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Abstract

We give a negative solution to the following counting problem for
measure preserving transformations. For f ∈ L1

+(µ), is it true that

sup
n

Nn(f)(x)
n

< ∞, µ a.e., where

Nn(f)(x) = #
{

k :
f(T kx)

k
>

1
n

}
?

One of the consequences is the nonvalidity of J. Bourgain’s Return
Time Theorem for pairs of (L1, L1) functions.

1 Introduction

Let (X,B, µ) be a probability measure space, T an invertible measure pre-

serving transformation on this space and f ∈ L1
+(µ). Since f(T nx)

n
→ 0 a.e.,

the following function

Nn(f)(x) = #

{
k :

f(T kx)

k
>

1

n

}

is finite a.e. In this paper we consider the following

Counting Problem I. Given f ∈ L1
+(µ) do we have supn

Nn(f)(x)
n

< ∞,
µ a.e.?

Let us give some background and context concerning this problem. In [2]

and [3] the maximal operator supn
Nn(f)(x)

n
was introduced and the pointwise

convergence of Nn(f)(x)
n

was studied. It was shown there that if f ∈ Lp
+ for

p > 1, or f ∈ L log L and the transformation T is ergodic, then Nn(f)(x)
n

converges a.e. to
∫

fdµ. It was also shown that if T is not ergodic, then
the limit is the conditional expectation of the function f with respect to the
σ field of invariant sets for T . Hence, the limit is the same as the limit of
the ergodic averages 1

N

∑N
n=1 f(T nx). Now, the limit of the ergodic averages,

by Birkhoff’s pointwise ergodic theorem, exists for any function f ∈ L1(µ).

So, it is natural to ask whether Nn(f)(x)
n

also converges a.e., when f ∈ L1(µ).
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Another motivation for this question is given by the fact that for i.i.d. random
variables Xn ∈ L1 it was shown in [2] that

#{k : Xk(ω)
k

> 1
n
}

n

converges a.e. to E(X1). By analogy with these facts, one might guess
Counting Problem I has a positive answer whereas we show that the answer
is no. This counting problem was also discussed by Jones, Rosenblatt and
Wierdl in [11].

One can see by using the methods of [2], for instance, that the conver-
gence for all functions f ∈ L1

+(µ) will be guaranteed if one can positively
answer the following equivalent maximal type inequality problem.

Counting Problem II. Does there exist a finite positive constant C such
that for all measure preserving systems and all λ > 0 and all f ∈ L1:

µ

{
x : sup

n

Nn(f)(x)

n
> λ

}
≤ C

λ
‖f‖1?

Our main result is the next theorem which gives a negative answer to both
counting problems.

Theorem 1. In any nonatomic, invertible ergodic system (X,B, µ, T ) there

exists f ∈ L1
+ such that supn

Nn(f)(x)
n

= ∞ almost everywhere.

We will also derive answers to some related problems. The first conse-
quence, linked to the study of the maximal function N∗(f)(x) = supn

Nn(f)(x)
n

,
is what we call the return times for the tail (of the Cesaro averages).

Definition 1. Let (X,B, µ, T ) be a measure preserving system. The Return
Times for the Tail Property holds in Lr(µ), 1 ≤ r ≤ ∞ if for each f ∈ Lr(µ)
we can find a set Xf of full measure such that for all x ∈ Xf for all measure

preserving systems (Y,G, ν, S) and each g ∈ L1(ν) the sequence f(T nx)·g(Sny)
n

converges to zero for a.e. y.

Using Theorem 1 and results from [2] it is not difficult to show that the
next corollary holds. The details of this verification can also be found in [5].
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Corollary 2. The Return Times for the Tail Property does not hold for
r = 1.

We observe that in [2] and [3] it was shown that the Return Times for
the Tail Property holds in Lp for 1 < p ≤ ∞ and even in L log L.

A second consequence is a solution to the (L1, L1) problem mentioned in
[2], [4] and [14]. To explain this problem we need a few definitions.

