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Abstract A new isomorphism invariant of certain measure preserving flows, using
sequences of integers, is introduced. Using this invariant, we are able to construct
large families of type Illp systems which are not orbit equivalent. In particular we
construct an uncountable family of nonsingular ergodic transformations, each having
an associated flow that is approximately transitive (and therefore of zero entropy),
with the property that the transformations are pairwise not orbit equivalent.
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1 Introduction

The problem of classifying invertible ergodic transformations of a measure space
(X, B, ) dates back to the beginning of ergodic theory. In this paper we are interested
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in a weak form of equivalence called orbit equivalence (also known as Dye or weak
equivalence); since the finite measure-preserving ergodic transformations form a sin-
gle equivalence class under this equivalence relation [7], our focus is on ergodic
transformations that do not preserve any measure, finite or o-finite, equivalent to .
These are called type III transformations and are defined and discussed below; there
is also a rich literature on the subject and background material appears for example in
[1,3,8—12], and the references therein. It is well-known that type III transformations
include uncountably many orbit equivalence classes, and even in the subclass of type
111y transformations which is the subject of this paper, uncountably many inequivalent
examples were constructed nearly immediately after the problem was posed [1,11].

The purpose of this paper is two-fold. The first is to introduce an invariant of
measure-preserving flows under the stricter notion of measure theoretic isomorphism.
The new invariant is the growth rate (similar to [2]) of ergodic sums of height func-
tions of flows associated to a type III transformation when these flows are presented
as a certain canonical height function over a base transformation. The second pur-
pose is to use this result to construct explicit product odometers whose associated
flows are all non-isomorphic, hence giving an uncountable family of invertible trans-
formations which are pairwise inequivalent under the much weaker notion of orbit
equivalence.

In Sect. 2 we give the definitions and some details of the background of the
problem. In Sect. 3 we define the invariant and show how it applies to our set-
ting. We conclude in Sect. 4 by applying this invariant to produce techniques for
constructing non-orbit-equivalent systems, including an explicit uncountable family.
The flows we construct are all examples of flows labelled AC-flows by Osikawa in
[13].

2 Background and definitions

By a nonsingular system {X, B, ;t, T} we mean a standard measure space (X, B, i)
and a yu-measurable invertible transformation 7 : X — X such that y and p o 77!
are mutually absolutely continuous, where (i o T-Y(A) = w(T~'A). Two invertible
nonsingular systems {X, B, u, T} and {Y, B, v, S} are called orbit equivalent if there
is a bimeasurable invertible map ® : X — Y such that u and v o & are mutually
absolutely continuous, and the map & preserves orbits. That is, for p-almost-every
x € X, we have

{CD(T"x) ‘n e Z} = {S’"(Cbx) ‘m € Z}.

We assume furthermore that 7' is ergodic; T(A) = A (u mod 0) for some A € B
implies either ©(A) = 0 or w(X \ A) = 0. The results we derive for invertible maps
apply to other countable amenable group actions in light of [3].

If a nonsingular system is orbit equivalent to a transformation on a finite space, it
is said to be of type I; the cardinality of the space classifies all such systems up to
orbit equivalence. If the system is equivalent to a non-atomic system which preserves
a o -finite measure ' ~ p, it is said to be of type Il if ' (X) < 0o, and of type Il
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if /' (X) = oo. H. Dye’s celebrated theorem states that all type II; systems are orbit
equivalent, as are all type Il systems [7]. If the system does not preserve any o -finite
measure ~ [, it is said to be of fype III. The task of classifying nonsingular systems
up to orbit equivalence reduces therefore to the case when {X, B, i, T} is of type IIL

By the nonsingularity of 7',  and ¢ o 7" are mutually absolutely continuous for
alln € Z, so for u a.e. x € X, we define the sequence w,(x) of the Radon-Nikodym
derivatives:

duoT™"
o (x) = %m

We define the (Krieger-Araki-Woods) ratio set R [10] to be the set of all T € RU{o0}
such that for every set A € B, u(A) > 0 and every € > 0, there is some n so that

UWANT"AN{x e X : |w,(x) — 1| <€}) > 0.

