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Introduction

Let G o denote a compact, connected semisimple Lie group, U afinite dimensional
real vector spaceand p : GO - GL (V) arepresentation of G0 on U; that is, aLie group
homomorphism. TheLieagebra & o of G o admits a (real Chevalley) basis C o whose
structure constants are integers. Choosing abasis B of U defines an associated
homomorphism Py H - GL(n,R). DefineB(Z, CO) (respectively B(Q, Go )) to be
the set of bases of U such that dp((io) leavesinvariant 7 - span (B) (respectively Q -

span (B)). For B 0 B(Q, CO), we define G 90 G, : p(g) leavesinvariant

={
0,B,Q
Q-span (B) ={g O GO: pr(g) O GL(n,Q)} and Go,@ ={g 0O G0 : Ad(g) leaves

invariant Q -span((‘io)}. In [E] we showed 1) B(Z, CO) isnonempty. 2) If B O
B(Q, CO), then p(B(GO) isan affine algebraic group defined over Q. 3) If B 0 B(Q,

(‘30 ), then G isdensein G0 in the Lie group topology. Inthe present article we

0,8 ,0Q
investigate the structure of the set B(Q, © o ) under anatural equivalencerelation. In

addition, for abasis B inB(Q, C O) we compare the group G for an arbitrary

0,8 ,0Q
representation p : Go - GL (V) to the corresponding group GO Q for the adjoint
representation. Note that Go,@ = Go,‘B ,

Co

0 inthecasethat p = Ad, U = (Soand B =
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Define two bases iBland iBzfor UtobeQ -equivaent if Q - span (iBl) =
Q - span (iBZ). In the first main result of this article, Theorem A in section 2, we show
that every basis B’ in B(Q, (‘30) is Q-equivaenttoabasis B 1 B(Z, CO).

Let Z((SO) ={T O GL(U) : T commutes with every element of (?b‘o} LetT O
Z((SO), X0 (?b‘oand B OB(Q, GO) be arbitrary elements. It is evident that the matrices
of X withrespectto B and T(‘RB) are the same, and hence Z((SO) actson B(Q, CO). The
action of Z(® O) clearly descends to the quotient space B(Q, C O) / ~, where ~ denotes the
Q-equivalencerelation. The second main result , Theorem B in section 2, isthat if p: G0
- GL (V) isan irreducible representation, then Z((So) actstransitively on B(Q, (‘30) /~, or
equivalently, if B, and B, are any two basesin B(Q, CO), thenthereexists T 0 Z(® )
suchthat T(EB ) and B ,ae Q-equivalent.

We do not know if Z((SO) actstrangitively on B(Q, (‘30) [~ inthecasethat U is
reducible. However, the complex analogue for reducible & -modulesistrue, where &
denotes a complex, semisimple Lie algebra. See Lemma C2 in section 3 for a precise
statement.

The third main result, Theorem C in section 3, states that the group Go,‘B q is
independent of the basis B in B(Q, CO). Moreover, if p: G — GL(U) hasfinite kernel,
then G isanormal subgroup of Go,@ and the quotient group Go,@ /Go,fB ,

0,B,0
is an abelian group in which every element hasfinite order.

Q

The group Go Q /G Isastrange invariant that depends only on the

0,B ,Q
representation p: GO - GL(U) and the orbit under Ad(GO) of therea Chevalley basis C o

inthe Lie agebra (80 of Go' If GO =SU(2) and (‘30 isthe "natural” real Chevalley basisin
6] o then for half of the real irreducible representations of SU(2) (those of real type) the

group G 0.0 /G isthe identity and for the other half (those of quaternionic type) it is

0,8 ,Q
an infinite abelian group in which every element has order two. Seethe appendix for

details and a more precise description of Go,@ / Go, B Q in the second case.
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Section 1  Notation and preliminaries

We shall use the notation, definitions and results of [E] in thisarticle. For the
convenience of the reader we repesat the table of notation from [E]. All vector spaces, Lie

groups and Lie algebras are finite dimensional.

arbitrary elements of the finite set ® of rootsin 2A*

Q
o)

a Cartan subalgebra of &

=2 =
o

R-span {i HB : B O A}, amaximal abelian subalgebra of (80

>

the vector Ea - E_a , an element of areal Chevalley basis Kio for (SO

% Q

abasisfor afinite dimensional complex vector space V

abasisfor afinite dimensional real vector space U

B B &

the vector i Ea + i E_a , an element of areal Chevalley basis (‘30 for (SO

Q

the Killing form of &

o W
(@)

the Killing form of (S)‘o

d

a(complex) Chevalley basisfor & whose structure constantsliein 7,

C ={HB:|3DA;EG:0(D(D}

C area Chevalley basis whose structure constantsliein 7 for acompact real
form 6 of 6, C ={iH,:BUA A B 0®™)

a7 -basefor P

the finite set of rootsin 2A* = Hom (%,C)

A

b

(D+,CD the positive, negative roots of ® as determined by A
F QiH)=Q +iQ={a+ib0OC :alQ andb O Q}.
6]

acomplex semissimple Lie algebra



Q

R R X
o

(@)

e}

o

0,0

O O O

0,B ,Q

> > T

A(V)

the 1-dimensional eigenspace of & onwhichad A = a(A) Idforal A in 2
acompact, real, semisimple Lie algebra ; the Lie algebra of G0

the complexification of & o

acompact, connected semisimple Lie group

{90 G, : Ad(g) leavesinvariant Q-span -(‘30}

{gO Gy: p(g) leavesinvariant Q-span (E)}

the root vector in 2 determined by aroot o in @

ahighest or lowest weight in A(V), where V isacomplex &-module

the set of abstract weightsfor & ={p0 2* :p(H,) O Z foral o [ (O3
avector latticein A*

the Z- span of @ in 2*, theroot lattice of finiteindex in A

afinite subset of 2*, the weights determined by 2l and acomplex G

(or &) - moduleV

an arbitrary weight in A(V), V afinite dimensional, complex &-module.
the unique element of W such that T2 = Id, (@) = @~ and ((® ) = b
for o O W, an element of II((«S)Z n GL(V) such that TO(V“) = Vo(u) for

al pOAV)

ared Go-moduleor 6] o module

the complexification of U

the universal enveloping algebra of &

the subring of U (®) generated by 1 and{(Ea)n/ n:ad®Pandn DZ+}
acomplex G0 - module or & - module

theredification of V, V considered as a vector space over R

the weight space of V onwhich A = p(A) Idforal A in A

the Weyl group, afinite subgroup of GL(2) or GL(2*)

avector that spans (Su and is an element of a Chevalley basis of &



Section 2  Classification of invariant Q - bases for irreducible real
(6] - modules

We use the notation of sections 1 and 2 of [E]. In this section we consider finite
dimensional, irreducible real (So-modules U, where (Soisa finite dimensional redl Lie
algebrathat is compact and semisimple; that is, the Killing form of ® o is negative definite.

Fix areal Chevalley basis CO of (S)‘O (cf. section 1.5 of [E]). Let B(Z, (ﬁo) and
B(Q, CO) denote the set of al bases B of U such that CO leavesinvariant Z - span (B)
and Q - span (B) respectively. In[E] we showed that B(Z, CO) is nonempty.

Define two bases iBland iBzfor UtobeQ -equivaent if Q - span (iBl) =
Q -span(fBz). Our first result saysthat any basis B’ in B(Q, CO) isQ - equivaent to
abasisin B(Z, CO).
Theorem A

Let @)‘O be a compact, semisimple Lie algebra, and let U be anirreducible, real (SO-
module. Let B’ beany R-basisfor U such that (‘30 leavesinvariant Q-span (B’). Then
there existsan R-basis B of U such that

1) Coleavesinvariantz - span (B).

2) Q-span (B) = Q-span (B').
Proof

We consider separately the two types of real irreducible & O-moduleﬁ described in
section 3.1 of [E]. We use the notation of sections 1 and 2 of [E].

Case 1 v= UY is an irreducible complex & = (Soc-module

1) LeeF=Q +iQ={a+ib0OC :alQ andb O Q}. Byhypotheﬁis@o:
{i HB BOA; Ay By oD ™} leavesinvariant Q-span (B’), and hence the
Chevalley basis C :{H[3 BOA; §,0a0 P} for B = (SO(E leavesinvariant F-span
(B’). It followsthat U(®), leaves F-span (B’) invariant since U(®), isthe subring of
U(®) O End(V) generated by Id and{(Eu)n/ n:ad®andn DZ+}.



Let A be the highest weight in A(V), and let V)\ denote the corresponding highest
weight space. Recall that the projection map n:V -V, liesin II((S)Z ([Hu, p. 156]).
Since Fisdensein C, V = F-span (B’) and V, =1 (V) we conclude

a) V, n F-span (B’) isadense subset of V,.

There exists a unique element T in the Weyl group W such that = Id, T(CD+) =
® and 1(®7) = P (cf.Proposition 2.3b of [E]). Let T_ bethe transformation in
II((«S)Z n GL(V) constructed in Proposition 2.4a of [E]. Next, we assert

b) There exist nonzero vectorsv™, v in Vv, n F-span (B’) such that

(FoT)(vH = viand @oT )(v) == ().

