Appendix 2 Clifford algebras and Lie triple systems
Section 1  Preliminaries

Good general references for this section are [LM, chapter 1] and [FH, pp. 299-
315]. We are especially indebted to D. Shapiro [S2] who explained the ideas behind the
proofs of Propositions 2.6 through 2.8 and the first three assertions of the main result in
section 3.

Let V be a finite dimensional real inner product space, and!igf)@enote the
Clifford algebra determined by V according to the multiplication rule

(1) xy +yx=—2<x,y > for all x,yd V
The algebra €(V) becomes a Lie algebra with the bracket operation given by
(2) [a, b] =(1/2) {ab- ba} for all a,bl CL (V)
In particular
[X,y]=xy +<x,y> for all x,yOO V

A representation of V) on a finite dimensional real vector space U is an algebra
homomorphism j : €(V) - End(U) such that

(3) I i) +iy) i) =-2<x,y>1d for all x,y11 vV
Note that j is almost a Lie algebra homomorphism. Specifically,

(4) i(fa, b]) = (1/2) [j(a), j(b)] = (1/2) {i(a) i(by j(b) j(a)}  for all a,bl] CL(V)

Hencap = (1/2) j: @ (V) - End(V) is a Lie algebra homomorphism.

Clifford algebras satisfy the following universal mapping property (cf. Proposition
1.1 of [LM]) :

(5) Let{V, <, >} be a finite dimensional real inner product space, ara:I&t -
2 be anR-linear map into an associatilealgebra2l with unit 1 such that(v)-o(v) =
~WP 1 for all v V. Theno extends uniquely to aR-algebra homomorphism
o:CiV) - X.

If a:V - CI(V) is theR-linear map such thai(v) =-v for all vI V, then
clearlya(v)-a(v) = v-v = ~WP 1 for all vO V. Hence by (5) we obtain

(6) For any finite dimensional real inner product space V there is an involutive
automorphisnu : Cl(V) - CI(V) such thati(v) =—v forallvOV.

Section 2
We describe briefly the classification of Clifford algebrd$\J and the irreducible
C!(V)-modules up to equivalence. For further details see, for example, [LM, sections 1.4
and 1.5].
Classification of Clifford algebras and their modules



For an integer p 1 let C!(p) denote the Clifford algebra determined by RrE
where <, > denotes the standard dot product. For a field K and an integer n let K(n)
denote the algebra of n x n matrices with elements in K. It is well known that for each
integer r, @ (p) is isomorphic as an algebra to kIZ)r K(Zk)@K(Zk), where K =R, C
or H and k is an integer that depends on p. More specifically, one obtains the next result
by induction and the information in [LM, section 1.4].
Proposition 2.1
co(8Kk) = R (2% co@k+)= 2%
coek+d)= HeMaHE™  cieka)= e o@ks)=C
C(8k+6)= R(27K+S) co@k+7)= R m RS
Relationship to the Hurwitz problem (cf. [S1])

Let K be a field with characteristie2, and let K denote the K-vector space of n-

tuples ()i’ Xy oo s 41), X 0K for all i. Define a square norfd] 2on K" by

@ (8k+2)= H (2%
4k+2)

n
D(xl, Xor ee s >$1)D2 =2 1xiz. A triple of positive integers (r,s,n)agmissible if there
1=

exists a bilinear map f Mk K3 - K" such thal‘:lf(x,y)D2 = DXDZDyDZfor all (x,y) O
K"x K5 Hurwitz showed that (n,n,n) is admissiklen = 1,2,4 or 8. More generally,
an elementary argument (cf. [S1, pp.237-238]) shows
(2.2) Forr=2 the triple (r,n,n) is admissible relative te-fthere exist n x n

skew symmetric matrices {f,\AZ, AY—l} such that AI\Z =—Id forall i

and A‘ Aj+ Aj Ai =0forallizj, 1<i,j<r-1.

In the case that K R assertion (2.2) says
(2.3) (r,n,n) is admissible forx 2 = Cl(r-1) has a representation BA.

Determining the set of admissible triples (r,n,n) involves the Hurwitz-Radon
functionp : 7% - 77 defined as follows. Given a positive integer n write r{“:gz
where u is odd, and define

p(n) = 2m+1 if m=0 (mod 4)
p(n) = 2m if m=1 (mod 4) or n¥2 (mod 4)
p(n) = 2m+2 if m=3 (mod 4)
One now has
Theorem 2.4

For any field K of characteristi€ 2 the triple (r,n,n) is admissible r < p(n).
See [S1] for a discussion of this result with references to proofs in the literature. We use
the classification of real Clifford modules to give a proof below for the cas&K =



For r =p(n) the literature contains several constructions of skew symmetric
matrices {Ai’ A2, 'AY—l} satisfying the conditions of (2.2) and having the additional
property that each entry of each matrii><i$\0, 1 or-1. See the references cited in
[S1, p. 238].

Remark

The original Hurwitz problem follows easily from Theorem 2.4. If (n,n,n) is
admissible, thep(n)=>n = My, where u is odd. If m 4, thenp(n) < 2m+2< 2M<n<
p(n). Hence nx 3, and it is now easy to see that n=1, 2, 4 or 8 are the only solutions.

Classification of irreducible Clifford modules
Proposition 2.5

1) The number of equivalence classes of irreducible finite dimensional real

representations : Cl(m) — End(U) are :
a) 1 if mz4k+3.
b) 2 if m=4k+3.

2) The dimension of an irreducible finite dimensional real representation
0 : Cl(m) - End(V) is an integer d(m) that depends only on m.

Proof

This is an immediate consequence of Proposition 2.1 and the next well known
result (cf. Lemma 5.6 of [LM, chapter 1]). See also Proposition 2 in the discussion of two
sided ideals in Clifford algebras at the end of this appendix.