By the chain rule w4, (x) = o, (x)w, (T™x), we see that R N R must be a closed
multiplicative subgroup of R, and it follows from the fact that our system is of type
III that {0, co} C R. A type III system is defined to be of type III] if R = [0, oo],
of type III, if R = {A" : n € Z} U {0, oo} for some 0 < A < 1, and of type Il if
R = {0, 1, oo} [10].

W. Krieger showed that the ratio set is an invariant under orbit equivalence and a
complete invariant in the case that the system is of type III; or III; [10]. Therefore,
we turn our attention to the orbit equivalence problem of type Il systems, and from
now on we assume that {X, B, i, T} is an ergodic type IIIy nonsingular system. To
each such system there exists a canonical associated flow. We follow the notation and
presentation of [9, §4] to build the associated flow of a type IIIy system, a notion
previously introduced and developed in [4,8,12].

First, for any fixed €, 0 < € < 1, we can assume without loss of generality
(by passing to a measure v ~ u if necessary, see eg. [9, Prop. 2.3]), that the measure
W is o-finite and has the property that there is some such that for all n € Z and almost
every x € X we have

wn(x) € (0, e]U{1} U e}, 00).

We set [T] = {S : X — X such that S is a nonsingular invertible map such that
for pae. x, S(x) = T/Wx, j(x) € Z}; we refer to [T] as the full group of T. Next,
since 1 € R, and the w, do not approach the value 1 without actually achieving it, we
can define for almost all x a map Ty € [T'] by setting To(x) = 7™ (x), where

m(x) =min{n € Z* : w,(x) = 1}.
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Lemma 1 ([9, Lemma 2.1]) The automorphism Ty is not ergodic on (X, B, ).

Proof Assume to the contrary that Tp is ergodic. If R N [a, b] = ¥ and T is ergodic,
then the set

Ay ={x:on(x) ¢ la,b] Vn eZ}

is of positive measure. However, the set A, 5 is clearly T invariant, so by our assump-
tion that R = {0, 1, oo}, we see that for all € > 0, the sets A[¢ 1—¢] and A[i4e,1/¢]
are all of full measure. As we almost surely have w, (x) ¢ {0, oo}, it now follows that
w1(x) = 1 for u-a.e. x, contradicting our assumption that 7 was of type III. O

Let By be the (nontrivial) o -algebra of Ty-invariant sets, and define Xg = X /By,
where ¢ is the push-forward of u onto this factor space.
Now we define the function

A(x) =log{minw,(x) : n € Z, w,(x) > 1}.

As A is defined allowing n to range over all integers, A (xo) is well-defined for xo € Xo.
The transformation 7' induces an invertible transformation R : Xo — X.O [8,9], by
defining R to send the equivalence class of x to the equivalence class of 7'/ (x), where

wj(x) =,

Let Qx = {(x,y) : x € Xp, 0 <y < A(x)}, and define the flow ¢, : Qx — Qx by
letting the point x flow up along the y-coordinate at constant speed until it hits height
y = A(x), at which point it is sent to (R(x), 0). This new system {Qx, (o X dy, ¢:},
where the specified cross-section X has first-return map R with first-return times given
by A(x) we call the associated Krieger flow. Any flow with a given cross-section
{Xo,C, no} with base transformation R and height function A is called a marked
Krieger flow, which we will write as {Xq, C, wo, R, A}.

For a type Il ergodic transformation 7', the isomorphism class of its Krieger flow
is a complete invariant of the orbit equivalence class of 7' [12]. Moreover, every aperi-
odic nonsingular ergodic flow is measure theoretically isomorphic to a marked Krieger
flow of a type Illy system [12]. It is known that any type III transformation 7 is orbit
equivalent to the induced transformation T4 on any set A € 3 of positive measure,
and that {X, B, u, T'} is orbit equivalent (even isomorphic) to {X, 3, v, T} whenever
n o~ .