If J: V - V isthe conjugation map determined by U, then Jisthe identity on
Q-span (B’) and hence Jleaves F-span (B’) invariant. If tand T areasabove, then T_
and hencealso Jo T, leave F-span (B’) invariant. By Proposition 3.2d of [E] we see that
JoTT Ieav&sv)\ invariant and (JoTT)2 =ldon V)\. HenceJoTT leaves invariantV’)\ =
V, n F-span (B"), which by a) is anonzero vector space over F. The conjugate linearity
of Jo TT combined with &) shows that the +1 and —1 eigenspaces of Jo TT inV’ ) ae both
nonempty, which proves b).

We now use B’ to construct abasis B in B(Z, CO). Let v be any nonzero vector
inV, n F-span (B’) that isfixed by JoT.. Notethat H(@)’)Z(V) isafinitely generated
7 - module (cf. [Hu, p.156]), and hence there exists afinite 7-basis B* of II((S)Z(V) and
afinite 7-basis B of U, = Z-span {Re (B*), Im (B*)}= Z-span{Re(II((S)Z(v)) ,Im
(II((S)Z(V))} The proof of the theorem in section 4 of [E] showsthat B isan R-basis of
Uwith B 0B(Z, C).

Thebasis B satisfies 1) of Theorem A. Weprove2). Let vand B beasinthe
previous paragraph. Since II((S)Z(V) 0 F-span (B’) it follows that Re(ll((?b‘)l(v)) O Q-
span (B”) and Im (U (@) (v)) O Q-span (B"). Therefore Q-span (B) O Q-span (B").

Equality follows since both B and B’ have the same cardindlity as [R-bases of U and are



linearly independent over Q. This completesthe proof of 2) and of Theorem A in Case
1.D

Case 2 U= V'R, where V is an irreducible complex =

(6] OC- module

We bresk the proof into a series of smaller steps. Asin case 1 welet A denote the
highest weight in /A(V), with corresponding highest weight space V)\. LetV =
Vo +°MD%(V)VH (direct sum) denote the weight space decomposition determined by the
Cartan subalgebra 2 to which the Chevalley basis C isassociated. Let {nu: VvV - Vu}
denote the corresponding projection maps, which all belong to U ((«S)Z ([Hu, p.156]).
Lemma Al

1) U(®), leavesinvariant F-span (B’), and F-span (B") n V, #{0}.

2) The F-vector space V' AT F-span (B’) n V)\ is 1-dimensional over F.
Proof

The proof of 1) is contained in the first part of the proof of Theorem A in case 1.
If & and &’ are any two nonzero elementsin F-span (B’) such that & = c€ for some c [

C, thenitiseasy to seethat c [1 F. Assertion 2) now followsimmediately from 1) and the

fact that Vv, is1-dimensional over C by theirreducibilty of V. 5

For the rest of the proof of the proposition we fix a nonzero element v of
F-span (B’) n V)\, which ispossible by LemmaAl. Wefix dso a (So-invariant
Hermitian inner product <, >onV such that <v, v>=1. Let B* beafinite 7-basis of
H(@)Z(V). Weshow that B = B* 0 i B* isan R-basis of U satisfying the two
conditions of Theorem A.

The proof of the theorem in section 4 of [E] showsthat B isan R-basis of U with
B O0B(Z, CO); that is, B satisfies 1) of Theorem A.

Before proving 2) of Theorem A wefirst reduce to the casethat B = B* O



i B*, where B* isa specia 7-basisof II(@)’)Z(V) that isaunion of C-bases 580* for
V,and fBu* for Vu , L OA(V). Such abasis B* exists by 3) of Proposition 2.4c of
[E]. If fBl* isany other 7-basis of II((S)Z(V) and SBlz fBl* O Bl*, then Q-span
(fBl) = Q-span (B) since 7-span (fBl*) = 7-span (B*). Moreover, R-span (fBl) = R-
span (E) and DiBltl: O0B0O= Z-rank (II((S)Z(V)). Hence fBlisan R-basis of U, and
Q-span (B,) = Q-span (B') = Q-span (B) = Q-span (B).
To prove 2) we need some further preparation.
Lemma A2
) IfTO II((?b‘)Z ,then T* [ II((S)Z, where T* denotes the metric adjoint of T
relativeto <, >.
2) Let p O/\(V) begiven, and let vy be any nonzero element of
II((S)Z(V) n Vu' Then thereexists T [ II((S)Z such that T(v) =V, and
TV ) =V,
Proof
1) Thering II(GS)Z by definition is generated in End(V) by Id and
{Ta,n = Ean /nl,wherenOd Z anda O d}. By 1) of Proposition 2.5b of [E] we know
that Ta,n* = T_a,nfor alnOZ" and a O ®, which completes the proof.
2) By hypothesisthereexists ¢ [ II((«B‘)Z, such that ¢ (v) = Vi Asan element
of II((S)Z, ¢ isafinite sum of elements of End(V) of the form
}, whereor 0 ® and n, O 7" for all i}. D|V|dethe summands of

)} (°Z (MOG) FA=1

(T, ny) = gy )

( into two digoint sets, namely Al:{ (le,nl) . (T an . Ny

N
and A, ={ (t ):(°°iZ_1ni0(i) +A#z ). Let TOU(G), bethat

O(1,nl) (TGN Ny
element obtained from ¢ by keeping the terms from A 1 and discarding the terms from A2.
It iswell known (cf. [Hu, p.107]) that for any o O @ and o O A(V), G (Vo) OV .,

ifo+a OA(V)and 6 (V ) = {0} otherwise. By inspection T (v) = ¢ (V) :vu, and T*

is asum of terms of theform { (t, ) - (Tq n N} =



N
{ (T_GN , nN) (T_alvnl)}’ where (°°iZ:1niori ) + A =H. Since

{ (T_GN , ”N) (T_al, nl)} (V“) 0 V)\ for each such term it follows that T* (V“) [
V,. Note that T* (Vu) # {0} since< T*(v“), vV>=< Vi T(v)>=< Ve Yy >%0. We
conclude that T* (Vu) = V)\ since V)\ is1-dimens onal.D
Lemma A3

Let u O /A(V) and consider the basis Bu* ={v*, ..v_*} for Vu' Then

1) <vi* ,vj*>D Z fordl1<i,j<m.

1
<Vi*~k 1 Vj**> =0ifi ;tj and @-Span {V]_**’ - Vr**} -

2) Thereexistsabasis Bu** ={v **, ..v_**} for Vu such that

Q-span{v *, ..., v *} for every integer r with1<r<m.
Proof

1) Since iBu* O 8B*0O II((S)Z(V), LemmaA2 alows usto chooseelementsTi O
II((S)Z, 1<i<m,suchthat Ti (v) = vi* and Ti * (Vu) :V)\ forali. Forl<i,j<mwe
compute <vi* ,vj* >=< Ti V), Tj (V)>=<v, Ti*Tj (v) >. It sufficesto prove that
Ti*Tj (V)= kij v for some integer kij since<v,v>=1bythechoiceof <, >.

Note that Tj (V)\) O V“ sincev)\ is spanned by v, and hence Ti*Tj (V)\) OVv,.
LemmaA2 showsthat Ti*Tj 0 II(CS)Z for all i, j, and it follows that Ti*Tj (v) O
H(@)Z(V) nv,= Zv by the lemmain the proof of Proposition 3.2e of [E]. We conclude
that Ti*Tj (v)= kij v for some integer kij.

2) We proceed by inductiononr, using 1). If orthogonal vectors{vl**, vr**}
have been constructed so that { Q-span {v **, ..., v **} = Q-span {v *, ..., v *} for

r

1<k<r,then definevr+

1

*k — * — (° < * *h oS [ gy k¥ *k S * %
Vi (sz;l{ Y V. / VY, }vj -

r+1 ' °j
Lemma A4
B’ O F-span (B*), where B’ isthe original R-basis of U such that CO leaves

invariant Q-span (B’).
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Proof

LetE OB’ andwriteE:«EO +° D%\( E whereE HRY; andE DV for all p
O A(V). It suffices to prove that o U F- span( BO*) O F-span ( B*) and Eu D
F-span ( iBu*) 0 F-span ( B*) for al u 0O /A(V). We prove only that E“ O
F-span ( ‘Bu*) for al p O /\(V) since the proof for the anal ogous assertion about o is
similar.

By Lemma A3 there exists abasis TB *x —{v LV **} forV such that

<vF* vj**> Oifi#jand Q-span ( B *)—(D span ( B **) erteE = ZCJVJ**,

wherecj O C foralli. It sufficesto prove that cj OF foral j since F-span ( fBu*) =
F-span ( ‘Bu**).

LemmaA2 alowsusto chooseelementsTi O II((«S)Z, 1<i<m, such that T. (v) =
vi** and Ti * (V“) :VA fordli. Fixiand defineqj OC by Ti * (vj**) :qj v for al j.
We compute qj :<Ti * (vj**),v>:<vj**,Ti (v) >:<vj**,vi** >=0ifi#j. Ifi=
J, then g, =<v**, v x>0 Q by LemmaA3. It follows that L (Eu) = (ci e} )v. If
T VvV - VH is the projection, then m, O II(CS)Z (cf. [Hu, p.156]). Hence Eu = T[IJ(E) O
F-span ( B’) and T.* (Eu) OF-span( B’) n V, by 1) of LemmaAland 1) of Lemma
A2. It follows that (ci q )v= Ti * (Eu) =cvforsomec U F by 2) of LemmaAl, and we
conclude that ¢ O Fsinceqi 0Q OFand g =<V, v >20.