Lemma 2.5

LetK=R,C or H. Then

a) The natural algebra representapasf K(n) on the vector spacenKs the only
irreducible real representation of K(n) up to equivalence.

b) The algebra K(rip K(n) has exactly two irreducible representatipTand
P, Up to equivalence. These are giverptiynpl, Lpz) = p(Lpl) and pZ(Lpl, Lpz) = p(Lpz).
Proof of Theorem 2.4

For each positive integer p let d(p) denotelkhdimension of an irreducible
Cl(p)-module. Any @(p)-module U is a direct sum of irreduciblé @)-modules, and it
follows immediately that €(p) has a representation &Y - d(p) divides n. From
Propositions 2.1 and 2.5 it is routine to calculate the following :

d@k) =K d@k+1) = KL gek+2) = d(8k+3) = 9K+2
d(8k+a) =2%K*3  fora<a<7

Hence d(p) divides n =%, where u is odd-
m = 4k p = 8k

m = 4k+1 p = 8k+1



m = 4k+2 p = 8k+2 and 8k+3

m = 4k+3 p = 8k+4, 8k+5, 8k+6 and 8k+7
It is now a routine exercise using the definition of the Hurwitz-Radon fungtiorshow
p+1< p(n) = d(p) divides n. The proof is now completed by (2.3) if one sets—ﬂ.g r

Clifford algebras of dimension 4k+3
We investigate further the exceptional case of 1b) in Proposition 2.5. The
relationship between the two equivalence classes of irreducible representations of
Cl(4k+3) is restated in Proposition 2.7 in a form that will be more useful to us than that of
Lemma 2.5.
Proposition 2.6
Leta : Cl(m) - Cf(m) denote the involutive automorphism such th@) =-v
forallvd R™. Let m = 4k+3 for some integerk0. Then there exists an element z of
the center of €(m), unique up to sign, such that//R and =1 Moreover,
1) Ci(m) = Al@A2 , Where Aiz{E OCl(m):z& =-¢&} and A2= (&0 Ci(m):
z& =&}
2) A1 and A2 are two sided ideals of {@m) such thau(Al) = A2 and O((AZ) =
A,
3) aa,= aa = 0 for all aiDAland %DAZ.
4) A1 and Aé are algebras isomorphic td @n—-1). Moreover, both ,f\and 'Aé
have no proper two sided ideals.

Proposition 2.7

Let m = 4k+3 and lgp : CL(m) —» End(U) be an irreducible representation on a
finite dimensional real vector space U. betCl(m) - Cl(m) denote the involutive
automorphism such thaiv) =-v for all v R™. Then

1) p'=poa: Cl(m) - End(U) is an irreducible representation that is not
equivalent t.

2) Cil(m) = Ker p)EKer (p'). Moreover, {Ker p), Ker )} = {A 1 Az}'
where Ai and Aé are the two sided ideals of2(@n) defined in Proposition 2.6.

Remarks

1) The classification of Clifford algebras in Proposition 2.1 is used in only a few
places in these two results. In Proposition 2.6 it is used only to prove the uniqueness of z
and the second statement of 4). In Proposition 2.7 it is used only in the proof of 2).
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2) For an alternative approach to Propositions 2.6 and 2.7 see the appendix below,
" Two sided ideals in Clifford algebras ".

We need a few preliminary results before proving Proposition 2.6.
Lemma 2.6a

Let {el, €, - an} be an orthonormal basis &, and let z = ge, .. e If
m = 2n+1, then

a) z lies in the center of/@n) and ZIIR .

b) Z=1 ifn=2k+l (m = 4k+3)

£=-1 if n = 2k (m = 4k+1)
Proof of Lemma 2.6a

Using the relation (1) from section 1 it is easy to see that z commutes with each of
the generators g_ee e %} for C2(m) if m is odd, and hence a) holds. By applying
(2n) + (2n-1) + ... + 1 = n(2n+1) interchanges of the fogajn ¥ ejei the element Zcan
be brought to the fornﬁelz)(ezz) (%2) =—1. Hence 2= (-1) (1)®"*n=
(—1)n+1. Assertion b) now foIIow%.

An immediate consequence of the result above is
Lemma 2.6b

Letm=4k+3andletz=z2 568, ... '8 be the element of Lemma 1. Lete =
(1/2)(1-z) and e' = (1/2)(1+2). Theff e e, (e'én: e,ze=e,ze'=¢€e' and ee'=e'e =
0.

Proof of Proposition 2.6

Letz = 6 € ey Then z lies in the center ofl(n), 7Z=1and ZIR by
Lemma 2.6a. We postpone the uniqueness of z, up to sign, until the end of the proof.

Let B1 =e & (m)and Eé =e' A (m), where e and e' are the central idempotents
defined in Lemma 2.6b. Note that @) = Bl+ 82 sincee +e'=1. By Lemma 2.6b it
follows that Ei [ A1 and Bz O A2, and hence ?n 82 O A1 N A2 ={0}. We conclude
that 81: A1 and Bz = A2 sinceCl(m) = Bl@ B2 [ Al@A2 O C2(m). This proves 1).

It follows from 1) and the fact that z is central thqtahd Aéare two sided ideals of
Cl(m). By the definitions of z and it follows thata(z) =—z. From Lemma 2.6b it
follows thata(e) = e andx(e') = e, which completes the proof of 2).

If a = e& and g= e'¢' are arbitrary elements oflAind A2 whereg and¢' are
elements of €(m), then by Lemma 2.6b1za12: eet& =0and ga, = e'e'&=0.

