi .  In particular Wi and Vi have the same weights.  Let λi be the

highest weight for Wi (hence also for Vi), and let Wλi
 denote the corresponding 1-
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dimensional highest weight space for Wi.  If Vλi 
is the highest weight space for Vi , then

Vλi 
= Wλi

 ⊗ 
ni  by the discussion above.  Note that the highest weights {λi : 1 ≤ i ≤ p}

are all distinct since the irreducible -modules {Wi : 1 ≤ i ≤ p} are all inequivalent (cf. for

example, [Hu, p. 109]).  Hence every highest weight space for V is a highest weight space

for Vi for some i.

Sublemma 1

1)  Let vi be any nonzero vector in Wλi
.  Then Vλi  

= {vi ⊗ ξ : ξ ∈ 
ni }.

2)  Let * be a basis of V = V
1
 ... Vp  such that leaves invariant

     F-span ( *).  For every integer i with 1 ≤ i ≤ p there exists a nonzero vector  vi

     in Wλi
 and a dense subset  Xi in 

ni such that  {vi ⊗ ξ : ξ ∈ Xi } =

     F-span ( *) ∩ Vλi
.

Proof

1)  This follows immediately from the fact that Vλi 
= Wλi

 ⊗ 
ni  and Wλi

 is 1-

dimensional.

2)  Fix an integer i with  1 ≤ i ≤ p.   If πi is the projection of V onto the highest

weight space of V corresponding to λi, then πi is an element of ( ) ( [Hu. p.156]).

By the remark preceding sublemma 1,  πi (V) = Vλi 
⊆ Vi , where Vλi 

is the highest weight

space of Vi corresponding to λi.

Since leaves invariant F-span ( *) it follows that ( ) leaves invariant F-

span ( *) (cf. the proof of 1) of Theorem A).  We conclude that F-span ( *) ∩ Vλi 
is

dense in Vλi 
since F-span ( *) is dense in V and F-span ( *) ∩ Vλi 

 contains the subset

πi (F-span ( *)), which is dense in πi (V) = Vλi
.  If vi is any nonzero vector in

F-span ( *) ∩ Vλi
, then  2) becomes an immediate consequence of 1).

Sublemma 2

1)  For every integer i with 1 ≤ i ≤ p there exists a nonzero vector vi in Wλi
 and a

basis {ξ
1
, ... , ξni

} of 
ni  such that {vi ⊗ ξj : 1 ≤ j ≤ ni} ⊆ F-span ( *) ∩ Vλi

.
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2)  Let  i
* be  a -basis for ( ) (vi ) ⊆ Wi, and let i

** be the union of the

sets { i
* ⊗ ξj   : 1 ≤ j ≤ ni}.  Then for all 1 ≤ i ≤ p,  i

** is a basis for Vi such that

i
** ⊆ F-span ( *) and ( ) leaves invariant -span ( i

**).

Proof

1)  This follows immediately from 2) of Sublemma 1.

2)  It is known that i
* is a -basis of Wi  for 1 ≤ i ≤ p since vi is a nonzero

highest weight vector of Wi.  See for example [Hu, p.156].  If i
** is the union of the

sets { i
* ⊗ ξj   : 1 ≤ j ≤ ni}, then -span ( i

**) ⊇ Wi ⊗ ξj for 1 ≤ j ≤ ni  since i
* ⊗

ξj  is a -basis for Wi ⊗ ξj .  Hence -span ( i
**) = Wi ⊗ 

ni = Vi since {ξ
1
, ... , ξni

}

is a basis of 
ni.  It follows that i

** is a basis of Vi since  i
** = ni 

 i
* = dim

Vi.

Clearly ( ) leaves invariant -span ( i
*) = ( ) (vi ), and hence for 1 ≤ j

≤ ni  it follows that ( ) (( i
*⊗ ξj)) ⊆  -span ( i

*⊗ ξj) ⊆ -span ( i
**).  It

follows that ( ) ( i
**) ⊆ -span ( i

**), or equivalently that ( ) leaves

invariant -span ( i
**) for all 1 ≤ i ≤ p.

By 1) and the fact that ( ) leaves invariant F-span ( *) it follows that  F-span

( *) contains ( ) (vi ⊗ ξj ) = -span ( i
*⊗ ξj) for 1 ≤ i ≤ p and 1 ≤ j ≤ ni.  Hence

F-span ( *) ⊇ i
** for 1 ≤ i ≤ p, which completes the proof of 2).

We now complete the proof of Lemma C1.  Let ** be the union of the bases

i
** for Vi, 1 ≤ i ≤ p.  Then ** is a basis for V that satisfies 1) of Lemma C1.

Assertion 2) of Lemma C1 follows from 2) of Sublemma 2 and the fact that ⊆ ( )

by the discussion in section 1.6 of [E].  Since i
** ⊆  F-span ( *) for 1 ≤ i ≤ p by 2) of

Sublemma 2 it follows that F-span ( **) ⊆ F-span ( *).  Equality holds since ** and

* have the same cardinality as -bases of V and both are linearly independent over F.

By 2) of Lemma C1, ( ) ( i
**) ⊆ -span ( i

**) ⊆ -span ( **) for 1 ≤ i ≤ p.  It

follows that ( ) leaves invariant -span ( **), which completes the proof of 3) of

Lemma C1.
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If 1
*
 and 2

*
 are two bases of a complex -module V, then we say that 1

*

and 2
*
  are F-equivalent if F-span ( 1

*) = F-span ( 2
*), where F = (i) = + i .

For a Chevalley basis of we define B(F, ) to be the set of -bases * of V such

that  leaves invariant F-span ( *).

Lemma C2

Let V be an arbitrary complex  - module, and let Z( ) = {T ∈ GL(V) : T

commutes with every element of }.   Fix a Chevalley basis of .  Let 1
*
 and 2

*

be any two elements of B(F, ).  Then there exists an element T of  Z( ) such that

1
* and T( 2

*) are F-equivalent.

Proof 

Isotypic case

We first consider the case that V = W ⊗ n is an isotypic module, where W is an

irreducible -module.  Let 1
*
 and 2

* be any two bases in B(F, ).  Let λ be the

highest weight for W (and hence also for V), and let Wλ denote the 1-dimensional highest

weight space in W.  Assertion 1) of Sublemma 2 in Lemma C1 shows

(*)      There exist nonzero vectors v
1
 and v

2 
in Wλ and bases {ξ1

j : 1 ≤ j ≤ n} and 

{ξ2
j : 1 ≤ j ≤ n} for n such that {vi ⊗ ξi

j : 1 ≤ j ≤ n} ⊆ F-span ( i
*) for

            i = 1,2.