From these properties it can be shown (cf. [9]) that if two marked flows
{Xo,C, 1o, R, A} and {Yy, C’, vg, R’, '} are isomorphic, then by considering them
as Krieger flows of orbit equivalent systems {X, B, u, T} and {Y, B/, v, T}, we can
use induced transformations on subsets of positive measure in Xo and Yy and also
change to equivalent measures without affecting the isomorphism class of the flow.
Therefore the isomorphism @ : Qy — Qy can be assumed to take X to X, and
for 1, a.e. x € Xg, we have ® o R(x) = R’ o ®(x) and ® maps one height function
(i.e., the return time to the base space) to the other in the sense that A/ (®x) = A(x).
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An isomorphism @ with these properties is called a proper isomorphism of marked
Sflows [9] and we say the flows are properly isomorphic.

3 Dominating sequences as a flow invariant

A subset of the natural numbers L = {L,} is said to be of lower density § (written
d.(L) =§)if

1
liminf —# ({1,2,...,n} N L) =4.
n—oo n

The upper density (written d*(L) = §) is similarly defined using lim sup rather than
lim inf. Given two increasing real-valued sequences {a,} and {b,}, we say that {a,}
dominates {b,}, or {a,} > {b,} if for all L C N of positive lower density,

. dn
lim
n—00 bL,,

= 0Q,

and {a, } is dominated by {b,}, or {a,} < {b,} if {b,,} dominates {a,}.

Lemma 2 The following are equivalent:

L
IL.

III.

The sequence {a,} dominates {by,};

there exists a collection of sequences {C,(lg)}gec (G an arbitrary index set)
such that:
(@) VgeG.d(ie') >0,

(b) inf {d*({c,(f>}) ‘ge G} — 0, and

(c) forallge G
lim "
n—o00 bcf,g)

= OQ.

for every collection of sequences {cf,g ) }eeG (G an arbitrary index set) such that:
(@) Vg€ G.du({cf'}) > 0, and

(b) inf {d*({c}f)}) g€ G] —0,
we have that for all g € G

. an

lim

n—00 b ()
cn

= 0Q.

Proof 1 = 1l is immediate; if {a,} > {b,}, then sequences {c,(lg)} satisfying (a) and
(b) have positive lower density, so we have forall g € G
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. an
lim =0
n—o0 b (o
Cn

Il = Il is trivial.
II = I: Assume that there is a family of sequences {C,(lg)}ge(; satisfying (a) and (b)
and such that
. dn
lim
n—00 bcflg)

Let C = {C,} C N have positive lower density. By choosing some & € G such that
d*({c,(lh)}) < dy(C), it follows that for large n, C,, < cf,h). By the assumption of

monotonicity of all our comparison sequences, we have bc, < b ), so
n

As our sequence C = {C,} was arbitrary (of positive lower density), it follows that
{an} > {by}. O

A sequence {a,} is said to dominate (be dominated by) a marked flow {X¢, C, o,
R, A} if it dominates (is dominated by) the sequence of ergodic sums

n—1

Ap(x) := Zk(Rix)

i=0

for u a.e. x. The collection of all increasing sequences which dominate a system will
be denoted D(Xo, o, R, A). Similarly, let d(Xo, o, R, A) be the collection of all
increasing dominated sequences.

A nonsingular transformation {Xo, C, o, R} has the positive mean return time
property if for every A € C with ug(A) > 0 we have for almost every x the set:
S = {n € N: R"x € A} is of positive lower density. Note that R must be ergodic
for this property to hold. The famous Birkhoff Ergodic Theorem guarantees that all
ergodic probability measure-preserving systems have this property (the density of S
is io(A) in this case), but the property is not guaranteed in the nonsingular setting.
For example, if R preserves a o -finite infinite measure v ~ g, and v(A) < oo then
S has zero density (o almost everywhere.

Theorem 1 Given two isomorphic marked flows {Xg, Co, o, R, A} and {Yy, C(’), Vo,
R’, )}, whose base transformations R and R’ have the positive mean return time
property, we have both

D(Xo, 10, R, 1) = D(Yo, vo, R, )

and

d(Xo, no, R, A) = d(Yp, vo, R, A\).