It remains to prove the uniqueness of z and 4). Let z' be a central element of
Cl(m), m = 4k+3, such that (Z‘)= 1 and zlll R. Write z' = g+ a, where QD A1 and



a, O A2. It follows easily from Lemma 2.6b thaltzmd gare central elements of!QGn).
Moreovere +e'=1= (Z')= (81)2 + (32)2 by 3). By 1) we conclude that e :1X%1and
e'= (az)z. The elementsla e and gre lie in the center of f, and ( q- e)(al+ e)=0.
Assume for the moment that 4) has been proved. therm@\ﬁé are isomorphic to
Cl(4k+2), which by Proposition 2.1 is algebra isomorphic to the matrix algebra K(n),
where K =R or H. Hence the centers oflAa.nd Aéare fields isomorphic t& (cf. [J, p.
229)). It follows that eitherla e=0 or gre= 0. A similar argument shows thatzéa
e')(32+ e') = 0 and either & e =0 or gt e =0. Since IRande+e'=1it
follows that either z’ =ee'=-zor z'= e~e =1z

We prove 4). Defing : rR™L A1 = e A& (m) by ¢(v) = ev for all v[J R™1=
{v= (vl, Vo oon s vm) OR™: Vip = 0}. Note that % is an associative algebra with unit e
by Lemma 2.6b. Moreoveq; is anR-linear map such thag(v)-¢(v) = eV =-WFe
forall v R™2 Hencep extends uniquely to aR-algebra homomorphism :
Cl(m-1) - A1 by the universal mapping property of Clifford algebras. Note—tlzaJn =
e e, ...e . Since ez = e it follows that e &= el z)em = (e ei) (e %) .. (e ?n_l) O
@(C2(m—-1)). We conclude thap : C!(m-1) - Alis surjective since(Cl(m-1))
contains the algebra generators {p: ¢ 92), .. (e %)} of Al. It follows thaty is an
algebra isomorphism since!@n—1) and Ai both have dimension™2* overRR. By 2) AZ
= a(Al) is isomorphic to @and hence also to/@m-1). Finally, by Proposition 2.1
Cl(m-1) = C) (4k+2) is algebra isomorphic to K(n), where KR=or H. Itis well
known that K(n) has no proper two sided ideals (cf. [J, pp.227-228]). This completes the
proof of 4) and also of Proposition 2D.6.

Before proving Proposition 2.7 we need a preliminary result.
Lemma 2.7

Let m = 4k+3 and lgp : CL(m) —» End(U) be an irreducible representation on a
finite dimensional real vector space. Le{,{ez, e;n} be an orthonormal basis &,
and letz = ge, . e Then eithep(z) = Id orp(z) =-Id.
Proof of Lemma 2.7

By Lemma 2.6a p(z)2 = p(zz) =Id, and hence U =fﬂBU_1 , Where Li: {ul
U : p(z)u = u} and le {uOU:p(z)u=-u}. By a)oflemma 2.6ap(z) commutes
with p(C2(m)), and hence(C!(m)) leaves invariant both 1Ldamd U—1' It follows that
either U = L{or U= U_1 by the irreducibility ofp.D
Proof of Proposition 2.7

1) Let {el, S %} be an orthonormal basis & SinceO((ei )=- § for all i
anda(z) =- z it follows thatp'(ei ) = —p(ei ) for all i andp'(z) =—p(z). Hencep' is also
an irreducible representation of (n) on U since any subspace W invariant unqhe(lei),



p'(e2), ...p'(em)} is also invariant underp{(el), p(e2), ...p(em)}. By lemma 2.7 either a)
p(z) = Id andp'(z) =—1d orb) p(z) =-I1d andp'(z) = Id. Recall that e = (1/2){k)
and e' = (1/2)(1+z). If a) holds, then Kej) €ontains e but not e', and K@r)(contains
e' but not e. Hence Kep)# Ker (p'). A similar argument shows that Ker) & Ker (p")
in case b). If there existed an invertible linear map T= U such that To p(§) =p'(§) o
T for all elements, of Cl(m), then it would follow that Kerp) = Ker (p'). Hencep and
p' are inequivalent representations df(@) on U when m = 4k+3.

2) Since Ai =e C(m) and A? = e' & (m), using the notation of Proposition 2.6,
it follows that a) Ker @) DA1 and Ker ") DA2 if p(z) =1d or b) Kerg) DA2 and
Ker (p) O A1 if p(z) =—1d. It suffices to prove that Kep) n Ker (p') = {0}

We consider only case a) since the proof in case b) is similar. Not® thaer
(p) n Ker (p) is a 2-sided ideal of &&m) that is invariant under sincep' =poa. Ifa=
a +a, is a nonzero element &, where ?DAl and %DAz’ then we may assume thfilt a
# 0, replacing a by(a) if necessary. Henc? aeg = ea is a nonzero element®f n A1
since e é =ee @(m) =0 by lemma 2.6b. Sincel,has no proper two sided ideals by
4) of Proposition 1 it follows thatf; B n A1 O0%B O Ker (p'). Hence Ker@) O
Al@Azz Cl(m), a contradiction that shovs = Ker (p) n Ker (p") = {0}. 5

Z -structures for Clifford modules

The next result will be used in proving the existence of lattices for simply connected
, 2-step nilpotent Lie groups N that arise from representations of Clifford algebras.
Proposition 2.8

For an integer e 2 leto : C2(m) — End(U) be any finite dimensional real
representation. Let <, > be the standard inner produ[RfB,rand let {q, e, ... %} be
any orthonormal basis &™M. Then there exists an inner product <, >* on U such that
j(v) Oso(U, <, >*) for every v R™M and an orthonormal basisl{Lu - LN} of U
such that each elemetm(tek) of End(U) has an N x N matrixiAeIative to {Li, u,, ... LN}
satisfying the following properties :

Q) AI is a skew symmetric matrix such tha}l.zﬁc —Ildforl<i<m.

(2) Ai Aj =—Aj Ai forall 1<i#j<m.

(3) Each entry of llAis 0,1or-1.
Proof

It suffices to prove this in the case that U is an irreducihien>module. We first
prove that there exists some representaiof!?(m) - End(U) with the properties listed
above, and we then deduce the result for all representatioois Propositions 2.5 and
2.7.
Lemma 2.8



For an integer iz 2 let <, > and <, >' denote the standard inner produdRs”(])n
and IRd(m) respectively, where d(m) is the dimension of an irreduciliign module U.
Let B = {e en} and B'={ e e e('j(m)} be orthonormal bases @™
and [Rd( )respectlvely Then there eX|sts an irreducible representati@i (m) -
End(IRd(m)) such that if AI\is the matrix oE(ei) relative toB' for 1<i <m, then the
matrices {At} satisfy the properties (1), (2) and (3) above.