The next result will prove 2) of Theorem A in case 2.
Lemma A5

Let B =B*0i B*. Then Q-span (B) = Q-span (B’).
Proof

By the definition of B, F-span (B*) = Q-span (B), and hence Q-span (B’) O
Q-span (B) by LemmaA4. Equality holds since both B and B’ have the same

cardinality as R-bases of U and are linearly independent over (D.D



We now return to the second main result of this section, classifying up to Q-
equivalence the elements of B(Q, C o) We consider only the case that U isirreducible.
We begin with separate statements for each of the two cases listed in section 3.1 of [E],
and then combine them into asingle unified result in Theorem B.

Proposition Bl

Let U beanirreducible, real (SO - module such that V = U isan irreducible (SO(E-
module. Let CO be area Chevalley basisfor (SO. Let iBl and 182 be bases of U such
that (‘30 leavesinvariant @ - span (B;) fori=1,2. Then B, isQ - equivaenttotB,
for some nonzero real number t.

Proposition B2

Let U bean irreducible, real (SO -modulesuchthat U = V[R, whereV isan
irreducible, complex & O(E-module and VR denotesV considered as areal vector space.
Let Go beareal Chevalley basisfor @ . Let B, and B., be bases of U such that (‘30
leavesinvariant Q - span (Bi) fori=1,2. Then iBl isQ - equivaent tothzfor some
nonzero complex number t.

We now combine the two results above into a single statement.

Theorem B

Let U bean irreducible, real (SO - module, and let Z((SO) ={TOGLWU):T
commutes with every element of (SO} Let fBl and iBz be any two elements of
B(Q, Co). Then there exists an element T of Z(G ) such B and T(B,) are
Q-equivalent.

Proof of Theorem B

We assume Propositions B1 and B2 for the moment. Under the hypotheses of
Proposition Bl we define T =t 1d 0 Z(® o) wheret isthereal number that appearsin the
statement of that result. We may restate Proposition B1 by saying that B 1 and T(BZ) are
Q-equivalent.

11



12

Next, lett =a+ i b be the complex number that appearsin the statement of
Proposition B2. DefineJO in Z((SO) to bemultiplicationby i =v-1. If T=ald+b ‘]o’
then T 0 Z(S 0) and we may restate Proposition B2 by saying that iBl and T(SBZ) are Q-
equivalent.D

We now prove Propositions B1 and B2.

Proof of Proposition Bl

Let A be the highest weight in A(V), and let V)\ denote the corresponding highest
weight space. Let T be the unique element in the Weyl group W such that = Id, T(CD+) =
O and (@) =D, Let T_ bethe transformationin U(®),, n GL(V) constructed in
Proposition 2.4a of [E]. By Propositions 3.2d and 3.2e of [E], Jo TT leaves invariant VA,
andits+1 eigenspacev;\ isal-dimensiona rea subspace of V)\.

Fori =1, 2, thediscussion of case 1 in Theorem A , especially assertion b), says
that there exists a nonzero vector v, in F-span (B,) n VT, afinite 7-basis B.* for
H((S)Z(vi) and afinite 7-basis iBi’ for Z-span{Re(fBi*), Im (iBi*)} such that iBl’ and
B, are R-basesfor Uand Q - span (B;) = Q - span (B;’) fori=1,2. Since\f is1-
dimensional over R there exists anonzero real number t such that v =ty It follows
routinely that Q - span (iBl) =tQ -span (TBZ) =Q - span (tiBz) ;that is, iBl isQ -
equivalent totiBZ.D
Proof of Proposition B2

The proof isvirtually identical to the proof of Proposition B1. Fork =1, 2, case 2
of Theorem A saysthat there exists a nonzero vector Vi in F-span (SBk) nvV, and afinite
Z-basis B * for U(®)_(v,) such that if fBl’ =B 00 B *and iBz’ =B 00 B,
then B " and B, are R-basesfor U and Q - span (B ) = Q - span (B, ') fork =12
The vector space Vv, is1-dimensiona over C sinceV isan irreducible, complex® O(D-
module. Hence there exists a nonzero complex number t such that v =ty Asabove, it

follows routingly that Q -span(fBl):tQ -span(332)=® - gpan (ti]EBZ).D



Section 3  Properties of the rational subgroups Go,EB Q

We adopt the following hypotheses and notation in this section. G0 isacompact ,
connected semisimple Lie group, and (80 isthe Lie algebra of Go. Uisafinite
dimensional real vector space, and p : G0 - GL (V) isarepresentation with derived
representation dp : (80 - End(U). Asabove, (‘30 isafixed real Chevalley basis of (SO,
and B(Q, CO) isthe set of bases B of U such that dp((‘io) leaves invariant

Q -span(B). For B 0 B(Q, Co), G g0 G, : p(g) leavesinvariant

08,0 %
Q-span (B). Go,@ ={g0G,: Ad(g) leavesinvariant Q -span((‘io)}.

The results of section 2 of [E] will be useful in this section, whose main result is
Theorem C

Letp: GO - GL(U) beasabove, and let GO* ={g O GO: c . leavesinvariant

P(9)
Q-span {dp(C o)} , Where cp denotes conjugation in End(U) by p(g). Then
1) Thegroup G

(9)

0,B ,Q
2) G0 Q 0 GO*, with equality if p hasfinite kernel.

3) G

isindependent of the basis B in B(Q, Go).

0.8 0 isthe kernel of a homomorphism ¢ Gy - A, where A isan abelian

group.

4) The group GO*/ Go,fB , isabelian, and every element of GO*/ Go,fB has

Q Q

finite order.
Remarks

1) By 1) of Theorem C the abelian group GO Q /G isindependent of E in

0,E ,Q
B(Q, (‘30) and hence depends only on the real Chevalley basis Co for & jandthe
representation p : G0 — GL(U). Infact, theisomorphism type of the group

Go,@ / GQB Q isunchanged if we replace CO by Ad(g)(‘io forany g 0 G, which
corresponds to replacing the Cartan subalgebra 2l of 8 = © O(E by the Cartan subalgebra

A = Ad(g)() of G.



2) Thegroup G o I G IS sometimes an infinite group as we show in the

0,B ,Q
appendix for certain irreducible real SU(2) modules. Note that in this case p always has
finite kernel since SU(2) isssmple.
Proof of Theorem C

The proof of 1) of Theorem C israther lengthy, and we sketch a brief outline now.
Recal thaa F= Q(i)=Q +i Q. If B isareal basisof U, then B isalso acomplex basis
of V=U" andif B O B(Q, (‘30), then B 00 B(F, C) = {C-bases B* of V such that C
leavesinvariant F-span (B*)}. Here C denotesthe Chevalley basisof & = @)‘O(E that
defines (‘30 (cf. section 1.5 of [E]). The key step in the proof isto show that Go,fB Q-
Goﬁ ,F,where Go,‘B I {gO GO: p(g) leavesinvariant F-span (B)}. Notethat
Z(®) commutes with & o and hence with Go, which is generated by exp (6 O)
Furthermore, for any basis B in B(F, C) and any elements T of Z(®) and g of G0 , the

matrices of g relativeto B and T (B) arethe same. In particular G isindependent

0,B F
of thebasis B of B(F, C) by Lemma C2 below, and 1) of Theorem C now follows
immediately.

To prove 1) we need to work first with isotypic modules.

Let @ beafinitedimensional complex, semisimple Lieagebra A complex 8-
module V isisotypic if any two irreducible submodules of V are equivalent as &-modules.
If W isany irreducible complex submodule of V, then V is equivalent to the direct sum
WE... BW (ntimes), where n is some positive integer. Moreover, W& ... BW
(ntimes) isequivalent to W [J C" where 6 acts trivialy on the c" factor by setting
X (vOE) = X(v)O& for all v OW and al € O C". Given abasis{&,, .., &} of € one
defines a -homomorphism ¢ : WEB... BW (ntimes) -~ W [ c" by Lp(vl, s vn)

n n
=_Z°1vi 0&;. GivenvOWand & = _Zi ¢, & itfollowsthat @(c v, ..., ¢v) =vOE , and
i= i=
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hence ¢ issurjective. We concludethat ¢ isanisomorphismsince W& ... BW (n
times) and W J C" have the same dimension. Note that Lp_l(W 0 & )isanirreducible -
submodule of V for every & [ ch.

Ared ® o—module U isisotypic if any two irreducible submodules of U are
equivalent as G o—modula The discussion above of complex isotypic &-modules carries
over to thereal case.

To prove 1) of Theorem C we need some intermediate results. We recall the

notation F=Q()=Q+iQ ={a+bi0C :al Q andb O Q}.

Lemma C1

Let V be acomplex &-module and write V :Vl B... BV, such that each Vi is

p
an isotypic &-submodule equivalent to Wi O (En', where n; isapositive integer, Wi isan

irreducible &-submodule of V and the submodulesWi, 1<i<p,areadl inequivaent as 8-
modules. Fix aChevalley basis = for @, and let B” beabasisfor V such that © leaves
invariant F-span (iB*). Then there exists abasis B for V with the followi ng properties:

1) B*" isaunion of bases ka** for v, forl<ksp.