Since Wλ is 1-dimensional we may choose a nonzero µ ∈ such that µv
2 

= v
1
.

Let Tµ : W → W denote multiplication by µ.  Define S ∈ GL(n, ) by requiring S(ξ2
j) = ξ1

j

for  1 ≤ j ≤ n.  If T = Tµ ⊗ S, then clearly T ∈ GL(V), and T commutes with .

We assert that F-span ( 1
*) = F-span (T( 2

*)), which will complete the proof in

the case that V is isotypic.  By hypothesis leaves invariant F - span ( i
*) for i = 1,2,

and hence also leaves invariant F-span (T( 2
*)) = T {F-span ( 2

*)} since T

commutes with .  It follows that ( ) leaves invariant both F-span ( 1
*) and
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F-span (T( 2
*).

By the definition of T both F-span ( 1
*) and F-span (T( 2

*)) contain the set
__

1
 = {v

1
 ⊗ ξ1

j : 1 ≤ j ≤ n}.  Hence by the observation above both  F-span ( 1
*) and

F - span (T( 2
*)) contain ( ) (

__

1
), which is the union of the sets ( ) (v

1
) ⊗ ξ1

j

for 1 ≤ j ≤ n.  The set ( ) (v
1
) contains a - basis * for W ([Hu, p.156]).  Hence if

** is the union of the sets * ⊗  ξ1
j  for 1 ≤ j ≤ n, then ** is a - basis for V = W

⊗  n, and ** ⊆ F-span ( 1
*) ∩ F-span (T( 2

*)).  Since **, 1
* and T( 2

*)

are sets with the same cardinality that are linearly independent over F it follows that  F-span

( 1
*) = F-span ( **) = F-span (T( 2

*)).

Nonisotypic case

We now consider the case that V is an arbitrary complex -module, and we write

V = V
1
 ... Vp , the decomposition of V into distinct maximal isotypic submodules

Vi .   Let 1
*
 and 2

* be any two bases in B(F, ).  By Lemma C1 we can find bases

i,α
** for Vα , 1 ≤ α ≤ p, i = 1, 2 such that if  i

**is the union of the bases i,α
** for

1 ≤ α ≤ p and i = 1, 2, then  

1)  i
** is a basis for V for i = 1, 2.

2)  leaves  invariant  F-span ( i,α
**)  for 1 ≤ α ≤ p, i = 1, 2.

3)   F-span ( i
*) = F-span ( i

**) for i = 1,2.

By 2) and the isotypic case considered above there exists Tα ∈ GL(Vα) , 1 ≤ α ≤

p, such that Tα commutes with on Vα and F-span (
1,α

**) =  F-span (Tα ( 2,α
**))

for 1 ≤ α ≤ p.  If T = T
1
 x ... x Tp, then T ∈ GL(V) and T commutes with on V.

Moreover, F-span (
1
**) = F-span (T (

2
**)) = T ( F-span (

2
**)), and Lemma C2

now follows from 3) above.

We now complete the proof of 1) of Theorem C. We apply the sublemmas above in

the case that V = U  and = o  .  First we observe
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(*) Let 
1 

and 
2
 be bases in B( , o), and let g be any element of Go.  

Then g leaves invariant F-span (
1
) ⇔ g leaves invariant F-span (

2
), 

regarding 
1
 and 

2 
as  - bases of V.

Proof

By the relationship between  and o described in section 1.5 of [E] it is easy to

see that 
1
 and 

2  
belong to B(F, ) since they belong to B( , o).  By Lemma C2

there exists an element T of Z( ) such that F-span (
1
) = F-span (T (

2
)) = T (F-span

(
2
)).  The assertion (*) now follows immediately since T commutes with elements of

Go.

Now let 
1
 and 

2 
be any bases in B( , o), and let g be any element of Go.

For j = 1,2 we note that  F - span (
j
) = - span (

j
)  + i - span (

j
) and hence

- span (
j
)  = F - span (

j
) ∩ U.  It follows that g leaves invariant - span (

j
) ⇔

g leaves invariant F - span (
j
) since g(U) = U.  Hence by (*) Go, 1 ,

= Go, 2 ,
.

We now prove assertions 2), 3) and 4) of Theorem C.  To prove 2) we need a

preliminary result.

Lemma C3

Let H be any connected Lie group with Lie algebra .   Let U be a finite

dimensional real vector space, and let ρ : H → GL(U) be a Lie group homomorphism with

derived Lie algebra homomorphism dρ :  → End(U).  Then dρ (Ad(h) Z) =

ρ(h) ο dρ(Z) ο ρ(h)−1 for all h ∈H and all Z ∈ .

Proof

For any t ∈ we have  e t dρ Ad(h)Z = ρ (e t Ad(h) Z) = ρ (h e t Z h−1) =

ρ(h) e t dρ(z) ρ(h)−1 .  Differentiating at t = 0 proves the lemma.

We now complete the proof of 2) of Theorem C.  Let g ∈ Go,  and Z ∈ o be

given.  By hypothesis Ad(g)Z ∈ -span ( o), and by the lemma above ρ(g) ο dρ(Z) ο

ρ(g)−1 = dρ (Ad(g) Z) ∈ -span (dρ ( o)).  This proves that Go, ⊆ Go* since g ∈

Go,  and Z ∈ o were  arbitrary.
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Now let ρ have finite kernel, which implies that dρ : o → End(U) is injective and

dρ−1 : dρ( o) → o exists.  Given g ∈ Go* and Z ∈ o , we know that dρ (Ad(g) Z) =

ρ(g) ο dρ(Z) ο ρ(g)−1 ∈ -span (dρ ( o)) = dρ ( -span ( o)) by the definition of Go*.

Applying dρ−1 shows that Ad(g) Z ∈ -span ( o), which proves that Go* ⊆ Go, .

To prove assertions 3) and 4) of Theorem C we consider first the irreducible case

and then pass to the reducible case.

The case that U is irreducible

3)  We also need a preliminary result here.

Lemma C4

Let X be a finite dimensional real vector space, and let W be a subspace of End(X).

Let = {Z
1
, ... , Zn} and = {u

1
, ... , u

m
} be bases for W and X respectively such

that each Zi has a -matrix relative to .  Let Z ∈ W be an element such that Z has a -

matrix relative to .  Then Z ∈ -span ( ).