Proof of lemma 2.8

Given an integer i 2 we set n = d(m). By the discussion above in the proof of
Theorem 2.4 it is easy to check that one has #g(h) in each of the cases m = 8k+a,
0<ac< 7,wherep denotes the Hurwitz-Radon function. By (2.2), Theorem 2.4 and the
discussion following Theorem 2.4 there eX|st nxn matrlcelslé% Am} that satisfy
the properties (1), (2) and (3) above. tetR™ - End R )be theR-linear map such
thato(e) is the element of End?(n) whose matrlx is Arelatlve to the basi®’ for IR
1<i<m. Itfollows from (1), (2) and (3) thaﬂ(v) =- [k/D2 Id for all vO R™. Hence
o extends to arfk-algebra homomorphism: Cl(m) - EndR ) by the universal
mapping property (5) of section 1. Since n = d(m) it follows that the represemtagion
irreducible.D
Proof of Proposition 2.8

Leto: Cl(m) — End(U) be as in the statement of the Proposition, and assume
furthermore that U is an irreduciblel ®n)-module. Without loss of generality we may
assume that U &", where n = d(m). LeB = {e . en} be any orthonormal basis
of R™, and letB' = {e 2, e, @ } be an orthonormal basis 6" relative to the
standard inner product< >' &P LetX: Cl(m) - End[R )be an irreducible
representation that satisfies the conditions of lemma 2.8.

If m # 4k+3, then by Proposition 2.5 there exists an invertible linear map
T:R" - R"such that o 5(€) =o(€) o Tfor allE O R™. If A, is the matrix 0B (e;)
relative to {e'1 e'2, er'1}, then A\ is also the matrix otff(ei) relative to {L{L, u, .. un},
where W= T(e'i) for 1<i <n. By the statement of lemma 2.8 the matricelél {#atisfy
the conditions (1), (2) and (3) of the proposition. If <, >* is the inner product on U =
R" that makes {T u, .. un} an orthonormal basis of U, theiv) O so(U, <, >*) for
alvo R™ smceo(el) Oso(U, <, >*) for 1<i <m by (1), (2) and (3).

If m = 4k+3, then there are two irreducible representationd ¢hi; up to
equivalence, by Proposition 2.5. By Proposition 2.7 the represeniati@t (m) —
End(U) given by2' =2 o a, wherea is the canonical involution of &m), represents the
other equivalence class of representations!d@f} on R™. Hence there exists an
invertible linear map T R IRn, n = d(m), that intertwines the given representiand



eitherZ or Z' as in the previous paragraph. By the definitioa dffollows thatZ'(ei) =

- Z(ei) for1<i<m, and hencé'(ei) has matrix Ai': - Ai relative to the basi®' =

{e'l, e'2, s er'1}. It follows immediately that the matrices {ﬁ\'satisfy (1), (2) and (3)
since the matrices {ﬁ\ have this property. Ifiu= T(e'i) forl<i<nandif <, >*is the
inner product on U that makesl{Lu ) e Lh} an orthonormal basis, then we complete the
proof as in the previous paragraé)h.

Section 3 Clifford algebras and Lie triple systems
If V is a finite dimensional real inner product space, and (ML - End(U) is a
representation, then by the discussion in section (2.2) of the main text there exists an inner
product <, > on U such that j{CV)) O so(U, <, >). The main result in this section is
that if dim V = n# 3, then W =j(V) is a Lie triple system én(U, <, >) and WB[W, W]
is an orthogonal direct sum, relative to the canonical trace form inner product on
so(U, <, >), that is isomorphic as a Lie algebrad@m+1). If dim V =n = 3, then there
are two possibilities that are described in the main result below.

Proposition 3

LetV be a finite dimensional real inner product space, and/léf)alenote the
Clifford algebra determined by V. Let j 2¢/) - End(U) denote a nonzero
representation of V) on a finite dimensional real vector space U. Then

1) V& [V,V]is a Lie subalgebra of V) that is Lie algebra isomorphic to
so(n+1), where n = dim V.

2) Ifin=2orrm=4,thenj: V& [V,V] - End(U) is injective and its image is the
Lie subalgebra j(V}E [j(V), j(V)] of End(U), which is isomorphic teo(n+1).

3) If n =3, then either

a) j: VB [V,V] - End(U) is injective with image j(ViB [j(V), j(V)]
or

b) j(V & [V,V]) =j(V) =[j(V), j(V)] is a Lie subalgebra of End(U) that is
Lie algebra isomorphic tw(3).

4) j(V) is a Lie triple system is (U, <, >) relative to a suitable inner product
<, >on U. Moreover, if n = 2 ora4, then j(V) and ([ j(V), j(V) ]) are orthogonal in
so(U, <, >) relative to the inner product <<, >> given by << A, B >>trace (AB) for
elements A,B io(U, <, >).

Example the quaternion representation of CD.([RS)

Before proving the Proposition we illustrate the case 3b) by describing a

representation j : C(IRS) - End (IR4) that is not injective on the Lie subalgebra



10

R3® [R3 RY.

Identify R* with the quaterniong! ={a + bl + cJ + dK, with a,b,c, d R},
where the multiplication offif is given by f=F=Kk’=- 1;,10==JI=K; JK==-KJ =
land Kl =— IK = J. LetR® be given the standard inner product <, >, and Ifte{ze e3}
be the standard basis [Bf?, which is orthonormal relative to <, >. Imbéd= R*asa
subalgebra of EndH) = End ([R4) by the map a» La’ where Ladenotes left
multiplication by alJ H. Let : R3 _ M be the linear map given hby(a) = all + a2J +
a3K fora = ("’l’ a,, a3) 0 RS, Ifj: R3 - End (H) is the map given by j(a) :q5'(a)’
then it follows routinely that j(a) j(b) + j(b) j(@)=2 < a, b > Id. Hence j extends to a
representation of EZ(IRG') on End H) =End (IR4). It is easy to see that jR3 &b
[R® R% - End (M) is not injective. For example, j{lee]) = (e, €)) = j(e,) i(e,) =
LioLy=Ly = j(e3).D
Proof of Proposition 3
Lemma 1

Let{V, <, >} be a finite dimensional real inner product space. qLet/\Z(V) -
so(V, <, >) be the linear map such thaaJb) (v) =<a,v>b-<b,v>aforall a,b,v
OV. Then

1) ¢ is alinear isomorphism of vector spaces.