@ Springer



Type Il families

Proof Assume first that the isomorphism is implemented via a proper isomorphism;
in this case the result is obvious since ®(Xg) = Yy and for ug a.e. x,

n—1

n—1
ZA(Rix) = Z,\’(R”'(cbx)).
=0

i=0

If the isomorphism is not proper, then using the notation introduced above we
first assume that the flows are the marked Krieger flows of orbit equivalent systems
{X,B,u,T}and {Y, B, v, T’} respectively. Let {Q2x,C, m, ¢} and {Qy,C’, m’, ¢/}
be the associated Krieger flows given by the corresponding marked flows; here m =
wo X dy and m’ = vy x dy. The isomorphism & carries X( onto some cross-section
B C Qy, but B is not necessarily Yy. Every set A € C of positive ©o measure, by con-
struction, can be identified (up to a set of measure 0) with a set in Ae By of positive u
measure, and T'; and T are orbit equivalent. Moreover the marked Krieger flow for 7'
isjust {A, ;a, Ra, Aa}, where A4 denotes the height function of the marked Krieger
flow over the induced transformation R4 and 14 is the obvious restriction measure.

For any x € A, let r,(x) denote the (smallest) nth return time of R to A. Then
Ra(x) = R"™(x), R, (x) = R""¥(x) and we have the identity

i—1
ri(x) = D" r(R*(x)). (1

k=0

Ifweset A; ={x € A: ri(x) =i},then A =U;>1A; ( mod 0), and on A; we have
ra(x) = };}))L(ka). Then for 14 a.e. x € A:

n—1 n—1 [ri(Rix)—1 Fa(x)—1
DR =2 D AR ) = > MR
=0 =0 ]=0 k=0

using Equation (1); by the positive mean return time property of R, the sequence
{rn(x)} C N has positive lower density except possibly on a set of measure 0 on A.
This shows thatinducing on A samples the ergodic sums A, (x) of the original height

function along a sequence of positive lower density, namely A, (x), and therefore any
sequence {a, } that dominates the ergodic sums A, (x) for ¢ a.e. x in the original flow
built with R over X still dominates the induced flow using R4 over A C X¢. More-
over, if {a,} dominates the induced flow on A, {a,}, say E,(x) = 27;01 A A(Ri‘x)
and
. dn

lim
n—oo F Ly

= 0oQ,

for all positive lower density subsequences L. By “exducing” back to the original flow,
we recover the original sequence A, (x) such that Ex(x) = A, (x) forallk, {n;} C N
has positive lower density, and
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Er(x) < Ap(x) < Epp1(x) VYngp <n < ngyp. (2)
It follows that for every n,and u — 0 ae. x € A

Ap(x) < Ejp(x). 3

Hence E that {a,} dominates the exduced
flow on A We then apply the inequalities from (2) and (3) to the sets R"(A;),n <
r1(x), to get the result on all of X.

A similar argument works for sequences {b,} that are dominated by a marked
flow {Xo, Co, 1o, R, A}. Sequences dominated by induced and exduced marked flows
remain the same using subsequence arguments and inequalities (2) and (3).

We now replace ;1 on X by an equivalent measure e¥du using a By measur-
able function ¢ with 0 < v < A, resulting in a new return function for the flow:
A(x) = Ax) — Y(x) + ¥ (Rx), and it is straightforward to show that this will not
change any dominating or dominated sequences for the resulting ergodic sums

n»s

n—1
An(x) = D A(RIx) = Ay (x) = Yr(x) + Y (R"x),

as we have
A1 (Rx) < Ap(x) < A1 (),
or equivalently,
Ap(x) = 2(x) < Ap(x) < Apy1 (%)

Finally, it was shown [9] that performing these two operations (inducing on sets
of positive measure in the base space and a measure change) on either X, Y, or both,
results in properly isomorphic marked Krieger flows; this proves the theorem. O

We remark that this isomorphism invariant can only be applied fruitfully to flows
on spaces of infinite measure: all representations of ergodic finite-measure-preserving
flows as height functions over base transformations with the positive mean return time
property will be indistinguishable.