Definition 2. A sequence of scalars an is said to be good universal for the
pointwise ergodic theorem (resp. norm convergence) in Lr, 1 ≤ r ≤ ∞ if for
all dynamical systems (Y,G, ν, S) the averages

1

n

n∑

k=1

ak · g(Sky)

converge a.e. (resp. in Lr(ν) norm).

In [6], [7], and [8] J. Bourgain showed that given f ∈ L∞(µ) the sequence
f(T nx) is µ a.e. good universal for the pointwise convergence in L1. Using
Hölder’s inequality and the maximal inequality for the ergodic averages one
can extend his result to the pairs (Lp, Lq) where 1

p
+ 1

q
= 1. This was

mentioned in [13]. Bourgain’s Return Time Theorem strengthens Birkhoff’s
theorem on the product space when the functions, f and g, respect duality.
That is, if the function f ∈ Lp(µ) for some 1 ≤ p ≤ ∞, then the set of
convergence obtained from the Return Times Theorem works for all functions
g ∈ Lq(ν), where 1

p
+ 1

q
= 1, hence it is a universal set. However, fixing f

and g, the projection of the convergence set onto the first factor obtained
by Birkhoff’s theorem depends on both functions. A weakness of the Return
Time Theorem is that it does not address the case of f ∈ Lp and g ∈ Lq

when 1
p
+ 1

q
> 1. In particular it does not address the case where f ∈ L1 and

g ∈ L1 while Birkhoff’s theorem, on the other hand, guarantees convergence
for f ⊗ g ∈ L1 × L1, µ⊗ ν-almost everywhere.

In [4] random stationary weights (i.i.d. random variables) were given for
which one could go “beyond” the duality apparently imposed by the use of
Hölder’s inequality.

It was also shown that given f ∈ L1(µ) the sequence (f(T nx)) is µ-a.e.
good universal for the L1 norm. In [2] a Multiple Return Times Theorem
for L1 i.i.d. random variables was obtained while in [14] a Multiple Return
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Times theorem was proved for L∞ stationary processes. The (L1, L1) prob-
lem was the following.

(L1, L1) Problem. Given f ∈ L1(µ), is the sequence (f(T nx)), µ-a.e. good
universal for the pointwise ergodic theorem in L1?

A consequence of Theorem 1 is the following solution to the (L1, L1) problem
(see also [5]).

Corollary 3. Bourgain’s Return Time Theorem does not hold for pairs of
(L1, L1) functions.

We also derive in Section 3 some consequences in L1(T) between the

continuous analog of the maximal function supn
Nn(f)(x)

n
, namely

A(f)(x) = sup
t

t ·m
{

0 < y < x :
f(x− y)

y
> t

}
,

or, analogously,

A(f)(x) = sup
t

t ·m
{

0 < y < x :
f(y)

x− y
> t

}
,

and the one sided Hardy–Littlewood maximal function.

2 Proof of Theorem 1

Before presenting the technical details of the proof of Theorem 1 we try to
explain the main ideas behind the proof.

2.1 Outline of the proof

The main technical aspect of the proof is contained in the following lemma.

Lemma 4. For every p ∈ N there exist Ωp ∈ N, φp : [0, 1) → [0, +∞),
Λp ⊂ [0, 1) and Jp ∈ N such that if Tp(x) = x + 2−Jp modulo one, then for

all x ∈ Λp there exists n ≤ Ωp such that Nn(φp)(x)

n
> 2p−4, µ(Λp) > 1 − 1

p
,∫

φp ≤ 2−p and φp is constant on intervals of the form [i · 2−Jp , (i + 1)2−Jp).
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Remark 1. Since φp is constant on intervals of the form [i ·2−Jp , (i+1)2−Jp)
we can also assume that Λp is the union of such intervals, or if one wishes,
instead of [0, 1) one could use a finite cyclic additive group {0, ..., 2Jp − 1}
with each point of measure 2−Jp .

Replacing φp by a function fp ≥ φp satisfying
∫

fp = 1 one can easily see
that the following theorem holds. This gives an obvious negative answer to
Counting Problem II.

Theorem 5.

sup
(X,B,µ,T )

sup
‖f‖1=1

sup
λ>0

λ · µ
{

x : sup
n

Nn(f)(x)

n
> λ

}
= ∞.