Proof Write Z = Σ˚
i=1

n
 αi Zi , where αi ∈ for all i.  Define a positive definite inner

product < , > on W by  < Z, Z* > = Σ ˚
i˚j=1

n
 Zij Zij*, where (Zij) and ( Zij*) are the

matrices of Z and Z* relative to .  By hypothesis  qij = < Zi, Zj > ∈ for all i,j and rj =

< Z, Zj > ∈ for all j.  Hence QA = R, where Q = (qij), A = (α
1
, ... , αn)t and R =

(r
1
, ... , rn)t , and we conclude that A = Q−1R ∈ n since Q−1 and R have entries in .

For the rest of the proof in the irreducible case we fix a basis  of the Go-module

U such that dρ( o) leaves invariant -span ( ).

Step 1   Go, ,
  is a subgroup of Go*.

Fix an element g of Go, ,
.  We show first that  -span ( ) =  -span

(ρ(g)( )), which is equivalent to the statements ρ(g) ( ) ⊆  -span ( ) and ⊆

 -span (ρ(g) ( ).  The first inclusion follows since g ∈ Go, ,
.  Similarly,

ρ(g−1) ( ) ⊆  -span ( ), which implies that ⊆ ρ(g) {  -span ( )} =
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 -span (ρ(g) ( ).

Next, we show that the element {ρ(g) ο dρ( o) ο ρ(g)−1} leaves invariant

 -span ( ).  By the previous paragraph we compute {ρ(g) ο dρ( o) ο ρ(g)−1} (  -span

( )) = {ρ(g) ο dρ( o) ο ρ(g)−1} (  -span (ρ(g) ( )) = {ρ(g) ο dρ( o)} (  -span ( ))

⊆ ρ(g) (  -span ( )) ⊆  -span ( ).

We apply Lemma C4 to W = dρ ( o) and X = U.  Choose {Z
1
, ... , Zm} ⊆ o

so that {dρ (Z
1
), ..., dρ (Zm)} is a basis of dρ( o). For any Z ∈ o the element

ρ(g) ο dρ(Z) ο ρ(g)−1  = dρ (Ad(g) Z) is an element of dρ( o) that has a -matrix relative

to by the discussion above.  Hence cρ(g)
(dρ(Z)) = {ρ(g) ο dρ(Z) ο ρ(g)−1} ∈

-span {dρ (Z
1
), ..., dρ (Zm)} ⊆ -span (dρ( o)) by Lemma C4.  It follows that  cρ(g)

leaves invariant -span {dρ( o); that is, g ∈ Go*, which completes the proof of Step 1.

Next we consider the case that U is an irreducible o-module, and separate the

arguments into the two cases 1) and 2) stated in section 3.1 of [E].

Step 2  Let g ∈ Go*.  Then

1)  If U is an irreducible o-module as in Case 1, then for every g ∈ Go* 

     the matrix of g relative to equals t C, where t is a nonzero real

     number and C is a -matrix.  Moreover, tn ∈ , where n = dim U.

2)  If U is an irreducible o-module as in Case 2, then for every g ∈ Go* 

     the matrix of g relative to equals t C, where t is a nonzero complex 

     number and C is a -matrix.  Moreover, tn ∈ , where n = dim U.

Proof

We prove 2) only since the proof of 1) is virtually identical, using Proposition B1

instead of Proposition B2.  Let g  ∈ Go* and Z ∈ o be given.  Then  g−1 ∈ Go* and

ρ(g)−1 ο dρ(Z) ο ρ(g) ∈ -span (dρ( o)) by the definition of Go*.  By the choice of 

we know that -span (dρ( o)) leaves invariant -span ( ).  It follows that

{ρ(g)−1 ο dρ(Z) ο ρ(g)}( ) ⊆ -span ( ), which implies that dρ(Z) (ρ(g) ( )) ⊆
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-span (ρ(g) ( )).  In particular, dρ( o) leaves invariant -span (ρ(g) ( )) since Z ∈

o was arbitrary.  Hence -span (ρ(g) ( )) = -span (t ) = t -span ( ) for some

nonzero complex number t by Proposition B2.  It follows that the matrix for ρ(g) relative to

has the form t C, where C is an n x n matrix with entries in .

The function g → det ρ(g) is a continous homomorphism of Go into the

multiplicative nonzero real numbers *.  It follows that  det ρ(g) = 1 for all g ∈ Go  since

Go  is compact and connected.  In particular, 1 = det ρ(g) = tn (det C), which implies that

tn ∈ since det C ∈ .  The proof of 1) and of Step 2 is complete.

Step 3  The group Go, ,
is the kernel of a homomorphism :  Go* → A,

where A is an abelian group that equals * / * in case 2 and * / * in case 1.  Every

element in the group Go* / Go, ,
  has finite order that divides n = dim U.

Proof

Here *, * and * denote the nonzero elements of , and respectively. As

in Step 2 we consider  case 2) only since the proof in case 1) is almost identical. Given g ∈

Go* we know from Step 2 that the matrix of ρ(g) relative to has the form t C, where t is

a nonzero complex number and C is an n x n matrix with entries in .  The complex

number t and the matrix C are not unique, but it is easy to see that if t C = t* C*, where t*

is another nonzero complex number and C* is another n x n matrix with entries in , then

t / t* ∈ .   Now define A = * / *, and let :  Go* → A be the map given by (g)

= t * ∈ A, where ρ(g) has matrix t C relative to and C has all entries in .  It is easy

to check that is a well defined homomorphism whose kernel is Go, ,
.  Finally,

since tn ∈ by Step 2 it follows that (g)n = 1 in for all g ∈ Go*, which completes

the proof of Step 3.

The proof of Theorem C is now complete in the case that U is irreducible since the

proof of 3) is contained in the proof of Step 3) while 4) is an immediate consequence of

Step 3.
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The case that U is reducible

Let U be a reducible Go-module, and and write U = U
1
 ...  U

N 
, where each

Ui is an irreducible Go-module.  For 1 ≤ i ≤ N let ρi : Go → GL(Ui) denote the restriction

of  ρ : Go → GL(U) to Ui , and let G *o˚i = {g ∈ Go : cρi(g) leaves invariant

-span (dρi( o))}.  From the definition of Go* in the statement of Theorem C we obtain

(a)  Go* ⊆ ∩
i=1

N

 G *o˚ i

Next, for 1 ≤ i ≤ N let i be a basis of Ui such that dρi( o)) leaves invariant

-span ( i ), and let = ∪
i=1

N

 i.  Then is a basis of U such that dρ( o)) leaves

invariant -span (  ).  If Go, i ,
= {g ∈ Go : ρi(g) leaves invariant -span ( i )},

then

(b)  Go, ,
= ∩

i=1

N

 Go, i ,

Note that Go, ,
 is independent of the basis in B( , o) by 1) of Theorem C.