2) Let Lie algebra structures be defined/‘(?l@V) by [alb, cOd]=

-<bc>aldd+<bd>dlc+<ad>dlb-<a,c>dlb forallab,c,d
OV andonso(V, <, >)by[A, B]=AB-BA forallABOso(V, <, >).
Theny is a Lie algebra isomorphism.

3) Letinner products be defined Aﬁ(v by <alb, cOd>= det[: g g Z << ab dd
and onso(V , <, >) by <A, B>=trace AB. Then

a) <px0Oy)v,w>=<x0Oy,vOw> forall x,y,v,wl V.

b) <), p(n)>=2<¢n> forall &, n O\ 2(V)

Remark

fT:VXV > UAis an alternating biIinea/( map for real vector spaces V, U, then
there exists a linear map:T\Z(V) - U such that Tv Ow) = T(v, w) for all v,w V. In
particular, the map T : Vx W so(V , <, >) given by T(a,b) (v) =< a,v >b< b,\//\> a
for a,b, v(1 V is alternating and bilinear, which guarantees the existence of the map T
@: /\2(V) - so(V , <, >) of the Lemma.
Proof of Lemma 1

LetB = {el, s eh} be an orthonormal basis of V. The map: /\2(V) -
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so(V, <, >)is surjective since(ei O ej) is the element afo(V , <, >) whose matrix
relative toB has-1 in position (i,j), 1 in position (j,i) and zeros elsewhere. Therefore
is a linear isomorphism since diM(V) =dimso (V, <, >) =(1/2) n(r1l). This proves
1). The assertions in 2) and 3) follow routinely from the definitions, and we omit the
details.

The next result contains a proof of 1) of Proposition 3.

Lemma 2

Let {V, <, >} be a finite dimensional real inner product space, andié¢)C
denote the Clifford algebra determined by {V, <, >}. Let \R&V [ CI(V). Then

a) [V, V]is a Lie subalgebra ofiQV) isomorphic as a Lie algebra/t&(V).
Moreover, [V, V] =R-span {ab : a,ih] V}.

b) [V, [V, V]] OV.

c) VB[V, V] is a Lie subalgebra of V) isomorphic as a Lie algebra/t&(V').

d) VB[V, V] is isomorphic as a Lie algebrago(n+1), n = dim V.

Proof of Lemma 2

Let B = {el, . e1} be an orthonormal basis of V.

a) The vector space [V, V] is spanned byI ,{Eff] =§ ej , 1<i,j <n}. The fact
that [V, V] is a Lie subalgebra ofiCV) follows immediately from the next observation,
whose proof is a routine consequence of (1) and (2) of section 1.

Sublemma

Let a,b,c and d be elements of V. Then [ab, cdk=b,c>ad + <b,d > ac
- <a c>db+<a,d>ch.

To identify [V, V] with A (V) we consider the alternatmg bilinearmap T : V xV
[V, V] given by T(v,w) = [v, w] for all v,wO V. Let T N (V) [V, V] be the linear
map such that(v Ow) = [v, W] for all v,\w V. The map Ts surjective smce(é Oe)

[e eJ] forl<ij<n. Hence Tis a linear isomorphism since dmﬁ(V) dim [V V] =
(1/2) n(n-1).

We show that Ts a Lie algebra isomorphism, using the bracket operation for
/\2(V) defined in 2) of Lemma 1. Let a,b,c and d be any elements of V. By (1) and (2) of
section 1 and the sublemma above we ot;\te[m Mb, cOOd]) =-<b,c>[a, d] +
<b,d>[a,c]+<a,d>][c,b]j<a, c>][d, b]=<Db, c>ad+<b d>ac+
<a,d>cb-<a,c>db=Jab+<a,b>cd+<c, d>]:(a[1jb) T(ch)]

The final assertion of a) is an immediate consequence of the fact that [V, V] =
R-span {[e, eJ] :1<i,j<n}=R-span {eeJ »1<i,j<n}



b) It suffices to show that [e[e ek]] OV for all i,j,k with j # k. Since [t]a, ek] =
ej & if ] £k it follows from (1) of sectlon 1 that. [e[e ek]] =0ifi,},k are all distinct and
[ei, [eI ek]] = -8 ifi #Kk.

c) It follows immediately from a) and b) thatif{V,V] is a Lie subalgebra of
CL(V). It remains to show that®[V,V] is isomorphic to/\2(V').

If we let &= 1, then {%, €, ., e]} is a basis of V' SR V. SinceR is the
center of @ (V) it follows that [V', V'] = [V, V] since [(r,v), (s,w)] = [v, w] for all
eIements (r,v), (sw)l R&BV. By the remark following lemma 1 there exists a linear map
S A\ (V) - V&BI[V, V] such that S((r v) (s, w)) = (rw sv) + [v, w] for all elements
(r,v), sw)dV'=R&EBV. Note that 3s surjective ; Im (Scontalns [V, V] smce v
w) = [v, w] for all v,w [ V and Im (S contains V since §r,0) (0, v)) = rv for all r[
R and vO V. Therefore Ss a linear isomorphism since dM(V) dim (V&B[V, V])
= (1/2) n(n+1).

R Equip/\Z(V') with the Lie bracket defined in 2) of Lemma 1. To show that

/§ : /\2(V') - V&IV, V] ,i\s a Lie alg\ebra isomorphism it suffices to show that

S ([ei [ ej, & 0 eg]) =[S (eI O ej), S(ek O eg)] for 0<i,j,k, 2 <n. TheAverification of
this assertion follows routinely although tediously from the definitionsasfdsthe bracket
operation in/\z(V').

d) This assertion follows immediately from ¢) and Lemma 1.