Now we explain how to establish Lemma 4. First observe that if the
supports of two functions f1 and f2 are disjoint then

Nn(f1 + f2)(x) = Nn(f1)(x) + Nn(f2)(x). (1)

In the next lemmas when we build more and more complicated systems
there will be some technical assumptions about the support of the functions
constructed in order to ensure that we can use the above additivity of the
counting function.

If one fixes n then for any f ∈ L1
+ it is not difficult to see that

µ

{
x :

Nn(f)(x)

n
> λ

}
≤

∫
X

fdµ

λ
. (2)

Indeed, if f(x) = c11A(x) for a constant c and a measurable set A then

Nn(f)(x)

n
=

#{k : c11A(T kx)
k

> 1
n
}

n
=

1

n

∑

{1≤k<nc}
11A(T kx).

Hence,

∫

X

Nn(f)(x)

n
dµ(x) ≤ cµ(A) =

∫
fdµ. (3)

Now by using (1) we can verify (3) for step functions and then by an
approximation argument for arbitrary f ∈ L1

+. By Markov’s inequality one
can deduce (2).
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The bottom line of (2) is that we have L1 limitations on the size of the

set where we can make Nn(f)(x)
n

large for a fixed n.
Now assume that A is measurable, f(x) = 11A(x) and the sets T−kA are

disjoint for k = 1, ..., n0. Then for any x ∈ T−kA we have Nn(f)(x) ≥ 1 for

any n ≥ k + 1 and hence N∗(f)(x) = supn
Nn(f)(x)

n
≥ 1

k+1
.

This means that if n0 is sufficiently large then at the price of
∫

f = µ(A)
we have a “harmonic series lower estimate” for the maximal function, namely,
N∗(f)(x) ≥ 1/2 on a set of measure µ(A), then N∗(f)(x) ≥ 1/4 on a set of
measure 2µ(A), and in general N∗(f)(x) ≥ 1/2l on a set of measure 2l−1µ(A).
Hence if n0 is so large that we have estimates of this type for l = 1, ..., M
then we have

∫
N∗(f)(x)dµ(x) ≥ ∑M

l=1
1
2l 2

l−1µ(A) = M
2
µ(A). This M will

be called the gain constant of the construction.
We will use this type of construction with different functions fh, h =

1, ..., k which have different supports and will add these estimates together.
The main difficulty is that for an x depending on h we have different “life

times”, nh when
Nnh

(fh)(x)

nh
is sufficiently large. In order to have a large value

of the maximal function N∗(f)(x) for a given x we want to find a time nx

when Nnx(fh)(x)
nx

is large simultaneously for many h’s. To coordinate these “life
times” for different x’s and h’s a concept, called life function is introduced
in the course of the proof.

Finally, an argument based on probability theory is used. Identically dis-
tributed independent random variables, Xh, are introduced with expected
values,

∫
Xh being equal to some constant times the gain constant, M , times∫

fh. The values of these Xh are distributed according to the above “har-
monic series lower estimate” scheme. By using the controls established on
the “life times” of our individual systems fh, h = 1, ..., k for every x we will
have N∗(

∑k
h=1 fh)(x) ≥ ∑k

h=1 Xh(x). Then an application of the weak law
of large numbers together with the fact that we gain a factor of M coming
from the gain constant will complete the proof of Lemma 4.

To prove Theorem 1 we use the result of Lemma 4 obtained for cyclic
transformations. By Rohlin’s Lemma this finite time result for cyclic trans-
formations can be transferred to any nonatomic, invertible, ergodic system.

2.2 Key lemma

In the remaining subsections of Section 2, apart from the proof of Theorem
1, µ will denote the Lebesgue measure on R. An interval I is a 2−R grid
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interval if there is some j ∈ Z such that I = [j · 2−R, (j + 1)2−R).
We say that a random variable X : I → R is (M−0.99)-distributed on I if

X(x) ∈ {0, 0.99, 0.99·2−1, ..., 0.99·2−M+1} and µ({x : X(x) = 0.99·2−l+1}) =
0.99 · 2−M+l−1µ(I), for l = 1, ..., M. This is a slight abuse of terminology
since the measure of the whole space is µ(I), but in our final application we
will have I = [0, 1) with measure one, so we will really talk about random
variables.