2) € and U(B), leaveinvariant 7-span (B, ") for 1<k<p.

3) F-span(B") = F-span (B""). U(6), leavesinvariant Z-span (B"").
Proof of Lemma C1

LetV = V1 (B... BV bethe decomposition of V into distinct isotypic

Y
components, and write V; =W, [J c" asabove.
If W, =(W,) o + 2 (W;), (direct sum) isthe weight space decomposition
noAj(wy) - TH
for Wi ,thensince @ actstrivialy onthe (Eni factor of Vi , itiseasy to seethat

Vi =(W,),0 ¢ s {(Wi)“D (Eni} (direct sum) isthe weight space

MOA;(W;

decomposition for Vi . Inparticular Wi and Vi have the same weights. Let )\i be the

highest weight for Wi (hence also for Vi)’ and let W"i denote the corresponding 1-
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dimensional highest weight space for Wi' If V)\i is the highest weight space for Vi , then
Vy =Wy [ C" by the discussion above. Notethet the highest weights (), : 1<i < p}
aredl distinct since theirreducible («B’-modules{Wi :1<i<p} aredl inequivaent (cf. for
example, [Hu, p. 109]). Hence every highest weight space for V is a highest weight space
for Vi for somei.
Sublemma 1
1) Let Vi be any nonzero vector in W)‘i' Then V"i :{vi 0¢:&0 (Eni }.
2) Let B” beabasisof V =V, ®.. @Vp suchthat C leavesinvariant
F-span (iB*). For every integer i with 1 <i < p there exists a nonzero vector Vi
in W"i and adense subset X; in ¢ such that {v, O&: 80X} =
F-span (TB*) N V)‘i'
Proof

1) Thisfollowsimmediately from the fact that V7\i :W)\i 0 (Eni and W)‘i is1-
dimensional.

2) Fixanintegeriwith 1<i<p. If T isthe projection of V onto the highest
weight space of V corresponding to )‘i’ then T isan element of II((S)Z ([Hu. p.156)).
By the remark preceding sublemma 1, T V)= V)‘i 0 Vi , Where V7\i is the highest weight
space of Vi corresponding to )‘i :

Since C leavesinvariant F-span (iB*) it follows that 11(@)‘)Z leavesinvariant F-
span (SB*) (cf. the proof of 1) of Theorem A). We conclude that F-span (‘B*) N V)‘i is
densein V"i since F-span (TB*) isdenseinV and F-span (TB*) n V)\i contains the subset
TS (F-span (SB*)), whichisdensein TG V) :V)\i. If Vi IS any nonzero vector in
F-span (38*) N V)‘i’ then 2) becomes an immediate consequence of 1).D
Sublemma 2

1) For every integer i with 1 <i < p there exists a nonzero vector Vi in W7\i and a

basis (&, ..., &} of e such thet {v; O 1 1<j<n) OFspan (%) n V).



2) Let B, be aZ-basisfor U(®), (v;) OW;, andlet B, bethe union of the
sats{ B;" O § :1sjsn}. Thenforalls<isp, B, isabasisfor V; such that
B, O F-span (B") and U(B),, leavesinvariant Z-span (B;"").

Proof

1) Thisfollowsimmediately from 2) of Sublemma 1.

2) Itisknown that SBi* isa C-basis of Wi forl<i< psincevi IS anonzero
highest weight vector of W;. See for example [Hu, p.156]. If iBi** isthe union of the
sats{ B, O § :1<j=n}, then C-span (B ) ow, O g forL1<j<n since B O
g isaC-basisfor W; 0§ . Hence C-span (8;"") =W, O €' =V, since{g,, &)
isabasisof €. It follows that iBi** isabasisof V; since DiBi**D: n; DfBi*D:dim
VF

Clearly 11(@)‘)Z leaves invariant 7-span (SBi*) = II((S)Z (v; ), and hencefor 1 <j
<n, itfollowsthat U(®), (B, O §) 0 Z-span (B O &) 0 Z-span (B ). It
followsthat L(®),, (B,"") O Z-span (B;" "), or equivalently that 1(®)., leaves
invariant 7-span (B,"") forall 1<i<p.

By 1) and the fact that II(GS)Z leaves invariant F-span (TB*) it followsthat F-span
(B”) contains U(®)., (v, O &) = Z-span (B O g)forlsi<pandisj<n. Hence
F-span (TB*) 0 iBi** for 1 <i < p, which completes the proof of 2). _

We now complete the proof of LemmaC1l. Let B** be the union of the bases
B, forV;, 1<i<p. Then B"" isabasisfor V that satisfies 1) of LemmaCL.
Assertion 2) of Lemma C1 follows from 2) of Sublemma 2 and the fact that C [ II(GS)Z
by the discussion in section 1.6 of [E]. Since fBi** O F-span (fB*) for 1<i<pby2)of
Sublemma 2 it follows that F-span (B”™) O F-span (B”). Equality holdssince B** and
B* have the same cardinality as C-bases of V and both are linearly independent over F.
By 2) of LemmaC1, U(®), (B,"") 0 Z-span (B;"") 0 Z-span (B" ") for 1<i<p. It
follows that II((«S)Z leavesinvariant 7-span (TB**), which compl etes the proof of 3) of

Lemma C1.
O

17
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If iBl* and iBZ* are two bases of acomplex 8-module V, then we say that TBl*
and B,," are F-equivalent if F-span (B ") = F-span (B,,"), where F = Q(i) = Q+i Q.
For aChevalley basis © of 8 we define B(F, ) to be the set of C-bases B” of V such

that C leavesinvariant F-span (B”).

Lemma C2

Let V be an arbitrary complex & - module, and let Z(B) ={T O GL(V): T
commutes with every element of }. Fix aChevalley basis C of &. Let iBl* and iBz*
be any two elements of B(F, C). Then there existsan element T of Z(®) such that

B 1* and T(fBZ*) are F-equivalent.

Proof
| sotypic case
Wefirst consider the casethat V =W O C"isan isotypic module, where W is an
irreducible ®-module. Let B, and B,," be any two basesin B(F, C). Let A bethe
highest weight for W (and hence also for V), and let W, denote the 1-dimensiona highest
weight spacein W. Assertion 1) of Sublemma 2 in Lemma C1 shows
(*)  Thereexist nonzero vectorsv, and v, in UN and bases{Ej1 :1<j<n} and
{zjz :1<j<n} for C" such that {v; O zj! 11<j<n} OF-span(B;)for
=12
Since UN is 1-dimensiona we may choose anonzero p O C such that MV, =V,.
Let Tu : W - W denote multiplication by p. Define S GL(n,C) by requiring S(Ejz) = Ejl
for 1<j<n IfT= Tu O S, then clearly T O GL(V), and T commutes with .
We assert that F-span (B ;") = F-span (T(B,,")), which will complete the proof in
the casethat V isisotypic. By hypothesis C leavesinvariant F - span (TBi*) fori=1,2,
and hence C also leavesinvariant F-span (T(TBZ*)) =T {F-span (iBz*)} sinceT

commutes with @. It followsthat U(®)-, leavesinvariant both F-span (B, and
vi 1



F-span (T(B,,).

By the definition of T both F-span (iBl*) and F-span (T(iBZ*)) contain the set
@1 ={v, O Ejl : 1<j < n}. Hence by the observation above both F-span (fBl*) and
F - span (T(B,,")) contain 1(®).(B,), which is the union of the sets L[().,(v,) O zjl
forl<j<n. Theset H((S)Z(vl) containsaC - basis B* for W ([Hu, p.156]). Henceif
B** isthe union of the sets B* [ Ejl for1<j<n,then B** isaC - basisforV =W
0 ¢" and B** O F-span (B,") n F-span (T(B,")). Since B**, B" and T(B,,")
are sets with the same cardinality that are linearly independent over F it followsthat F-span
(By') =F-span (B"") = F-span (T(B,,)).

Nonisotypic case
We now consider the case that V isan arbitrary complex &-module, and we write

V= V1 B ... B V_,thedecomposition of V into distinct maximal isotypic submodules

V. Let iBl* and FTJBZ* be any two basesin B(F, C). By Lemma C1 we can find bases
Bi,u** for ch ,1<as<p,i=1,2suchthat if fBi**isthe union of the bases (Bi,a** for
l<a<pandi=1, 2, then

1) fBi** isabasisfor V fori =1, 2.

2) C leaves invariant F-span (fBi’u**) forl<sas<p,i=1,2

3) F-span(B;") = F-span (B; ") fori =12

By 2) and the isotypic case considered above there exists Ta [ GL(VG) ,1<a<
.

. * % _
p, such that T, commutes with 8 on Vq and F-span (B Lo ) = F-span (TG (Bz,a )

forl<a<p. IfT:Tlx...xT ,then T 0 GL(V) and T commutes with & on V.