Proposition 1 Let {2, B, v, ¢;} and {Q', B, V', ¢} be two finite measure pre-

serving ergodic flows. Then we can find representations {Xy, Co, o, R, A} and
{X(, Cys o> R, )} respectively, such that

D(Xo, 10, R, ») = D(Xq, jtg, R', 1),
d(Xo, o, R, 2) = d(X{, ug, R/, ).
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Proof Any flow which preserves a finite measure can be represented as {Xo, Co, 1o,
R, 1} such that R preserves g and f Xo A(x)dug < oo [6] (in fact, we can assume that
the height function takes exactly three values [14]). By the pointwise ergodic theorem,
for po almost-every x € Xo:

n—1 i
0 MR
lim M =/A(x)duo < o0.

n—oo n
Xo

It now follows that a sequence dominates the marked flow if and only if it domi-
nates the sequence {n},=12, . and is dominated by the marked flow if and only if it
is dominated by {n},=12,... Since both finite-measure preserving flows admit such
representations, their classes of dominated and dominating sequences coincide. O

4 Applications and examples

We will now use this flow invariant to construct type IlIp systems which are not orbit
equivalent; their associated flows will necessarily preserve an infinite measure. Let
{a,} be a sequence of positive integers such that

n—1

Vn :a, > E a;, liminf
i— n—0o0
1=

Ap+1
dn

>§>1, (@)

and let {X, B, i, T'} be the odometer system, where

o0
X = HZeai+],

i=1
T is the typical “+1 with carry” action on this space, and u = []72; vi,

1 k =
”"(k):[zl L ok=1,2,... %,

2ef%i

We always round e“» to the nearest integer, a trivial adjustment that we do not record.
By construction, T preserves ; when mapping between digits not equal to zero, and a
change to/from zero in the n™ coordinate increases/decreases the measure by a factor
of e*®: . The associated flow in this case is particularly nice; the choice of measure
ensures that the base transformation R of the associated flow is the measure-preserving
two-point odometer; as the base transformation is measure-preserving, it therefore has
the positive mean return time property. If we define A,, C X to be the set of binary
sequences whose first 1 appears in the n'" coordinate, the height function A(x) over A,
takes the value ay,, and the pp-measure of each A, is exactly 27". As our original non-
singular system is explicitly a product system, the associated flow is approximately
transitive and therefore of zero entropy [5]. Entropy of associated flows, therefore,
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is an insufficient tool to determine whether two such nonsingular systems are orbit
equivalent or not given the results that follow.

Lemma 3 There exists aninteger M = M (§) > 2 suchthat for juo almost every binary
sequence x = X\x2x3 . . ., for sufficiently large N, and all n with 2V < n < 2N+1

ay < Ap(x) < amn-.

Proof The lower bound is the easiest to establish, and is in fact true for all x and all N
(if we set A(000...) = 4+00). Note that the lower bound follows from the claim that

P
U R_i U Am :XO;
i=0

m>N

because if the orbit of every x intersects A,, where m > N within the first 2V — 1 appli-
cations of the dyadic adding machine R, then the ergodic sum of the height function
through time n > 2" is at least as large as the single value achieved when R'x € A,,.
The claim is established by induction; it is clearly true for N = 1. To establish the
claim for N + 1, assume inductively that for any x, there is some i < 2V so that

y=Rixe U Ap.

m>N

If y € A, withm > N, we are done. Assume, then, that y € Ay. We therefore write
y = 0N~11%0z for some z € X and k > 1. Performing dyadic addition on a long
string of zeroes, then, we see that

R2Ny =Ntz € AN+k-
We now have a point in the first 2V + i < 2¥+! points of the orbit of x which lies in
some A,, with m > N + 1. This proves the claim.
The upper bound in the inequality is more intricate; it can be thought of as a “shrink-
ing targets” problem for the odometer. We define the sets
2N—1
By = U R~! U Am
i=0 m>2N
Since R preserves [,
poBy) = 2%puo | [ Aw | =277

m>2N

@ Springer



Type Il families

From that inequality we see that

Z no(By) < o0,

N=1

from which it follows that

Ho (lim sup BN) =0,

N—o0

or for ;1¢ almost-every x € X, x belongs to only finitely many By .