For 1 ≤ i ≤ N, by the irreducible case just completed, there exists an abelian group

Ai and a homomorphism i : G *o˚i → Ai such that Go, i ,
= Ker ( i).  If A =

A
1
 x ... x A

N
  and = 

1
 x ... x 

N 
, then : Go* → A is a homomorphism by (a), and

Ker ( ) = Go, ,
by  (b).  This proves 3) of Theorem C in the reducible case.

To prove 4) of Theorem C in the reducible case observe that Go* / Go, ,
is

isomorphic to (Go*) = 
1
(G *o˚1) x ... x 

N
(G *o˚N) ⊆ A

1
 x ... x A

N
  = A.  By (3) in the

irreducible case every element of 
i
(G *o˚i) has finite order for 1 ≤ i ≤ N, and hence every

element of (Go*) has finite order.  The proof of 4) and hence of Theorem C is

complete.

Appendix SU(2) Examples

In this appendix we illustrate the results in the text for the irreducible, real

representations of SU(2), which can be described completely and rather simply.  Before
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beginning this description we obtain a result that will be immediately useful for the SU(2)

representations and useful in general for real irreducible representations of type 1 in the

terminology of Proposition 3.1a of [E].

Proposition A1

Let Go be a compact, connected, semisimple Lie group with Lie algebra o.  Let U

be a finite dimensional real Go-module, and let V = U , a complex -module ,where =

o .  Suppose that U and V admit respectively an -basis and a -basis * with the

following properties :

1)  J leaves invariant -span ( *), where J : V → V is the conjugation map 

     determined by U.

2)  -span ( ) = -span (Re ( *), Im ( *))

Then given T ∈ End (U), T leaves invariant -span ( ) ⇔  T leaves invariant

F-span ( *), where F = (i) = + i  .

Remark  We have not assumed that either U or V is irreducible.

Before proving this result we derive two corollaries that allow us to use more

familiar data and methods from the setting of complex semisimple Lie algebras.

Corollary 1

Let U, V, and * be as above.  Let = {Hβ : β ∈ ∆ ; ξα : α ∈ Φ} be a

Chevalley basis for   such that  o = -span ( o ), where o = {i Hβ : β ∈ ∆ ; Αα,

Βα  : α ∈ Φ+} is the corresponding real Chevalley basis.  Then o leaves invariant -

span ( ) ⇔ leaves invariant F-span ( *).

Corollary 2

Let = {Hβ : β ∈ ∆ ; ξα : α ∈ Φ} be a Chevalley basis for   such that  o =

-span ( o ), where o = {i Hβ : β ∈ ∆ ; Αα, Βα  : α ∈ Φ+} is the corresponding real

Chevalley basis.  Let Go be any compact, connected semisimple Lie group with Lie algebra
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o.  If g ∈ Go is arbitrary, then Ad(g) leaves invariant -span ( o) ⇔ Ad(g) leaves

invariant F-span ( ).

Proof of corollary 1

Observe that Aα = ξα − ξ−α and Bα = i ξα +  i ξ−α for all α ∈ Φ+, which imply

that  ξα = (1/2) (Aα− i Bα) and  ξ−α = − (1/2)  (Aα+ i Bα).   Hence o leaves invariant

F-span ( *) ⇔ leaves invariant F-span ( *).  The assertion is now an immediate

consequence of the proposition above.

Proof of corollary 2

We apply the proposition above to the adjoint representation Ad : Go → GL( o)

and the bases = o for U = o and * = for V = o .  It is easy to verify from

the relations between o and  as stated  in the proof of corollary 1 that the bases o and

 satisfy the conditions 1) and 2) of the proposition above.

To prove  Proposition A1 we need a preliminary result.

Lemma

1)  If ξ ∈ F-span ( *), then Re (ξ) ∈ F-span ( *) and Im (ξ) ∈ F-span ( *).

2)  Re {F-span ( *)} = Im {F-span ( *)} = -span ( ).

3)  F-span ( *) = -span ( ) + i -span ( ).

Proof of the lemma

1)  It suffices to show that the conjugation operator J leaves F-span ( *) invariant

since Re (ξ) = (1/2) (ξ+J(ξ) ) and Im (ξ) = (1/ 2i) (ξ−J(ξ)).  If * = {v
1
, ... , vn} and ξ

∈ F-span ( *), then ξ = Σ ˚
j=1

n
 (αj+i βj) vj, where αj, βj ∈ for all j.  Hence J(ξ) =

Σ ˚
j=1

n
 (αj − i βj) J(vj) ∈ F-span ( *) since J leaves invariant -span ( *) by hypothesis.

2)  If ξ ∈ F-span ( *), then i ξ ∈ F-span ( *).  Since Re (ξ) = Im (i ξ) and

Im (ξ) = Re (− i ξ) it follows that Re {F-span ( *} = Im {F-span ( *}.

Let * = {v
1
, ... , vn} and let ξ ∈ F-span ( *) be given.  If we write ξ =
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Σ ˚
j=1

n
 (αj+i βj) vj , where αj, βj ∈ for all j, then by breaking each vj into real and

imaginary parts we obtain

ξ = Σ ˚
j=1

n
 (αj Re (vj ) − βj Im (vj )) + i {Σ ˚

j=1

n
 (αj Im (vj ) + βj Re (vj ))}.  By hypothesis

-span ( ) = -span (Re ( *), Im ( *)) , and it follows that Re {F-span ( *)} =

Im {F-span ( *)} ⊆ -span ( ).  To show the reverse inclusion it suffices to show that

⊆ Re {F-span ( *)} = Im {F-span ( *).  If u ∈ ⊆ -span (Re ( *), Im ( *)),

then we may write u = u
1
 + u

2
, where u

1 
∈ -span (Re ( *)) and u

2 
∈ -span (Im

( *)).  Note that  -span (Re ( *) = Re ( -span ( *)) ⊆ Re {F-span ( *)}, and

hence  u
1 

∈ Re {F-span ( *)}.  Similarly u
2 

∈ Im {F-span ( *)} = Re {F-span ( *)},

and we conclude that u = u
1
 + u

2 
∈ Im {F-span ( *)} = Re {F-span ( *)} for all u ∈

.

3)  If ξ ∈ F-span ( *), then Re (ξ) and Im (ξ) lie in -span ( ) by 2), and hence

F-span ( *) ⊆ -span ( ) + i -span ( ).  To show the reverse inclusion it suffices to

show that -span ( ) ⊆ F-span ( *), but this is an immediate consequence of 1) and

2).