Y
Moreover, F-span (331**) = F-span (T (TBZ**)) =T ( F-span (fBz**)), and Lemma C2
now follows from 3) above.D

We now complete the proof of 1) of Theorem C. We apply the sublemmas abovein

the casethat V = U(E and & :(So(E . First we observe
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(*) Let B and B, bebasesin B(@,Go),andletgbeanyelementof Gy
Then g leavesinvariant F—span(fBl) < gleavesinvariant F-span(fBz),
regarding fBland fBzas(E - bases of V.
Proof
By the relationship between C andiio described in section 1.5 of [E] it iseasy to
seethat B, and B, belong to B(F,C) since they belong to B((D,(‘io). By Lemma C2
there exists an element T of Z(®) such that F-span (B l) = F-span (T (fBZ)) =T (F-span
(B 2)). The assertion (*) now follows immediately since T commutes with elements of
GO.
Now let B, and B, be any basesin B((D,CO), and let g be any element of G .
For j = 1,2 wenotethat F - span (iBj) =Q -span (fBj) +i Q - span (SBJ.) and hence
Q -span(Bj) = F-span(iBj) n U. It followsthat g leavesinvariant Q -span(fBj) -
gleavesinvariant F - span (TBJ.) since g(U) = U. Hence by (*) Go,fBl Q- Go,fBZ o
We now prove assertions 2), 3) and 4) of Theorem C. To prove 2) we need a
preliminary result.

Lemma C3

Let H be any connected Lie group with Liealgebra §. Let U beafinite

dimensional real vector space, and let p : H — GL(U) be aLie group homomorphism with

derived Lie algebrahomomorphismdp : § — End(U). Thendp (Ad(h) Z) =
p(h) 0 dp(Z) o p() T foral hOH and dl Z 0 §.

Pr oof

t dp Ad(h)Z t Ad(h) Z

Foranyt R wehave e =p(e ):p(hetzh_l):
p(h) e 9@ (). Differentiating at t = 0 provesthe lemma,

We now complete the proof of 2) of Theorem C. Let g [J G01 0 andz 0O C o be
given. By hypothesis Ad(g)Z 0 Q-span (C O) and by the lemma above p(g) o dp(Z) o
p(9)™t = dp (Ad(g) ) O Q-span (dp ((‘30)). This proves that Go,@ 0G,* sinceg

Go,@ andZ O i‘io were arbitrary.
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Now let p have finite kernel, which impliesthat dp : (80 - End(U) isinjective and
dpt: dp(6 ) -~ @ jexists. GivengO G * andZ O CO , we know that dp (Ad(g) Z) =
p(g) odp(Z) o p(g)_l 0 Q-span (dp (Kio)) =dp ( Q-span (CO)) by the definition of G *.
Applying dp ™t shows that Ad(g) Z 0 Q-span (= o)» Which provesthat G * O Go, 0o

To prove assertions 3) and 4) of Theorem C we consider first the irreducible case
and then pass to the reducible case.

The case that U is irreducible

3) Weaso need apreliminary result here.
Lemma C4

Let X be afinite dimensional real vector space, and let W be a subspace of End(X).
Let = = {Z,...2.} andB = {u, ..., u_} bebasesfor W and X respectively such
that each Z; has a Q-matrix relative to B. Let Z O W bean element such that Z hasa Q-
matrix relativeto B. Then Z O Q-span (L).

n
Proof Write Z = °Zlai Z, ,wherea; R forali. Defineapositive definiteinner
i=
n
product<,>onWhy <Z,7*>= 3° Z Zi-*, Where(Zij) and ( Zij*) arethe

|°J:]_ ij ]

matrices of Z and Z* relativeto B. By hypothesis o”- =<Z, Zj >0 Q foralli,jand rj =

<Z, Zj >0 Q foralj. Hence QA = R, whereQ = (qij)’ A= (0(1, s an)t andR =

(rp s rn)t , and we conclude that A = Q_lR 0 Q" since Q_1 and R have entriesin Q.
For the rest of the proof in theirreducible case we fix abasis E of the Go-module

U such that dp((io) leaves invariant Q-span (B).

Stepl G is a subgroup of GO*.

0,B ,0Q

Fix an element g of G We show first that Q -span (B) = Q -span

0,B ,Q°
(p(9)(B)), whichis equivaent to the statements p(g) (B) 0 Q -span (B) and B O

Q -span (p(g) (B). Thefirstinclusion followssinceg 0 G Similarly,

08 @
o(g™Y) (B) O @ -span (B), whichimpliesthat B 0 p(g) { Q -span (B)} =
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Q -span (p(g) (B).
Next, we show that the element { p(g) o dp(C 0o p(g)_l} leavesinvariant
Q -span (B). By the previous paragraph we compute { p(g) o dp(C O) 0 p(g)_l} (Q -span
(B)) ={p(@ odp(C)o p(g) ™'} (@ -span (p(g) (B)) ={p(g) 0 dp(C )} (Q -span (B))
0 p(g) (Q -span (B)) 0 @ -span (B).
We apply LemmaC4to W =dp (6 ) and X =U. Choose{Z, ..., Z } [ CO
so that {dp (Zl), .., dp (Zm)} isabasis of dp((So). For any Z 0 (‘30 the element
p(g) odp(Z) o p(g)_1 =dp (Ad(g) Z) isan element of dp(® o) that has a Q-matrix relative
to B by the discussion above. Hence cp(g)(dp(Z)) ={p(g) odp(Z) o p(g)_l} O
Q-span{dp (Z,), ..., dp (Z, )} O Q-span (dp(CO)) by LemmaC4. It follows that C0)
leaves invariant Q-span {dp(C O); that is, g [ GO*, which completes the proof of Step 1.
Next we consider the case that U isanirreducible & o-module, and separate the
arguments into the two cases 1) and 2) stated in section 3.1 of [E].
Step 2 Letg [l GO*. Then
1) If Uisanirreducible (So-moduleasin Case 1, thenfor every g [ GO*
the matrix of g relativeto B equalst C, wheret isanonzero rea
number and C is a Q-matrix. Moreover, t" 0 Q, wheren = dimpU.
2) If Uisanirreducible (So-moduleasin Case 2, then for every g [ GO*
the matrix of grelativeto B equalst C, wheret isanonzero complex
number and C is a Q-matrix. Moreover, t" 0 Q, wheren = dimpU.
Proof
We prove 2) only since the proof of 1) isvirtualy identical, using Proposition B1
instead of Proposition B2. Letg OG_*andZ [ CO begiven. Then g 10 G- and
p(g)_1 o dp(2) o p(g) O Q-span (dp(C O)) by the definition of GO*. By the choice of B
we know that Q-span (dp((io)) leavesinvariant Q-span (B). It follows that
{p(@) ™ 0 dp(Z) 0 p(g)} (B) O -span (B), which implies that dp(Z) (p(g) (1)) U
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Q-span (p(g) (B)). In particular, dp((‘io) leaves invariant Q-span (p(g) (B)) sinceZ O
(‘30 was arbitrary. Hence Q-span (p(g) (E)) = Q-span (tB) =t Q-span (B) for some
nonzero complex number t by Proposition B2. It follows that the matrix for p(g) relative to
B hastheformt C, where Cisan n x n matrix with entriesin Q.

Thefunction g — det p(g) is a continous homomorphism of G o into the
multiplicative nonzero real numbers R*. It followsthat det p(g) = 1foral g GO since
GO is compact and connected. In particular, 1 = det p(g) = " (det C), which implies that

"0 Q sincedet CO Q. The proof of 1) and of Step 2 is complete.

Step 3 Thegroup G isthe kernel of a homomorphism Py G o* - A,

0,B ,0Q
where A isan abelian group that equals C* / Q* incase2 and R* / Q* incase 1. Every
element in the group GO* / Go,fB Q has finite order that dividesn = dim[RU.
Proof

Here C*,R* and Q* denote the nonzero elementsof C, R and Q respectively. As
in Step 2 we consider case 2) only since the proof in case 1) isamost identical. Given g [J
GO* we know from Step 2 that the matrix of p(g) relativeto B hastheformt C, wheret is
anonzero complex number and C isan n x n matrix with entriesin Q. The complex
number t and the matrix C are not unique, but it iseasy to seethat if t C = t* C*, where t*
is another nonzero complex number and C* isanother n x n matrix with entriesin Q, then
t/t* 0 Q. NowdefineA =C*/Q*, and let U GO* — A be the map given by apr(g)
=t Q* O A, where p(g) hasmatrix t Crelativeto B and C hasall entriesinQ. Itiseasy

to check that « B isawell defined homomorphism whose kerndl is G Finaly,

0,B .,
sincet' 0 Q by Step 2 it follows that O (g)n =linforal gD GO*, which completes
the proof of Step 3.

The proof of Theorem C is now complete in the case that U isirreducible since the

proof of 3) is contained in the proof of Step 3) while 4) is an immediate consegquence of

Step 3.D



The case that U is reducible

Let U be areducible Go-module, and and writeU = U, B ..>B Uy where each
U, isanirreducibIeGo-moduIe. For1<i<Nlet P :G - GL(U-) denote the restriction
of p: G0 - GL(U) to Ui , and IetG *- ={g0O G p(g) leaves invariant
Q-span (dpi (C O))} .NFrom the definition of G o* in the statement of Theorem C we obtain

(& G, O igl Ggei

Next, for1<i<N Iet ‘B be abasis of U such that dp, (CO)) leaves invariant
Q- span(‘B ),andlet B = D ‘B Then B |sabassofUSthhthatdp(CO))Ieave£

invariant Q-span (B ). If G ={g0O Gy: pi(g) leaves invariant (2-span (‘Bi )},

0,Bj.Q
then
N
® G5 070 %,z .0
Note that (g Q isindependent of the basis B in B(@,GO) by 1) of Theorem C.