Proof of 2) of Proposition 3

If n =2 orn>4, then B[V, V] =so(n+1) is a simple Lie algebra. By (4) of
section 1) = (1/2) j: Q(V) - End(V) is a Lie algebra homomorphism. If we restict
and j to the Lie subalgebra@v[V, V], then Ker (j) = Ker () = {0} since Ker (p) is an
ideal of VB[V, V]. Hence we obtain a Lie algebra isomorphigmV E[V, V] -
WVEBLV, V] = (V) B[W(V), wV)] =j(V) BliV), iV)]. 4
Proof of 3) of Proposition 3

If n =3, then B[V, V] =s0(4) by d) of Lemma 2. It is known thaé (4) =
s0(3) Bso(3), and more preciselyg(4) is the Lie algebra direct sum of its two simple
ideals, both of which are isomorphicstg3) (cf. [H, Corollary 6.3, p.132]). Hence
j VBV, V] - End (U) is either injective or has nontrivial kernel isomorphiw(s).

To complete the proof of 3) it suffices to show that if Ker (j) is isomorphic to
s0(3), then j(V) =j([V, V]) = [(V), (V)] = j(V B[V, V]). Itfollows from (4) of section 1
and c) of Lemma 2 that j®[V, V]) is a subalgebra of End (U).

We show first that j : [V, V]- End (U) is injective. It then follows that j([V, V])
=[j(V), (V)] has dimension 3 since [V, \B so(3) by Lemma 1 and a) of Lemma 2. Since
so(3) is simple it would follow that j([V, V]) = {0} if j is not injective on [V, V], and hence
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[V, V] OKer (j), j: VB[V, V] - End (U). Equality must then hold since both [V, V]
and Ker (j) have dimension 3, but this would contradict the fact that [V, V] is not an ideal
of VB[V, V]. Note, for example, that [e[ei, Gi]] = [ei, 8 ej] = —ej fori #|.

Next, we observe that j(V) = j8[V, V]). Clearly j(V) OV &B[V, V]) and
equality follows since both spaces have dimension 3. The space j(V) has dimension 3
since j: V- End (U) is injective by the definition of a representation of a Clifford algebra
(cf. (3) of section 1). The space MV, V) has dimension 3 since¥[V, V] =so(4)
has dimension 6, and Ker §)so(3) has dimension 3.

Finally, [j(V), M1 =j(V, V]) O j(V&EI[V, V]) =j(V), and equality holds since
both j(V) and j([V, V]) have dimension 3 by the discussion above.

Proof of 4) of Proposition 3

From (4) of Section 1 and b) of lemma 2 it follows immediately that
V), V), IMIT =1V, [V, VI) Oj(V). By the discussion in section (2.2) of the main
text there exists an inner product <, > on U such that((s(U, <, >).

We conclude by showing that if n = 2 oed, then j(V) and ([ j(V), j(V) ]) are
orthogonal inso(U, <, >) relative to the inner product <<, >>ufU, <, >) given by
<< A, B >> =-trace (AB) for elements A, B ¢b(U, <, >). We actually prove
somewhat more than this. We treat only the casé and omit the proof for the simpler
case n = 2.

Fix an orthonormal basis iee ) e ,eh} for V, where n> 4, and let Ii:_= j(ei ) d
so(U, <, >) for 1<i < n. The orthogonality of j(V) and j([V, V]) follows from 2) of the
next result.

Lemma

Leth1 ={Ei :1<i<n}, ‘BZ :{Ei Ej ;1<i<j<n}and B = fBlﬂ ‘Bz.
Then ‘Bl, ‘BZ and B are orthogonal bases of j(V), ([i(V), j(V)]) and j(B][j(V), j(V)]
respectively relative to the inner product <<, >>afJ, <, >). Moreover, X=-1d
and << X, X >> =n for every element X &f.
Proof of the lemma

The lemma is an immediate consequence of the following assertions :

1) << Ei,EJ.>>:nESij forl<ij<n.
2) << EI ﬁ Ek >>=0 for all 1<i,j,k <n.
3) a) (I%Ej)2=—ld if i #].

b) <<I$Ej,EkEQ >>=n ifi=kandj=0.

c) << IgEj, Ek EQ >>=0 if {i,j} #{k,?}.

To prove these assertions we use repeatedly the facts
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(*) E°=-1dforalliand EE+EE=0ifi#]

1) This assertion is an immediate consequence of the definition of <<, >>, (*) and
the fact that FEJ- is skew symmetric if # .

2) Ifi=jori=k,then IIEEJ Ek =- Ek or % respectively by (*). Hence in this
case << F EJ Ek >> =—trace (I% Ej Ek) = 0 since IFis skew symmetric for all r.

We now assume that i,j and k are all distinct and define |TET IEk From (*) it is
easy to verify the following :

a) If2 0k}, then TEQ =- EQT.

b) T is symmetric relative to <, >on U andlT1d.
From b) it follows that T has eigenvalues 1 and-1 and U = Li@ U_1 , Where Li
denotes the eigenspace fo= 1 and Ql denotes the eigenspace fo=-1. We need to
show that trace (T) = 0, and since trace (T) = di{ﬁ- dim U_1 it suffices to show that
dim Ulz dim U—1' Since = 4 we can find an integér with £ @ {i,j,k}. From a) it
follows that EQ(Ul) = U_1 and EQ( U—1) = U1' Since I_:ﬁ is nonsingular we conclude
that dim U= dim U,

3) Assertion b) follows from a) and the definition of <<, >>. Assertion a) is an
immediate consequence of (*). We prove c). If the integers i,j,K aaré@ not all distinct,
then Er Ej Ek EQ = Er ES for some integers r and s. Sinnglg is skew symmetric it
follows that << I1-—‘_Ej, Ek EQ >> =-—trace (I% Ej Ek Eg) =0.