Proof of Proposition A1

Let T be an element of End(U) that leaves invariant -span ( ), and let ξ ∈

F-span ( *) be given.  Then Re (ξ) and Im (ξ) belong to -span ( ) by 2) of the lemma

above, and it follows that T (ξ) = T (Re (ξ)) + i T (Im (ξ)) ∈ -span ( ) + i -span ( )

= F-span ( *) by 3) of the lemma.  Conversely, let T be an element of End(U) that leaves

invariant F-span ( *), and let x ∈ -span ( ) be given.  By 2) of the lemma x = Re (ξ)

for some ξ ∈ F-span ( *), and hence T (x) = T (Re (ξ)) = Re (T (ξ)) ∈

Re {F-span ( *)} = -span ( ).
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Irreducible complex SU(2) representations

We describe first the irreducible, complex representations of SU(2) =

{g ∈ GL(2, ) : gg* = Id, det g = 1}, where g* denotes the conjugate transpose of g.

Hence SU(2) = {
 



 

α ˚ ˚ β

− β
_ _

˚ ˚α
__  : α, β ∈  and α2+ β2= 1}.  SU(2) is also

isomorphic to the group of unit quaternions acting on by left translations, and hence

SU(2) is diffeomorphic to S3.

For each integer n ≥ 1 let Vn denote the set of complex, homogeneous polynomials

of degree n in the two complex variables z
1
 and z

2
.  The complex dimension of Vn is n+1,

and a natural basis for Vn is given by the set * = {Po, P
1
, ... , Pn}, where Pk(z

1
, z

2
) =

z
1
k z

2
n-k for 0 ≤ k ≤ n.   GL(2, ) acts on Vn by  (gP)(z

1
, z

2
) = P((z

1
, z

2
)g) =

P(az
1
 + cz

2
, bz

1
 + dz

2
) for g = [ ]a ˚ ˚ b

c ˚ ˚ d  ∈ GL(2, ) and P ∈ Vn.  The subgroup SU(2)

acts irreducibly on Vn for each n, and each complex, irreducible representation of SU(2) is

equivalent to Vn for some n.  The representation of SU(2) on Vn is faithful for every

positive integer n.  See [B.- tD, pp. 84-86] for details.

Let  go = 
 


 
0 − ˚ i

˚ ˚ i ˚ ˚ ˚ ˚ ˚ 0 ˚
 ∈ GL(2, ).  For each irreducible SU(2) module Vn let

c : Vn → Vn be the unique conjugate linear map that fixes each Pk, 0 ≤ k ≤ n.  For each n

we define the map J = go ο c : Vn → Vn , which can also be described by

(J P) (z
1
, z

2
) = Σ˚

j=0

n
 cj

__
 Pj (i z2

, − i z
1
), where P = Σ˚

j=0

n
 cj Pj.

The transformation J has the following properties :

1)  J is conjugate linear

2)  J ο g = g ο J for all g ∈ SU(2).

3)  J Pk =  i n (−1)n-k Pn-k for all 0 ≤ k ≤ n.

4)  J2 = Id if n is even

5) J2 = −Id if n is odd.
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Properties 1, 3), 4) and 5) follow routinely from the definition of J although 1) is

also useful for the proofs of 4) and 5).

We prove 2).  Let  g = 
 



 

α ˚ ˚ β

− β
_ _

˚ ˚α
__  be an arbitrary element of SU(2).   It suffices to

show that (J ο g)(Pk) = (g ο J)(Pk) for 0 ≤ k ≤ n  since both g ο J and J ο g are conjugate

linear maps of Vn.  Note that gog
_
 = ggo for all g ∈ SU(2), where g

_
 =  

 



 

α

__
˚ ˚β

__

−β ˚α
 .   For

0 ≤ k ≤ n it is easy to show that gPk = Σ˚
j=o

n
 Qkj(g) Pj, where each Qkj is a polynomial with

integer coefficients in the coordinate functions {zij : 1 ≤ i,j ≤ 2} of M(2, ).  It follows

immediately that c(gPk) = g
_

Pk.  Hence (J ο g)(Pk) = (gog
_

)(Pk) = ggo(Pk) = (g ο J)(Pk).

If n is even, then Vn is called of real type while if n is odd then Vn is called of

quaternionic type because of the properties 1), 2)  4) and 5) above.  See [B- tD, pp.93-100]

for further details.

Irreducible real SU(2) representations

We now explain how each complex irreducible SU(2) - module Vn gives rise to a

real irreducible SU(2)-module Un.  Every irreducible SU(2) module is equivalent to one of

the modules Un, n ≥ 1, and the construction will show that each of the representations of

SU(2) on Un is faithful.

If n = 2m+1 is odd, then J2 = − Id and Vn is of quaternionic type.  It follows that

Un = Vn is irreducible as a real SU(2)-module by (ix) of Proposition 6.6 in [B- tD,

p.99].  Hence Un is of type 2 in the notation of Proposition 3.1a of [E].  In this case

dim Un = 2 dim Vn = 4m+4 = 2n+2.  An -basis for Un is given by = * ∪ i *,

where  * = {Po, P
1
, ... , Pn} as above, which implies that -span ( ) = F-span ( *).

In particular we obtain cheaply the analogue of Proposition A1 in this case : if T is an
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element of End(Un), then T leaves invariant -span ( ) ⇔ T leaves invariant F-span

( *).

If n = 2m is even, then J 2 = Id and Vn is not irreducible as a real SU(2) module ;

SU(2) commutes with J and hence SU(2) leaves invariant  the real +1 and −1 eigenspaces

of J.  In this case we define Un to be the +1 eigenspace of J in V.  Note that  i Un is the −1

eigenspace of J in V since J is conjugate linear, and it follows that Vn = Un  i Un = Un .

The space Un is irreducible as a real SU(2)-module, for if Un were a direct sum of proper

real SU(2)-submodules An and Bn , then Vn would be a direct sum of the proper complex

SU(2)-submodules An and Bn  , contradicting the fact that Vn is irreducible.  In this

case dim Un = dim Vn = n+1.

By Proposition 3.1a of [E] and the discussion above it follows that we have found

all of the irreducible real representations of SU(2) in the sequence {Un, n ≥ 1}.

Natural bases for the irreducible real SU(2)-modules

We construct bases n for the irreducible SU(2) modules Un, n ≥1  such that

-span ( n) is left invariant by the natural real  Chevalley basis o for � � (2), where o
= {Ζ

1
, Z

2
 , Z

3
} with Z

1 
= 

 


 
i ˚ ˚ ˚ 0

0˚˚− i
 ,   Z

2 
= 

 


 
0 ˚ ˚ 1

− 1 ˚˚0  and Z
3 

= 
 


 
0˚ ˚ i

i ˚ ˚ 0 .