For 1<i <N, by theirreducible case just completed, there exists an abelian group

Ai and a homomorphism ;- Go*oi - Ai such that G =Ker (cpi). IfA=

0,B | .Q
A X xAgande =@, x..x@, theng : Gy - A is a homomorphism by (a), and

Ker (p)=G by (b). Thisproves 3) of Theorem C in the reducible case.

0,B ,0
To prove 4) of Theorem C in the reducible case observe that GO* / Go,‘B @ is
isomorphic to LP(G *) = Lpl(GO’o*l) X ... X (pN(G N) O A X . xA =A. By (3)inthe
irreducible case every element of ¢, (G ) has finite order for 1 <i < N, and hence every
element of qJ(GO*) hasfinite order. The proof of 4) and hence of Theorem C is

complete.D
Appendix  SU(2) Examples

In this appendix we illustrate the resultsin the text for the irreducible, real

representations of SU(2), which can be described completely and rather smply. Before
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beginning this description we obtain aresult that will be immediately useful for the SU(2)
representations and useful in general for real irreducible representations of type 1 inthe
terminology of Proposition 3.1aof [E].
Proposition Al

Let G0 be a compact, connected, semisimple Lie group with Lie algebra (80. LetU
be afinite dimensional real Go-module, andletV = U(E, acomplex G-module where @ =
(«B’O@. Suppose that U and V admit respectively an R-basis B and a C-basis B* with the
following properties:

1) Jleavesinvariant Q-span (E*), whereJ: V - V isthe conjugation map

determined by U.
2) Q-span (B) = Q-span (Re (B*), Im (E*))
Thengiven T O End (U), T leavesinvariant Q-span (B) = T leavesinvariant

F-span (B*), whereF=Q(i))=Q +i Q.

Remark We have not assumed that either U or V isirreducible.
Before proving this result we derive two corollaries that allow us to use more

familiar data and methods from the setting of complex semisimple Lie algebras.

Corollary 1

LetU,V, B and B* beasabove. Let C :{HB:BDA;EG:G 0 ®} bea
Chevalley basisfor ® suchthat = IR-span(CO),where CO:{i HB BOA; Ay
B, so [ <D+} isthe corresponding real Chevalley basis. Then CO leavesinvariant Q-
span (B) = C leavesinvariant F-span (B*).
Corollary 2

Let C :{HB: BOA; €, a0 @} be aChevalley basisfor  such that (50:
R -span ((‘30), where Co: {i HB BOA; A, B, al <D+} is the corresponding real

Chevalley basis. Let GO be any compact, connected semisimple Lie group with Lie algebra
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®, If g0 G, isabitrary, then Ad(g) leavesinvariant Q-span (CO) = Ad(g) leaves
invariant F-span (C).
Proof of corollary 1

Observe that Aa = Eu - E_a and Ba =] Ea + i E_G foradl a O CD+, which imply
that Ea =(12) (Aa—i Ba) and E_u =-(12) (Au+i Bu). Hence CO leaves invariant
F-span (B*) = C leavesinvariant F-span (B*). The assertion is now an immediate

consequence of the proposition above.D

Proof of corollary 2

We apply the proposition above to the adjoint representation Ad : G0 - GL(® 0)
andthebases B = Cofor U= (Soand B*=C forv = (SO(E. It iseasy to verify from
the relations between C oand C asstated in the proof of corollary 1 that the bases C oand
C satisfy the conditions 1) and 2) of the proposition above.

To prove Proposition A1 we need a preliminary result.
Lemma

1) If & O F-span (B*), then Re (§) O F-span (B*) and Im (§) 0 F-span (B*).

2) Re{F-span (B*)} =Im{F-span (B*)} = Q-span (E).

3) F-span (B*) = Q-span (B) +i Q-span (E).
Proof of the lemma

1) It sufficesto show that the conjugation operator Jleaves F-span (B*) invariant
since Re (§) = (1/2) (E+J(Er)] ) and Im (§) = (1/ 20) (E-JE)). If B* ={v,, .., v } and §
0 F-span (B*), then € :jZ:°1 (aj+i Bj) Vi whereaj, Bj 0 Q foralj. Hence J&) =
jz:l (aj - Bj) J(vj) O F-span (B*) since Jleaves invariant Q-span (B*) by hypothesis. _

2) If & O F-span (B*), theni & O F-span (B*). SinceRe (&) =Im (i &) and
Im (§) = Re (=i &) it follows that Re { F-span (E*} = Im {F-span (B*}.
Let B* = {vy . v} andlet & O F-span (B*) begiven. If wewrite& =
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n
_Zi (aj+i Bj) vj ,whereaj, Bj 0 Q for al j, then by breaking each vj into real and
J:

imaginary parts we obtain

& :jz:°1 (0(j Re (Vj ) - Bj Im (vj ) +i {jz:°1 (0(j Im (vj ) + Bj Re (vj ))}. By hypothesis

Q-span (B) = Q-span (Re (E*), Im (B*)) , and it follows that Re { F-span (B*)} =
Im {F-span (B*)} O Q-span (B). To show the reverseinclusion it suffices to show that
B ORe{F-span (B*)} =Im{F-span (B*). Iful B O Q-span (Re (E*), Im (EB*)),

then we may writeu = u, +u,, whereu, 1 Q-span (Re (B*)) and u, 0 Q-span (Im

1
(B*)). Notethat Q-span (Re (B*) = Re (Q-span (B*)) O Re{F-span (E*)}, and
hence u, U Re {F-span (B*)}. Similarly u, O Im { F-span (B*)} = Re{F-span (E*)},
and we conclude that u = u, +u,0 Im {F-span (B*)} = Re{F-span (E*)} foral u
B.g

3) If & O F-span (B*), then Re (€) and Im (&) liein Q-span (&) by 2), and hence
F-span (B*) O Q-span (B) +i Q-span (B). To show thereverseinclusion it sufficesto
show that Q-span (B) O F-span (B*), but thisis an immediate consequence of 1) and
2)..
Proof of Proposition Al

Let T be an element of End(U) that leaves invariant Q-span (E), and let € [
F-span (EB*) begiven. Then Re (§) and Im (€) belong to Q-span (B) by 2) of the lemma
above, and it followsthat T () =T (Re () +i T (Im(€)) O Q-span (B) +i Q-span (B)
= F-span (B*) by 3) of thelemma. Conversdly, let T be an element of End(U) that leaves
invariant F-span (B*), and let x O Q-span (B) be given. By 2) of the lemmax = Re (&)
for some & 0 F-span (E*),and hence T (x) =T (Re(§)) = Re (T (§)) O

Re {F-span (B*)} = Q-span (B).



Irreducible complex SU(2) representations

We describe first the irreducible, complex representations of SU(2) =

{gOd0GL(2,C):gg* = Id det g = 1}, where g* denotes the conjugate transpose of g.

Hence SU(2) = {D _ BB a, B 0 C and Do P+ DBDz—l} SU(2) isdso
FB “‘al

isomorphic to the group of unit quaternions acting on Hby left translations, and hence
SU(2) is diffeomorphic to s

For eachiinteger n> 1 let Vn denote the set of complex, homogeneous polynomials
of degree n in the two complex variables z, and Z, The complex dimension of Vn isn+l1,

and a natural basisforV is given by the set B* :{P Py P }, where P (21’ 22) =

knk
2y

P(azl+ cz,, bz, + dz,) for g = [ °°d] I GL(2 C)and POV, The subgroup SU(2)

forO<k<sn. GL(2 C)actsonV by (gP)(zl, z ) P((zl, zz)g) =

actsirreducibly on Vi for each n, and each complex, irreducible representation of SU(2) is
equivalent to Vn for somen. The representation of SU(2) on Vn isfaithful for every
positive integer n. See[B.- tD pp. 84-86] for details.

Let g, = % Pi Lo ij GL(2,C). For eachirreducible SU(2) module Vet

c:V -V betheuniqueconjugatelinearmapthatfix&seachP ,0<k<n. Foreachn
wedefmethemapJ gp0C: V HV whichcanalsobed@cribedby

QP) (z,,z)=2 P(|z —iz)), where P = ZcP
"2 =0 j=0 1]

The transformation J has the following properties:

1) Jisconjugate linear

2) Jog=goJforall g SU(2).

3 3R = i")"p_, forall 0<k<n.
4) ¥=1d if niseven

5) ¥ =-Id if nis odd.

28



Properties 1, 3), 4) and 5) follow routinely from the definition of Jalthough 1) is
also useful for the proofs of 4) and 5).

da "B O
Weprove?2). Let g= __  [Jbeanarbitrary element of SU(2). It sufficesto
FB ‘ol

show that (Jo g)(Pk) =(go J)(Pk) for 0< k< n sinceboth g o Jand Jo g are conjugate

— _ o o]
linear maps of Vn' Note that 959 = 99, for all g 0 SU(2), whereg = @ B 0. For
3B °a O

n
O<k<nitiseasy to show that Py = 2° ij(g) F’J where each ij isapolynomial with
=0

integer coefficientsin the coordinatefunctions{zij :1<i,j <2} of M(2,C). It follows

immediately that c(gP, ) = gP,.. Hence (Jo 9)(P,) = (9,9)(Py) = 99,(Py) = (g 0 N(Py).
If niseven, then Vn iscalled of real typewhileif nisodd then Vn iscalled of
guaternionic type because of the properties 1), 2) 4) and 5) above. See[B- tD, pp.93-100]

for further details.
Irreducible real SU(2) representations

We now explain how each complex irreducible SU(2) - moduIeVn givesrisetoa
real irreducible SU(2)-module Un' Every irreducible SU(2) module is equivalent to one of
the modules Un' n= 1, and the construction will show that each of the representations of
SU(2) on Un is faithful.