The next lemma is the main tool in the proof of Lemma 4. A system
(T, f) satisfying this lemma will be referred to as a level k system.

We assume that a positive integer M , the gain constant, is fixed.
There are quite a few technical assumptions in the statement of this

lemma. It is stated for a general 2−R grid interval I0, but we will use it in the
end when I0 = [0, 1). The reason of the introduction of I0 is that we prove this
lemma by induction on k and during the induction steps we will have to put
level k-systems onto some subintervals I0 of [0, 1). The induction argument
explains why we state this lemma with constants explicitly depending on k.
Finally, the constant D and the technical assumption (5) will ensure that in
the induction steps we are adding together functions with disjoint support.

Lemma 6. For any 2−R grid interval I0, positive integer k ≤ 2D, and any
startup time K

(k)
S > max{10,M} there exists J0 > 0 such that for all J ≥ J0

we can find a system (T, f) with the following properties. The transformation
T is given by T (x) = x + 2−J . We have independent (M − 0.99)-distributed

random variables Xh, h = 1, ..., k, on I0 and an exit time K
(k)
e such that for

any x ∈ I0 there exists an n ∈ [2K
(k)
S , 2K

(k)
e ], for which

Nn(f)(x)

n
≥

k∑

h=1

Xh(x). (4)

Moreover, f ≥ 0 is constant on the intervals of the form [i·2−J , (i+1)2−J),∫
I0

f = k · 2−M+1µ(I0), f(x) = 0 = Xh(x) for x 6∈ I0, h = 1, ..., k. We also
may require that

if x 6∈
k−1⋃

l=0

⋃

i∈Z
[(i · 2D + l)2−J , (i · 2D + l + 1) · 2−J), then f(x) = 0. (5)

The proof of this lemma will be done in Subsection 2.5. In the next
subsection we will see how this lemma can be used to prove Lemma 4 and
Theorem 1.
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2.3 Proof of Lemma 4 and Theorem 1

We start with the proof of Lemma 4.

Proof. Suppose Mp = 4p and γp = 1− 1
p

are fixed. We assume X = I0 = [0, 1)

and consider an arbitrary system of independent (Mp−0.99)-distributed ran-
dom variables, Xh for h = 1, ..., K for a sufficiently large K. (Later in this
proof we will obtain these variables by an application of Lemma 6, but for
the choice of K one can consider any independent (Mp − 0.99)-distributed
system.) Assume that u denotes the mean of these variables. An easy calcu-
lation shows that

u =

∫
Xh(x)dµ(x) =

Mp∑

l=1

0.992 · 2−l+1 · 2−Mp+l−1 > 0.9 ·Mp · 2−Mp . (6)

By the weak law of large numbers

µ

{
x :

∣∣∣∣∣
1

K

K∑

h=1

Xh(x)− u

∣∣∣∣∣ ≥
u

2

}
→ 0.

Therefore, we can choose K so large that

µ

{
x :

1

K

K∑

h=1

Xh(x) ≥ u

2

}
> 1− 1

p
.

Fix such a K. Then using (6) and letting

Λp =

{
x :

1

K

K∑

h=1

Xh(x) ≥ 0.9

2
·Mp · 2−Mp

}
(7)

we have µ(Λp) > 1− 1
p
.

Apply Lemma 6 with k = K, D chosen so that K < 2D, with startup

time K
(K)
S chosen so that 2K

(K)
S > 2Mp−p/K, I0 = X = [0, 1).

Set J = J0 and obtain a level K system (Tp, f). We have
∫

f = K ·2−Mp+1.
We modify slightly the definition of Tp by saying that Tp(x) = x+2−Jp modulo
one. (Since in Lemma 6 f is supported on I0 this modification of Tp does not
decrease Nn(f).) By (7) and the choice of K and Λp we have for all x ∈ Λp
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2Mp

K

K∑

h=1

Xh(x) ≥ 0.9

2
·Mp.