Case 1  n is odd ⇒ dim Un = 2n+2.

If n
* = {Po, P

1
, ... , Pn}, then  let n = {uo,u

1
, ... , u2n+1}, where u2k = Pk

and u2k+1 = i Pk for 0 ≤ k ≤ n.  In particular, n = n
*+ i n

* and -span ( n) =

F-span ( n*).

Case 2  n = 2m is even ⇒ dim Un = n+1.

If P is any element of Vn in the case n = 2m, then P+J (P) = (Id + J)(P) is an

element of Un, the +1 eigenspace of J.  To obtain an -basis n of Un from the -basis
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n* = {Po, P
1
, ... , Pn} of Vn we consider separately the cases a) m = 2p ⇒ n = 4p  and

b) m = 2p+1 ⇒n = 4p+2.

a)  Since n = 4p we observe that in = 1 and hence J (Pk) = (−1)n-k Pn-k for 0 ≤ k ≤

n by 3) above.  In particular we obtain

(i)  J leaves invariant -span ( n*).

The basis n* is also an illustration of Proposition 3.2e of [E].

Next, we define

u
2k = (Id+J) (Pk) = Pk +  (−1)n-k Pn-k for 0 ≤ k ≤ m-1 = (n/2)−1.

u
2k+1 = (Id+J) (i Pk) = i {Pk +  (−1)n-k+1 Pn-k } for 0 ≤ k ≤ m-1 = (n/2)−1.

un = Pm = Pn/2

If n = {ur : 0 ≤ r ≤ n}, then n is an -basis of Un ;   n = dim Un = n+1

and the elements of n are linearly independent over  since n* = {Po, P
1
, ... , Pn} is

a -basis of Vn.  From the definitions of the elements {ur : 0 ≤ r ≤ n} we obtain

immediately

u
2k + i u

2k+1 = (−1)n-k 2 Pn-k for 0 ≤ k ≤ m-1

u
2k − i u

2k+1 =  2 Pk for 0 ≤ k ≤ m-1

un = Pm = Pn/2

From these relations we see immediately that {Re ( n*), Im ( n*)} ⊆ -span ( n) and

n ⊆ -span {Re ( n*), Im ( n*)}.  This proves

(ii)  -span ( n) = -span {Re ( n*), Im ( n*)}

Hence by (i) and (ii) the bases n for Un and n* for Vn satisfy the hypotheses of

Proposition A1 above.

b)  Since n = 2m and m = 2p+1 it follows that in = − 1 and hence J (Pk) =

(−1)n-k+1 Pn-k for 0 ≤ k ≤ n by 3) above.  In particular we obtain

 (i)  J leaves invariant -span ( n*).

Next we define
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 u
2k = (Id+J) (Pk) = Pk +  (−1)n-k+1 Pn-k for 0 ≤ k ≤ m-1 = (n/2)−1.

u
2k+1 = (Id+J) (i Pk) = i {Pk +  (−1)n-k Pn-k } for 0 ≤ k ≤ m-1 = (n/2)−1.

un = Pm = Pn/2

As above in case a), the set n =  {ur : 0 ≤ r ≤ n} is an -basis of Un , and from the

definitions we obtain

u
2k + i u

2k+1 = (−1)n-k+1 2 Pn-k for 0 ≤ k ≤ m-1

u
2k − i u

2k+1 =  2 Pk for 0 ≤ k ≤ m-1

un = Pm = Pn/2

The argument from case a) also shows here that

(ii)  -span ( n) = -span {Re ( n*), Im ( n*)}

Hence by (i) and (ii) the bases n for Un and n* for Vn satisfy the hypotheses of

Proposition A1 above.

The natural real Chevalley basis o for o = � ��� � ��� (2)

We fix a particular real Chevalley basis  o = {Ζ
1
, Z

2
 , Z

3
} for o = � � (2),where

Z
1 

= 
 


 
i ˚ ˚ ˚ 0

0˚˚− i
 ,   Z

2 
= 

 


 
0 ˚ ˚ 1

− 1 ˚˚0  and   Z
3 

= 
 


 
0˚ ˚ i

i ˚ ˚ 0 .  If = {ξ
1
, ξ

2
 , ξ

3
}, where

ξ
1 

= 
 


 
1 ˚ ˚ ˚ 0

0˚˚− 1
 ,  ξ

2 
= 

 


 
0 ˚ ˚ 1

0 ˚˚0  and  ξ
3 

= 
 


 
0 ˚ ˚ 0

1˚ ˚0 , then is a Chevalley basis for o =

� � (2, ) and induces o in the standard way described in section 1.5 of [E]  since Z
1 

= i

ξ
1
, Z

2 
= ξ

2 
− ξ

3 
and Z

3 
= i ξ

2
 + i ξ

3
.

To calculate the groups Go, , 
, where Go, , 

= {g ∈ Go : ρ(g) leaves

invariant -span ( )}, we will apply 1) of Theorem C.  In order to apply this result to the

bases = n for Un we need the next result.

Lemma

The real Chevalley basis o leaves invariant -span ( n) for every integer n ≥ 1.
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Proof

By Corollary 1 of Proposition A1, o leaves invariant -span ( n) ⇔ =

{ξ
1
, ξ

2
 , ξ

3
} leaves invariant F-span ( n

*).  For Z ∈ � � (2) we may calculate the action

of  Z  on Vn by  calculating the  action of  etZ ⊆ SU(2) on Vn as defined above and then

differentiating at t = 0.  We obtain

Z
1
(Pk) = (2k-n) i Pk 0 ≤ k ≤ n

Z
2
(Pk) = − k Pk-1 + (n-k) Pk+1 0 ≤ k ≤ n

Z
3
(Pk) =  k i Pk-1 + (n-k) i Pk+1 0 ≤ k ≤ n

Since ξ
1 

= − i Z
1
,  ξ

2 
= (1/2) (Z

2
− i Z

3
) and ξ

3 
= − (1/2) (Z

2
+ i Z

3
) we obtain

ξ
1
(Pk) = (2k-n) Pk 0 ≤ k ≤ n

ξ
2
(Pk) = (n-k) Pk+1 0 ≤ k ≤ n

ξ
3
(Pk) =  k Pk-1 0 ≤ k ≤ n

The proof of the lemma is complete.