If n=2m+1isodd, then F=-1dand Vn is of quaternionic type. It follows that

R
n

p.99]. Hence Un is of type 2 in the notation of Proposition 3.1aof [E]. Inthiscase

Un =V " isirreducible asareal SU(2)-module by (ix) of Proposition 6.6 in [B- tD,
dim[RUn =2 dim(EVn =4m+4 = 2n+2. An R-basisfor U, isgivenby B = B* 0i B*,
where B* = {PO, P.,.., Pn} as above, which implies that Q-span (B) = F-span (B*).

In particular we obtain cheaply the analogue of Proposition Al inthiscase: if T isan
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element of End(Un), then T leavesinvariant Q-span (B) < T leavesinvariant F-span
(B*).

If n=2miseven, thenJ 2= Idand VnIR isnot irreducible asarea SU(2) module;
SU(2) commutes with J and hence SU(2) leavesinvariant the real +1 and —1 eigenspaces
of J. Inthis case we define Un to bethe +1 eigenspace of JinV. Notethat i Un isthe-1
eigenspace of JinV since Jis conjugate linear, and it follows that Vn = Un@ [ Un = Un@'
The space Un isirreducible asarea SU(2)-module, for if Un were adirect sum of proper
real SU(2)-submoduIesAn and Bn , then Vn would be a direct sum of the proper complex
SU(2)-SUbI‘hOdU|€SAn(E and Bn(E , contradicting the fact that Vn isirreducible. Inthis
case dimlRUn = dim(EVn =n+l.

By Proposition 3.1aof [E] and the discussion above it follows that we have found

all of theirreducible real representations of SU(2) in the sequence{Un, n=1}.
Natural bases for the irreducible real SU(2)-modules

We construct bases B n for theirreducible SU(2) modules Un, n=1 such that

Q-span (B) isleftinvariant by the natural real Chevalley basis C  for su(2), where C

_ ) _ljooo% _DOOOID _lﬁoollj
={Z,, 2, Z} WithZ = 20 5, Z,= 2 eepband Z,= S

(0]

Case 1l nisodd U dim[RUn = 2n+2.

If B ={P, P, ., P}, then let B_ ={u U, ..., Uy 1}, Where uy =P,
and u, 4 =i P forO<ks<n. Inparticular, an = iBn*+i ‘Bn* and Q-span (TBn) =
F—span(Bn*).

Case2 n=2miseven dim[RUn: n+1.
If Pisany element of Vninthecasen:Zm, then P+J(P) = (Id + J)(P) isan

element of Un’ the +1 eigenspace of J. To obtain an R-basis Bn of Un from the C-basis



iBn* ={ Po Pproees Pn} of v, we consider separately the casesa) m=2p [0 n=4p and
b) m=2p+1 0 n=4p+2.
a) Sincen = 4p we observe that i" = 1 and hence J (P = (—1)”'k P for0sks
n by 3) above. In particular we obtain
(i) Jleavesinvariant Z-span (TBn*).
The basis TBn* isalso anillustration of Proposition 3.2e of [E].
Next, we define
U, = (1d+) (PY =P + (-DKp for0<k<m-1=(n/2)-1.
Uy pq = (100D (P =i {P + (-)TKH

Un = I:)m:Pnlz
If iBn ={u, :0=<r=<n}, then an isan R-basisof U

Pn-k } forO<k<m-1=(n/2)-1
n DanD: dimpU =n+l
and the elements of SBn are linearly independent over R since iBn* = {PO, Pl, s Pn} is

a C-basis of Vn' From the definitions of theelements{ur :0<r<n} weobtain

immediately
. _ K
u2k+|u2k+1—(1) 2Pn_k forO<sk<sm-1
uzk_iu2k+1:2Pk forO<sk<sm-1
Un = I:)m - I:)n/2

From these relationsweseeimmediatelythat{Re(an*), Im (iBn*)} O Q-span (Bn) and
iBn O (D-span{Re(iBn*), Im(iBn*)}. This proves

(i) @-span(iBn) = (D-span{Re(an*), Im(Bn*)}
Hence by (i) and (ii) the bases Bn for U and SBn* for V  satisfy the hypotheses of

Proposition A1 above.

b) Sincen=2mandm=2p+1itfollowsthati" = - 1 and hence J (P,) =

(—1)”'k+1 Pn-k for 0< k < nby 3) above. In particular we obtain
(i) Jleavesinvariant Z-span (TBn*).

Next we define
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u, = (1d+) () =P, + (-)T 1P for 0< k< m-1 = (n/2)-1.

n-k
. . -k
Uspey1 = (Id+J) (i Pk) =i {Pk + (—1)n Pk } for0<k <m-1=(n/2)-1.
Un = I:)m = I:)n/2
Asabovein case @), the set an = {ur :0<r<n}isan R-basis of Un , and from the
definitions we obtain

n-k+1

Uy + [ Uppes1 = (-1 2 Pn-k forO<sk<sm-1

uzk_iu2k+1:2Pk forO<k<m-1

Un = I:)m - I:)n/2
The argument from case a) also shows here that

(i) Q-span (B )= Q-span{Re (B *), Im (B *)}
Hence by (i) and (ii) the bases Bn for U and SBn* for V  satisfy the hypotheses of
Proposition A1 above.

The natural real Chevalley basis Co for o = su (2)

Wefix aparticular real Chevalley basis (‘30 = {Zl, Z2 , 23} for (SO = su (2),where
=0 0 O O o o o Oi
_d % 5 g0 X s NP
Z . Z oo nmand Z If {El, EZ,ES}, where

17 0°°-i0 T2 @1°°00 3 [0°°00
_ dooo% _ |ﬁﬁO]‘D _lﬁ)oo(h ) ) ﬂ: _
El— =17 EZ— mwODand 23— 1°° 00 then C isaChevalley basisfor (80 =

s[(2, C) and induces CO in the standard way described in section 1.5 of [E] sincezlz i
El, 22:22—E3and23:i22+i23.

To calculate the groups G where G0 5 Q- {gO GO : p(Q) leaves

0B ,Q
invariant Q-span (1)}, we will apply 1) of Theorem C. In order to apply thisresult to the
bases B = TBn for U , we need the next result.

Lemma

Thered Chevalley basis (‘30 leaves invariant Q-span (B ) for every integer n = 1.
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Proof

By Corollary 1 of Proposition A1, CO leavesinvariant Q-span (B ) = C =
{El, Ez : Eg} leaves invariant F-span (TBn*). For Z [0 su (2) we may calculate the action
of Z on Vi by calculating the action of e% [ SU(2) on Vi as defined above and then

differentiating at t = 0. We obtain

Zl(Pk) = (2k-n) i Pk 0<k<n
Zz(Pk) =-k Pk-l + (n-k) Pk+1 0<k<n
0<ks<n

ZS(Pk) = ki Pk-l + (n-K) i Pk+1

Since&, =-i2,, £,=(U2) (Z,-i Z) and &= - (1/2) (Z,+ | Z,) we obtain

El(Pk) = (2k-n) Pk 0<k<n
Ez(Pk) = (n_k) Pk+1 O<k<n
£(P)= kP, O<k<n

The proof of the lemmais compl ete.

G and G0 Q for the real irreducible SU(2) representations

0,B .Q

We fix the red Chevalley basis C o and the corresponding notation defined above
for the rest of the discussion in this appendix. We are now ready to describe the groups
GO,(\B Q and Go,@ for the real irreducible representations of Go = SU(2). Werecdl the
notation F=Q(i) ={a+ib:alQ andb O Q}.

Proposition A2
For G, =SU(2) defineGo’(D ={g0G,: Ad(g) leavesinvariant Q-span -(‘30}.
Then G, , ={g0SU(2) : thereexists A # 0in € such that A% O Fand A\g 0 GL(2,F)}.

Remark : The adjoint representation Ad : G0 - GL ((SO) isirreducible since any
subspace of (80 invariant under Ad(Go) would be an ideal of (80, and (80 =su(2)isa



simple 3-dimensional real Lie algebra. From the discussion and terminology above, in
which all real and complex representations of SU(2) were described, it follows from

dimension considerations that the adjoint representation must be U >

Proposition A3

For G=SU(2) Iet{Un : 1< n<oo} betherea irreducible representations of G up
to equivalence, as defined above, where dim Un =n+lif nisevenand dim Un =2n+2if
nisodd. Let B beabasisfor U, such that CO:{Zl, Z,,Z,} leavesinvariant Q-span

(B). Let G ={g 0 SU(2) : g leavesinvariant Q-span (B)}. Then

0,EB ,Q
1) If nisodd, then GofB o- SU(2) n GL(2,F), where F = Q(i).
2) If niseven, then Go,‘B Q- Go,@ .

As a consequence of the previous two results we will obtain the following
Corollary

If G =3SU(2), then for U and B asabove we have

1) If niseven, then Go,@ / Go,fB Q ={1}

2) If nisodd, then G0 0 /G isisomorphic to A / F*, where F* denotes the

0,E ,Q
multiplicative group of nonzero elementsof Fand A ={A O C : A% 0 F* and DN Q}.