Suppose now that the integers i,j,k @ndre all distinct. Define T :iEEj Ek and
S= E[ Ej Ek E12 = TEQ. From a) and b) in the proof of 2) and (*) it is easy to show that
TS=-ST= EQ S=Idand Sis symmetric relative to <, > on U. As in the proof of 2)
we write U = V\{@W_l , where W denotes the S-eigenspace for 1 and W, denotes
the S-eigenspace foxr=- 1. Since TS = ST it follows that T(V\i) = W_1 and T(V\/_l)
=W,. Therefore dim W= dim W, since T is nonsingular. We conclude that
<< E| Ej’ Ek EQ >> =-—trace (S) = {dim W1 - dim W_l} = 0 if the integers i,j,k and
are all distinctD.

Appendix  Two sided ideals in Clifford algebras

We begin by determining the centers of the Clifford algebidsnC
Proposition 1
If 3 m denotes the center of the Clifford algebrg18), then one has the following:
1) If m =4k, therd m is a field isomorphic tdR.
2) If m = 4k+1, ther m is a field isomorphic té..
3) If m = 4k+2, ther m is a field isomorphic tdR.



4) If m = 4k+3, ther —{a+bz a,bdd R}, where 21 3 —[R is an element
such that2= 1. The element Z is uniquely determined up to S|gn

The main result may now be stated.
Proposition 2

1) If m# 4k+3, then @(m) contains no proper two sided ideals.

2) The algebra @4k+3) contains exactly two proper two sided ideallsmd A2
that are both isomorphic tol(4k+2). Moreover,

a) Let zDSm - R an element such thaf z 1 and define e = (2/2)(1-2)
and e' = (1/2)(1+z). ThenlAF e C (4k+3) and Aé =e' C(4k+3),
relabeling if necessary.

b) 0((A2) = A1 anda(Al) = A2, wherea is the main involution of
Cl (4k+3).

c) Cb(4k+3) = Al@A and AA=AA = {0}.

A useful application of the main result is
Proposition 3

Let m = 4k+3 and lgp : C(m) —» End(U) be an irreducible representation on a
finite dimensional real vector space. betCl(m) — CI(m) denote the involutive
automorphism such thaiv) =-v for all v R™. Then

1) p'=poa: Cl(m) - End(U) is an irreducible representation that is not
equivalent t.

2) Cbl(m) = Ker p)EKer (p'). Moreover, {Ker p), Ker )} = {A 1 A2},
where Al and Aé are the two sided ideals of . (@n) defined in Proposition 2.

Lemma la
If Cﬂ(m)evendenotes the subalgebra of even elementsidmy; then
8 n Cg(m)even
Pr oof
Let {e .. e;n} be an orthonormal basis &', and letB be the
correspondlng baS|s ofi@m); that is, B = {1, e,1 qz q 1< |1 < |2 <..< ik ,

1<k<m}. Letxbe anelement Qim n Ci(m)

evenand write x T:zo a o, where ?D

R, O; 0B, 9, =1 andcxi is the product of an even number of the generatclr,%e...
,em} foralli>1.

15
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For an integer k with ¥ k < m we define /k ={i:1<i<Nand & is a factor of
oi} and Bk ={i:1<i<Nand & is not a factor obi}. It is easy to see, by induction on
the number of factors an‘i, that

-1 o

808 =0 ifi OA

K =ik ] . k
80§ = © |f|DBk

Hence Bx-xg = Zq(( B 3 C; ) for all k. It follows that RX=Xg forallk = a

=0 for all k= 1. Hence x :8\D [R.D
Lemma 1b

Let {e %} be an orthonormal basis dﬁ‘m and let z = £€, ... 6

1) Ifm 4k thenze: gz foralli and 2= 1.

2) If m=4k+1, thenﬂS and Z=-1.

3) If m =4k+2, then zie-¢ez foralli and 2=-1.

4) If m = 4k+3, then . 3 and 2= 1.
Proof

Note that 7] 8m ~z8=6z2 for all i. The stated relations betwemq and
g Z follow by induction on m if one writes z = %ewhere zZ'= £e, ... & - If one
applies m(m-1)/2=(m-1) + (m-2) + ... + 1 mterchanges of the f(i)leps e e to the
elementg then one obtains the eleme[ﬁe2 =(- 1) . Hence %—
(-pimHmm-1/2} - CyMM*D2 5nd we obtain the stated values foirzcases 1)
through 4).D
Proof of Proposition 1

Let a be the main involution of @m) defined bya(v) =-v for all v IRm, and
recall that @(m) = C[),(m)everl v Cﬂ(m)evenfor every nonzero element v B, Letg
be an arbitrary element @fm andwrite¢ =a+b e for suitable elements a,b in
CQ(m)eVen Then a = (1/2)¢+a (&)} O Sm n Ci(m) =R by Lemma 1la, and
furthermore b £= ¢—al 8

In cases 1) and 3) it sufﬂces to prove that b = 0. If z®,e. 6., then by
Lemma 1b, z (b 9 = (b q_) z=-b(z el) which implies that zb = bz since ?
However, Lemma 1b also implies that z commutes with even elements in cases 1) and 3),
and hence zb = bz. It follows that bz = 0 and b = 0 since z is invertible.

We now consider cases 2) and 4) where m is odd. In this case, z is an odd element
of 3 ' a(z)=—zand @(m) = C[J_(m)even zCl (m)even Clearly3 m U
{a + bz : a,b] R}, and we assert that equality holds. Edte any element &} m and
and write¢ = x + zy, where x,y are elements of (@) Then x = (1/2) §+a(&)} and

even

even
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y =1 (1/2) {a(§) - &z are elements oB m "N Cl(m)
proves thag [ {a + bz : a,b0] R}.