     Go, ,
 and Go,   for the real irreducible SU(2) representations

We fix the real Chevalley basis o and the corresponding notation defined above

for the rest of the discussion in this appendix.  We are now ready to describe the groups

Go, ,
 and Go,   for the real irreducible representations of Go = SU(2).  We recall the

notation F = (i) = {a + i b : a ∈ and b ∈ }.

Proposition A2

For Go = SU(2) define Go, = {g ∈ Go : Ad(g) leaves invariant  -span - o}.

Then Go,  = {g ∈ SU(2) : there exists λ ≠ 0 in such that λ2 ∈ F and λg ∈ GL(2,F)}.

Remark :  The adjoint representation Ad : Go → GL ( o) is irreducible since any

subspace of o invariant under Ad(Go) would be an ideal of o, and o = � � (2) is a
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simple 3-dimensional real Lie algebra.  From the discussion and terminology above, in

which all real and complex representations of SU(2) were described, it follows from

dimension considerations that the adjoint representation must be U
2
.

Proposition A3

For G = SU(2) let {Un : 1 ≤ n < ∞} be the real irreducible representations of G up

to equivalence, as defined above, where dim Un = n+1 if n is even and dim Un = 2n+2 if

n is odd.  Let be a basis for Un such that o = {Ζ
1
, Z

2
 , Z

3
} leaves invariant -span

( ).  Let Go, ,
= {g ∈ SU(2) : g leaves invariant -span ( )}.  Then

1)  If n is odd, then Go, ,
= SU(2) ∩ GL(2,F), where F = (i).

2)  If n is even, then Go, ,
= Go, .

As a consequence of the previous two results we will obtain the following

Corollary

If G = SU(2), then for Un and as above we have

1) If n is even, then Go,  / Go, ,
= {1}

2) If n is odd, then Go,  / Go, ,
is isomorphic to A / F*, where F* denotes the

multiplicative group of nonzero elements of F and A = {λ ∈  : λ2 ∈ F* and λ2∈ }.

In particular, Go,  / Go, ,
is an infinite abelian group in which each nonidentity

element has order two.

Proof of the Corollary

Assertion 1) is an immediate consequence of Propositions A2 and A3.  To prove 2)

we need some preliminary results.

Lemma 1

1)  If λ = a + i b is an arbitrary nonzero element of , then λ ∈ A ⇔ a2, b2 and ab

are elements of .

2)  Let λ be a nonzero element of such that λ2 ∈ F* and λg ∈ GL(2,F) for some

g ∈ SU(2).  Then λ ∈ A.



3 5

 Lemma 2

Let q be any positive rational number.  Then there exist rational numbers r
1
,  r

2
,

 r
3
 and  r

4
 such that  q = Σ

i=1

4
 ri

2.

The proof of Lemma 1 follows routinely from the definitions.  We prove Lemma 2,

as pointed out to us by Marc Burger.  Write q = a / b, where a and b are positive integers.

By a theorem of Lagrange (cf. [HW, p.302]) we may choose positive integers {xi, yi : 1 ≤

i ≤ 4} such that a = Σ
i=1

4
 xi

2 and b = Σ
i=1

4
 yi

2 .  Then q = ( Σ
i=1

4
 xi

2 ) ( Σ
i=1

4
 (yi / b)2 ).  Define

rational quaternions p
1
 = x

1
 + i x

2
 + j x

3 
+ k x

4
  and p

2
 = (y

1
 / b) + i (y

2
 / b) + j (y

3
 / b) +

k (y
4
 / b).  Then  p

1 
p

2 
= r = r

1
 + i r

2
 + j r

3 
+ k r

4
  is also a rational quaternion.  If N(a) =

Σ
i=1

4
 xi

2  for an arbitrary quaternion a = a
1
 + i a

2
 + j a

3 
+ k a

4
 , then since N is a group

homomorphism of * into * we obtain q = N(p
1
) N(p

2
) = N(p

1 
p

2
) = Σ

i=1

4
 ri

2, as

desired.

We now complete the proof of assertion 2) of the corollary.  Define a function

T : Go,  / Go, ,
→ A / F* by  T(g Go, ,

) = λF*, where λ is any nonzero element of

such that λ2 ∈ F* and λg ∈ GL(2,F).  The complex number λ is not well defined for a

given element g of Go, , but if λ1 and λ2 are any two complex numbers such that λi
2 ∈

F* and λig ∈ GL(2,F) for i = 1,2, then λ2 = λ1 f  for some element f of F*.  It follows

easily from Lemma 1 that T is a well defined injective homomorphism.

To see that T is surjective we apply Lemma 2.  Let λ ∈ A be given.  By the

definition of A and Lemma 2 we can find rational numbers r
1
, r

2
, r

3
 and r

4
 such that

 Σ
i=1

4
 ri

2  = λ2 ∈ .  Define α* = r
1
+ i r

2
, β* = r

3
+ i r

4
, α = α* / λ and  β = β* / λ.  If g

= 
 



 

α ˚ ˚ β

− β
_ _

˚ ˚α
__  , then it is routine to show that λg ∈ GL(2,F), and g ∈ SU(2) since det (g) =

α2+ β2=1.  Hence T(g Go, ,
) = λF*, which completes the proof that T is

surjective.
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Proof of Proposition A2

 By Corollary 2 to Proposition A1 we know that Go, = {g ∈ Go : Ad(g) leaves

invariant  F-span - }, where = {ξ
1
, ξ

2
 , ξ

3
}  is the Chevalley basis for  o =

� � (2, ) described.  The action of Ad(g) on is just conjugation by g since SU(2) is a

subgroup of GL(2, ).  Hence g ∈ G = SU(2) lies in Go, ⇔

(∗) g ξi g −1 ∈ F-span {ξ
1
, ξ

2
 , ξ

3
} for i = 1, 2, 3.

If g ∈ SU(2), then g = 
 




 


α ˚ ˚ β

−β
_

˚ ˚α
_  some α, β ∈  such that α2+ β2= 1.  Requiring

that  the coefficients of g ξi g −1 lie in F for i = 1, 2, 3 is a set of 12 conditions, which are

easily seen to be equivalent to the following conditions on α and β :

(**)  1) α2 − β2 ∈ F

2)  α2 ∈ F and β2 ∈ F.

3) αβ ∈ F and αβ
_

 ∈ F.

It is easy to verify  that (**) is equivalent to

(***) 1) α2 ∈ F and β2 ∈ F.

2)  If α ≠ 0, then there exist numbers λ
1
, λ

2 
in F such that α

_
 = λ

1
α and β 

     = λ
2
α.

3)  If β ≠ 0, then there exist numbers µ
1
, µ

2 
in F such that β

_
 = µ

1
β and α 

     = µ
2
β.