In particular, G0 Q / G0 B isan infinite abelian group in which each nonidentity

Q
element has order two.
Proof of the Corollary
Assertion 1) is an immediate consequence of Propositions A2 and A3. To prove 2)
we need some preliminary results.
Lemma 1
1) If A=a+ibisanarbitrary nonzero element of C, thenA DA < a2, b? and ab
are elements of Q.

2) Let A beanonzero element of C such that A2 0 F* and Ag O GL(2,F) for some
g SU(2). ThenA OA.
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Lemma 2
Let g be any positive rational number. Then there exist rational numbers F Ty
4
_ 2
ryand r, such that q_i§1 e
The proof of Lemma 1 follows routinely from the definitions. We prove Lemma 2,
as pointed out to us by Marc Burger. Writeq=a/ b, where aand b are positive integers.
By atheorem of Lagrange (cf. [HW, p.302]) we may choose positive ntegers{xi, Yi: 1<
4 4 4 4
<4} suchthata= 3 x.>and b = b y.>. Theng=( b x.%) ( > !/ b)?). Define
rational quaternionsp1:x1+ i x2+j Xyt kx4 and p, = (y1/ b) +i (y2/ b) +j (y3/ b) +

k(y4/b). Then PP, =r=r +i r2+j r3+kr4 iIsalso arational quaternion. If N(a) =

1
4

2 . . . . . .
El x;~ for an arbitrary quaterniona=a, +ia,+ja,+ka,, thensince N isagroup

4
homomorphism of H* into R* we obtain q = N(p,) N(p,) = N(p, p,) = i§1 riz, as

desi red.D
We now complete the proof of assertion 2) of the corollary. Define afunction

T: Go,(D/G - A/F by T(g Go,iB ,(D) = AF*, where A is any nonzero element of

0,B .Q
C such that A°> O F* and Ag O GL(2,F). The complex number A is not well defined for a
given element g of Go,@ , but if )\1 and )\2 are any two complex numbers such that )\iz O
F* and )\ig O GL(2,F) fori =1,2, then )\2: Alf for some element f of F*. It follows
easily from Lemmal that T isawell defined injective homomorphism.

To seethat T issurjective we apply Lemma?2. Let A [ A begiven. By the

definition of A and Lemma 2 we can find rational numbers M T Tg andr 4 such that
4
> .2 =O\’00 Q. Definea* =r +ir, B*=r+ir,a=a*/Aand B=p*/A. Ifg
i=1 | 12 34
Ja **gO0 .
=0 __ [ thenitisroutine to show that Ag O GL(2,F), and g U SU(2) since det (g) =
FB "‘aO

o’k DBZD:L Hence T(g G ) = AF*, which completes the proof that T is

0,B ,Q
surjective.
O
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Proof of Proposition A2

By Corollary 2 to Proposition A1 we know that Go,@ ={gO G0 - Ad(g) leaves
invariant F-span-C}, where C ={Z , &, &,} isthe Chevalley basisfor 6 " =
s[(2,C) described. The action of Ad(g) on C isjust conjugation by g since SU(2) isa
subgroup of GL(2,C). Henceg O G = SU(2) liesin Go,@ o

(O  9&g  OFspan{f &, &} fori=1,23
Oo °°p0O

If g 00 SU(2), theng = B_ _Ssome a, B O C such that O P+ DBDZ: 1. Requiring
TR g

that the coefficientsof g Ei g LlieinFfori=1,2 3isaset of 12 conditions, which are
easily seen to be equivalent to the following conditionson o and 3 :
(**) 1) Dal?- B2 O F
2) a?0Fand B2OF.
3)ap O FandaED F.
Itiseasy to verify that (**) isequivalent to
***) ) a?O0FandB2OF.
2) If a #0, then there exist numbers A, A, in Fsuch that o = A, a and
= )\20(.
3) If B #0, then there exist numbers Hy Ky in F such thatE = u1|3 and a
= 1B
Finally, it isroutine to show that (***) is equivalent to the condition that there exist a
nonzero number A 0 € such that A? 0 F and Ag O GL(2,F). Thiscompletesthe proof of
Proposition A2.D
Proof of Proposition A3
As above we let Vn denote the (n+1)-dimensional complex vector space consisting

of al homogeneous polynomials of degree nin the two complex variables z Z, Recall

1!
i * — __k_nk
also the natural basis iBn = {Po, P....P} whereP (z,,2))=2 "7,

forO<sk<n.



When computing G ={g 0 SU(2) : gleavesinvariant Q-span (B)} for the

0,B ,Q
irreducible real SU(2) module Un it suffices by 1) of Theorem C to consider any basis B
of Un such that C o leavesinvariant Q-span (EB). In the discussion above we constructed
anatural basis iBn = {ul, u,, ...} of Un satisfying this property. Moreover, the bases
iBn for U and iBn* for V  satisfy the two hypothesesin the statement of Proposition A1.

Hence for G = SU(2) acting on U, Proposition Al saysthat G ={g0SU2):g

0,8 ,Q
leaves invariant Q-span (SBn)} ={g 0 SU(2) : gleavesinvariant F-span (iBn*)}

Lemma
Oo °°p0O
Letg= B _ _B, wherea, B 0 C and O P+ DBD2= 1, be an arbitrary element
B an

of SU(2). Then g(Pk) U F-span {PO, Pl, s Pn} forO<sks<sn e

a) Thereexistsanonzero number A J C such that A0 Fand Ag O GL(2,F).

b) a" and Bn are elements of F.
Remark

Thislemmais strikingly similar to Proposition A2. Before proving it we useit to
complete the proof of Proposition A3.
Proof of Proposition A3

1) We supposefirst that nisodd. Since Aa isamatrix entry of Ag, whose matrix
entriesall liein F, it follows that a’= ()\or)zl)\2 is an element of F by a) of the lemma.

Since n = 2k+1 isodd and a” O F by b) it follows that a = o/ a2

liesin F. Similarly,
3 O F and we conclude that Go,iB Q 0 SU(2) n GL(2,F). Thereverseinclusionis
obvious.

2) Next supposethat n =2k iseven. The argument in 1) shows that o and BZ are
elements of F, and it follows al= (0(‘2)k and [3n = (B‘Z)k are elements of F. Hence a) [
b) in the lemmaif niseven, and we conclude from the lemma and Proposition A2 that

Co5 .0 =00
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Proof of the lemma
We compute (gP ) (21’ 22) =(a z, —E 22)k (8] z, + o zz)n'k. In particular
n —
(OPy) 2 2) = (@2, ~B2)" = 22 (D™ () a* B By} and

n _
(6Pp) (2, 2) = (B2, +az)" = Zo{) pF ™ p

Suppose first that g(Pk) O F-span {PO, P1' s Pn} forO<k <n. Inparticular

K}

g(Pn) O F-span {P P.,.., Pn} and we obtain
1) aank for0<ks<n.
For k = nand k = n-1 thisimplies that a"OFand cxn'lfs 0 F. Weobtain
) a"OFand [_3:)\10( for some A, OFif o # 0.
Similarly, since g(PO) [0 F-span {PO, P.,.., Pn} we obtain
3 koMK oF for0<ks<n.
(4 B"OFand a =\ for some A, OFif B#0.
We consider first the case that a # 0. From (2) it followsthat 3 = )\_1& and after
plugging thisinto the formulafor (ng) (21’ 22) we obtain (ng) (21' 22) =
uk o N k k ~n-k

{ (zl—)\lzz)k ()\_121+ zz)n_k} =a o Pk*,where Pk* isan element of

F-span {P , Pl, e Pn}. Since ng O F-span {PO, P,..,P } we conclude that

ukankDFforaIIOSksn. Fork:n-lweseethamnl

o O F, and by combining
thiswith (2) we obtain

(5) a=A,a forsome A, OFif o #0.

If B # 0, then asimilar argument using (4) shows

(6) B=A,B forsome A\, OFif B#0.
The assertions (2) and (5) show that if a # 0, theng=ag’, whereg’ [0 GL(2,F). Hence 1
= det (g) = o det ('), and we conclude that a®= 1/ det (g') O F if a # 0. Henceif A =
(Ya), then Ag O GL(2,F) and A OF. Asmilar argument using (4) and (6) showsthat if
B#£0and A = (1), then Ag 0 GL(2,F) and A% 0 F. Sincedither a or (3 is nonzero the

conditions @) and b) of the lemma now follow from 2) and 4) above.
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Conversely suppose that conditions @) and b) of the lemma hold for an element g of
SU(2). Let A be anonzero complex number such that A2 0 Fand Ag O GL(2,F). Note
that Aa and A3 are elements of F sinceAg =g’ hasall matrix entriesin F. Hence A" O F
by hypothesis b) since A" = A\a)""/ o"if a 2 owhile A=)/ Bif B2 0. Itis
evident that (g’ Pk ) O F-span {Po, Pl, e Pn} for 0 < k < n since the matrix entries of g’
lie in F, and we conclude that (ng) =(1/ )\n) (o} Pk) [0 F-span {PO, Pl, s Pn} for
0<k<n. Theproof of the lemmais complete, and Proposition A3 now follows as
indicated above.D
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