We now choose an integer M > 2 so that ¥ =2 > 2 using § > 1 defined in Eq. 4;
then we can find N large enough so that, sM=2N ~ 2N+l Using (4) again, for
almost every x and for all # such that 2V < n < 2V+! the following holds:

Ap(x) <n-max{A(R'x):i=0,1,....,n—1}
<2Vt max{A(R'x):i=0,1,....2N — 1}

< 2N+1a2N

< §MN=2N ay
< AQN+MN-2N

= ayn-.

]

We now use these estimates to investigate the classes D(Xp, wo, R, ») and
d(Xo, o, R, A) for associated flows arising from odometers where the number of
states e grows sufficiently quickly.

Proposition 2 Assume that a sequence {a,} satisfies
n—1

Vn : E a; < a,, liminf
n—oo

i=1

an+1
s> 1

dn

and {b,} < {a,} < {cp}for some increasing sequences {b,} and {c,}. Define the asso-
ciated odometer {X, B, u, T} as at the beginning of this section (using the sequence
{a,} in the construction), and define {C,} to be a monotone sequence such that Con =
cp. Similarly define {B,}. Then

{Cn} € D(X()v I’L()’ Rv )")7 {Bﬂ} € d(X()v /“L()v Rv )\')

Proof Letk € N be fixed. We apply the inequality of Lemma 3 to the sequence {A,},
so that for sufficiently large n, with 2N <y < 2N+

@ Springer



A. H. Dooley et al.

A, (x) - Aon (x)
szn - BzN+/<+I
Ay (x)
DN ti+1

an

=
DN +k+1
a

> N
bon

which diverges as {a,} > {b,}. Similarly, there is some constant M so that for any
keN:

Cn CN

>
Agi, (X) 7 amMN+k+1)

which diverges by the assumption that {c,} > {a,}.

As k was arbitrary and M fixed, we now apply Lemma 2 (II) to the family of
sequences { By, }reN; the sequences {2%n} are of positive but arbitrarily small upper
density, so for up-almost every x, the sequence {B,} is dominated by {A,(x)}, or
{B,} € D(Xo, o, R, 1). O

Corollary 1 For each y,y’ € (1,00),y < ¥/, the odometers created by setting
an(y) = 2", (resp. using y') are not orbit equivalent.

Proof Given any s,t > 1 withs < y < ¢, define A,(y) to be a monotone sequence
such that Ay (y) = a,(y) as in Proposition 2. Since each a, () satisfies the growth
conditions of Proposition 2 and it is easy to verify {a, (s)} < {a,(y)} < {a,(t)} (com-
pare along the sequences nk for all k € N and apply Lemma 2), we have {A,(s)} €
d(Xo, o, R, A) and {A, (1)} € D(Xg, po, R, A). So for y < y’, the two associated
flows will have different collections of dominated/dominating sequences. The associ-
ated Krieger flows for the odometers are therefore not isomorphic, and therefore the
odometers are not orbit equivalent. O

Suppose further that we have countable collections of sequences {a,gi)} and {b,(,i) 1,
such that for i > j,
(@} < (0"} < (b} < (b3},
where each sequence obeys the conditions

N-1 ' o
VN : Za,gj) < a](\f), liminf 2t > 1
n=1

n—00 a,(,j)

(similarly for the {bf,j )}). We also require for al_l i, j,n that b;,i) > a,(lj ). For each i,
construct the monotone sequences {A{} and {BI(\;)} by requiring A;’n) = a\ (similarly

for the B,Ei)).
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Corollary 2 We can construct a type Illy system {X, B, u, T} such that for all
i {Af,')} € d(Xo, po, R, 2) and {B,gl)} € D(Xo, o, R, 2). We can also construct
a system so that all {Af,l)} € D(Xouo, R, L) orall {B,gt)} € d(Xo, 1o, R, ).

Proof We simply construct a sequence {c,} which dominates all the {a,(,i)} and is
dominated by all the {b,(f)} using diagonalization techniques (for example, ¢, = a,g”)
suffices due to the requirement that b,(f) > a,(,j ) foralli, j, n), or smaller than all {a,(,i) IR
or bigger than all {b,(f) }, respectively, and then create the associated type Iy odometer
as before. O
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