Finally, it is routine to show that (***) is equivalent to the condition that there exist a

nonzero number λ ∈ such that  λ2 ∈ F and λg ∈ GL(2,F).  This completes the proof of

Proposition A2.

Proof of Proposition A3

As above we let Vn denote the (n+1)-dimensional complex vector space consisting

of all homogeneous polynomials of degree n in the two complex variables z
1
, z

2
.  Recall

also the natural basis n* = {Po, P
1
, ... , Pn}, where Pk(z

1
, z

2
) = z

1
kz

2
n-k

for 0 ≤ k ≤ n.
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When computing Go, ,
= {g ∈ SU(2) : g leaves invariant -span ( )} for the

irreducible real SU(2) module Un it suffices by 1) of Theorem C to consider any basis 

of Un such that o leaves invariant -span ( ).   In the discussion above we constructed

a natural basis n = {u
1
, u

2
, ...} of Un satisfying this property.  Moreover, the bases

n for Un and n* for Vn satisfy the two hypotheses in the statement of Proposition A1.

Hence for G = SU(2) acting on Un Proposition A1 says that Go, ,
= {g ∈ SU(2) : g

leaves invariant -span ( n)} = {g ∈ SU(2) : g leaves invariant F-span ( n*)}

 Lemma

Let g = 

 




 


α ˚ ˚ β

−β
_

˚ ˚α
_  , where α, β ∈  and α2+ β2= 1, be an arbitrary element

of SU(2).  Then g(Pk) ∈ F-span {Po, P
1
, ... , Pn} for 0 ≤ k ≤ n ⇔

a)  There exists a nonzero number λ ∈ such that λ2 ∈ F and λg ∈ GL(2,F).

b)  αn and βn are elements of F.

Remark

This lemma is strikingly similar to Proposition A2.  Before proving it we use it to

complete the proof of Proposition A3.

Proof of Proposition A3

1)  We suppose first that n is odd.  Since λα is a matrix entry of λg, whose matrix

entries all lie in F, it follows that α2 = (λα)2 / λ2 is an element of F by a) of the lemma.

Since n = 2k+1 is odd and αn ∈ F by b) it follows that α = αn / α2k lies in F.  Similarly,

β ∈ F and we conclude that Go, ,
⊆ SU(2) ∩ GL(2,F).  The reverse inclusion is

obvious.

2)  Next suppose that n = 2k is even.  The argument in 1) shows that α2 and β2 are

elements of F, and it follows  αn = (α2)k and  βn = (β2)k are elements of F.  Hence a) ⇒

b) in the lemma if n is even, and we conclude from the lemma and Proposition A2 that

Go, ,
= Go, .
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Proof of the lemma

We compute (gPk ) (z1
, z

2
) = (α z

1
 − β

_
 z

2
)k (β z

1
 + α

_
 z

2
)n-k.  In particular

(gPn ) (z1
, z

2
) = (α z

1
 − β

_
 z

2
)n = Σ ˚

k=o

n
{(−1)n-k  (

n
˚k˚) αk β

_
 n-k  Pk } and

(gP0 ) (z1
, z

2
) = (β z

1
 + α

_
 z

2
)n = Σ ˚

k=o

n
{(

n
˚k˚) βk α

_
 n-k  Pk }.

Suppose first that g(Pk) ∈ F-span {Po, P
1
, ... , Pn} for 0 ≤ k ≤ n.  In particular

g(Pn ) ∈ F-span {Po, P
1
, ... , Pn} and we obtain

(1)  αk β
_

 n-k  ∈ F for 0 ≤ k ≤ n.

For k = n and k = n-1 this implies that αn ∈ F and αn-1 β
_

  ∈ F.  We obtain

(2)  αn ∈ F and  β
_

 = λ
1
α  for some  λ

1 
∈ F if α ≠ 0.

Similarly, since g(P0 ) ∈ F-span {Po, P
1
, ... , Pn} we obtain

(3)  βk α
_

 n-k  ∈ F for 0 ≤ k ≤ n.

(4)   βn ∈ F and  α
_

 = λ
2
β  for some  λ

2 
∈ F if β ≠ 0.

We consider first the case that α ≠ 0.  From (2) it follows that β =  λ
1

__
 α
_

 and after

plugging this into the formula for (gPk ) (z1
, z

2
) we obtain (gPk ) (z1

, z
2
) =

αk α
_

 n-k  { (z
1 

− λ
1 

z
2
)k ( λ

1

__
 z

1 
+  z

2
)n-k } = αk α

_
 n-k  Pk

*, where Pk
* is an element of

F-span {Po, P
1
, ... , Pn}.  Since gPk ∈ F-span {Po, P

1
, ... , Pn} we conclude that

αk α
_

 n-k ∈ F for all 0 ≤ k ≤ n.  For k = n-1 we see that αn-1α
_

 ∈ F, and by combining

this with (2) we obtain

(5)  α
_

 = λ
3
α  for some  λ

3 
∈ F if α ≠ 0.

If β ≠ 0, then a similar argument using (4) shows

(6)    β
_

 = λ
4
β  for some  λ

4 
∈ F if β ≠ 0.

The assertions (2) and (5) show that if α ≠ 0, then g = αg’, where g’ ∈ GL(2,F).  Hence 1

= det (g) = α2 det (g’), and we conclude that α2 = 1 / det (g’) ∈ F if α ≠ 0.  Hence if λ =

(1/α), then λg ∈ GL(2,F) and λ2 ∈ F.  A similar argument using (4) and (6) shows that  if

β ≠ 0 and λ = (1/β), then  λg ∈ GL(2,F) and λ2 ∈ F.  Since either α or β is nonzero the

conditions a) and b) of the lemma now follow from 2) and 4) above.
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Conversely suppose that conditions a) and b) of the lemma hold for an element g of

SU(2).  Let λ be a nonzero complex number such that λ2 ∈ F and λg ∈ GL(2,F).  Note

that λα and λβ are elements of F since λg = g’ has all matrix entries in F.  Hence λn ∈ F

by hypothesis b) since λn = (λα)n /  αn if α ≠ 0 while  λn = (λβ)n /  βn if β ≠ 0.   It is

evident that (g’Pk ) ∈ F-span {Po, P
1
, ... , Pn} for 0 ≤ k ≤ n since the matrix entries of g’

lie  in F , and we  conclude that  (gPk ) = (1 /  λn ) (g’Pk ) ∈ F-span {Po, P
1
, ... , Pn} for

0 ≤ k ≤ n.  The proof of the lemma is complete, and Proposition A3 now follows as

indicated above.
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