In case 2) it is easy to see tt%aﬁ,] ={a+bz:ald] R}is a field isomorphic td
since Z =-1 by Lemma 1b. In case 4) it is also easy to se@tnﬁ {a+bz:akdR}
is not a field since z= 1, which implies that (1-z) and (1+z) are nonzero central elements
whose product is zero. In case 4) it is also easy to check &iatahy element of
Sm - R such thaE2 =1,ther§ =z or¢ = - Z.
Proof of Proposition 2

The map L : @(m) - Enle ( Ci(m)) given by L(x) = left multiplication by x is a
representation of &m). All representations: C!(m) — End (U) are completely
reducible since(C(m)) O so(U, <, >) for a suitable inner product <, > on U. Hence
we may write @(m) = LlEB LZEB... GBLN, where the {l-r} are irreducible @(m) -
submodules or equivalently , left ideals df(®) that contain no proper left ideals of
Cl(m). Hence €(m) is a semisimple ring, and by standard theory (cf. Theorems 2 and 4
of [L, pp.447-448] ) we can write Gm) = Rl@ R269 .. BB Rp, where each iRs aring
with no proper two sided ideal angl II% = Iﬁ Ri =0ifi#]. The number p and the factors
{Rl, R2 s %} are uniquely determined up to isomorphism and order. Note that if we
write 1 = gtet..+e, then eachieis a central element off@m) such thatié =8 and
§ ej = % & = Oifi#j. If p=2, then the center of i@m) would not be a field, and it
follows that p = 1 if m¢ 4k+3 by Proposition 1.

We prove 2). Let m = 4k+3. By the discussion above the c@%arontains the
p-dimensional subspace spanned by @ s %} Hence p =1 or 2 by 4) of
Proposition 1. We show that p = 2.

By 4) of Proposition 1 there exists an elemerﬁﬂ&m ~ R such that 2= 1.
Define e = (1/2)(1-z) and e' = (1/2)(1+z). The elements e and e’ are nonzero and central,
and they satisfy the propertie%=ee, & = e, l=e+e'andee' =e'e=0. 1f=Be
C!(4k+3) and I% = e' Q(4k+3), then E_’tand BZ are two sided ideals of\f4k+3) since
the elements e and e’ are central. Moreovgdkc+3) = BlEB 82 since 1=e +e". Hence
p =2 and ﬁQ: Bi fori=1, 2, using the notation above.

To prove a) it suffices to show tha{ Bnd BZ are the only proper two sided ideals
of Cl(m). If B is a two sided ideal of &m), then BBi OB n Bi fori=1,2, and hence
B-Bi is a nonzero ideal ofiBf B-Bi #0. Since EI: R1 and BZ: R2 contain no proper
two sided ideals it follows that -Bi 0 Bi if B-Bi # 0, and we conclude that B :1Br B=
82 if B is proper.

Assertion 2c) follows from a) and the properties of e and e’ listed above. Now let
o be the main involution of @4k+3), which has the property tha =—v for all v in

even- R by Lemma la, which



R™M. It follows thata(z) =- z by the definition of z in Lemma 1b and the fact that m is
odd. Henceai(e) = e' andi(e’) = e, which proves 2b).

To complete the proof of Proposition 2 it remains only to prove that bloﬂmekAz
are isomorphic as algebras té(@k+2). Definey : IR4k+2 - A1 by @(v) = ev for all v
O [R4k+2: {v= (vl, Vs won s V4k+3) O [R4k+3: Var+3 ™ 0}. Note that % is an
associative algebra with unit e. Moreoverjs anR-linear map such thag(v)-@(v) = eV
= —wPe for all vl IR4k+2. Hencep extends uniquely to aR-algebra homomorphism
¢ : Cl(4k+2) - A1 by the universal mapping property of Clifford algebras. Since.z =e

1
€ €ig by lemma 1b it follows that 28,3 €6 - €, Sinceez=-e it

follows that e QK+3™ e z)e4k+3: (e q_) (e %) .. (e %k+2) O @ (CL(4k+2)). We
conclude thatp : Cl(4k+2) - A1 is surjective since(C!(4k+2)) contains the algebra
generators {(e 13 (e 92), .. (e §k+3)} of A1' It follows thatp is an algebra
isomorphism since g4k+2) and Ai both have dimensior®*2over R, By 2b) Aé =
G(Al) is isomorphic to ﬁ\and hence also tod@4k+2). This completes the proof of
Proposition 2D.

Before proving Proposition 3 we need a preliminary result.
Lemma 3

Let m = 4k+3 and lgp : CL(m) —» End(U) be an irreducible representation on a
finite dimensional real vector space. Le{,{ez, e;n} be an orthonormal basis &,
and letz = ge, . e Then eithep(z) = Id orp(z) =-Id.
Proof of Lemma 3

By Lemma 1 p(z)2 = p(zz) =Id, and hence U :1U!BU_1 , Where L1= {uOU:
p(z)u = u} and Q1= {uOU:p(z)u=-u}. Since zis central by case 4) of lemma 1b,
p(z) commutes witlp(C2(m)), and hence(C!?(m)) leaves invariant both 1L)alnd U—1' It
follows that either U = yor U= U_1 by the irreducibility ofp.D
Proof of Proposition 3

1) Let {el, S %} be an orthonormal basis & SinceO((ei )=- § for all i
anda(z) =- z it follows thatp'(ei ) = —p(ei ) for all i andp'(z) =—p(z). Hencep' is also
an irreducible representation of (n) on U since any subspace W invariant unqhe(lei),
p'(e2), ...p'(em)} is also invariant underp{(el), p(ez), ...p(em)}. By lemma 3 either a)
p(z) =Id andp'(z) =—1d orb) p(z) =-Id andp'(z) = Id. Recall that e = (1/2){k)
and e' = (1/2)(1+z). If a) holds, then Ke) €ontains e but not e', and K@r)(contains
e' but not e. Hence Kep)# Ker (p'). A similar argument shows that Ke) & Ker (p")
in case b). If there existed an invertible linear map T= U such that To p(§) =p'(§) o
T for all elements, of Cl(m), then it would follow that Kerp) = Ker (p'). Hencep and
p' are inequivalent representations df(@) on U when m = 4k+3.



2) Recall that %and A2 are the only proper two sided ideals df(€k+3) by the
proof of 2a) of Proposition 2. Clearly Kqy)(and Ker ') are proper two sided ideals of
C!(4k+3) that are distinct by 1). Hence assertion 2) of Proposition 3 now follows
immediately from assertions 2a) and 2c) of Propositign 2.
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