Hence by (4) for any x ∈ Λp we can find n′ ≥ 2K
(K)
S > 2Mp−p/K for which

2Mp

K

Nn′(f)(x)

n′
≥ 0.9

2
·Mp. (8)

From (4) it follows also that n′ ≤ 2K
(K)
e .

Set φp = 2Mp−p−1

K
f. Then

∫
φp = 2−p.

Now using the definition of Nn′ we obtain

Nn′(f)(x)

n′
=

#{k : f(T kx)
k

> 1
n′}

n′
=

#{k : φp(T kx)

k
> 1

n′2−Mp+p+1K
}

n′
<

#{k : φp(T kx)

k
> 1

bn′2−Mp+p+1Kc+1
}

bn′2−Mp+p+1Kc+ 1
· n′2−Mp+p+1K + 1

n′
<

let n = bn′2−Mp+p+1Kc+ 1 and using n′ > 2Mp−p/K, we can continue with

<
Nn(φp)(x)

n

(
2−Mp+p+1K +

1

n′

)
<

Nn(φp)(x)

n
· 2 K

2Mp−p−1
.

By (8) for all x from Λp there exist n ≤ Ωp
def
=2K

(K)
e −Mp+p+1 ·K + 1 such

that Nn(φp)(x)/n > 0.9
8

Mp2
−p > 2p−4 where we used that Mp = 4p.

From Theorem 5 by using techniques based on maximal inequalities (see
[2]) it is not difficult to deduce a proof of Theorem 1, this argument gives
only the existence of functions satisfying the assumptions of Theorem 1.
However, here we give a complete proof of Theorem 1 based on Lemma 4.
The advantage of this approach is that it gives a more explicit construction
of the functions we seek in Theorem 1. This improved version of Theorem 1
answers questions of J. P. Conze and M. Keane raised at the Ergodic Theory
Workshop held at Chapel Hill in February 2004.
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Proof. In this proof recall that now (X,B, µ, T ) is an arbitrary invertible
nonatomic ergodic system.

For each p ∈ N apply Lemma 4 and choose Jp, Ωp, Λ′p, φ′p, T ′
p(x) = x+2−Jp

so that the conclusions of Lemma 4 hold. We extend the definitions of Λ′p
and φ′p onto R so that they are periodic by one.

By Rohlin’s lemma choose a Rohlin tower of height pΩp so that if Bp

denotes its base then µ(X \ ∪pΩp−1
i=0 T iBp) < 1

p
and the sets T iBp are disjoint.

Now, if 0 ≤ i ≤ pΩp − 1 and x ∈ T iBp then define φp(x) = φ′p(i · 2−Jp) =
φ′p(x

′) for any x′ ∈ [i · 2−Jp , (i + 1)2−Jp).

Define Λp ⊂ ∪(p−1)Ωp−1
i=0 T iBp so that T iBp ⊂ Λp if and only if i ·2−Jp ∈ Λ′p.

Then µ(Λp) ≥ 1 − 2
p

and for any x ∈ Λp there exists n ≤ Ωp such that
Nn(φp)(x)

n
> 2p−4. It is also clear that

∫
φp < 2−p. Let f =

∑∞
p=1 φp. Then∫

f < 1 and for x ∈ ∩∞m=1 ∪∞p=m Λp = Λ we have supn
Nn(f)(x)

n
= +∞ and

µ(Λ) = 1.

2.4 Basic systems

As was mentioned in Subsection 2.2 we prove Lemma 6 by induction. This
section is about the existence of the so called basic systems. These systems
will serve on one hand as the first step of the definition of the level k systems
and on the other hand these basic systems will be used during the induction
when we want to build a level k+1 system, the (k+1)st “part” of this system
will be created by Lemma 7.

As we pointed out in Subsection 2.1 the main difficulty is to coordinate
the times when Nn(f(x))/n is large for a given x. We control when this
happens by the use of life functions defined below.

A “life” function is a map ν : N→ N such that for each N ∈ N, ν(N) > N.
Given a life function ν, a gain constant M > 3, and a startup time N1 we
choose a sequence N2, ..., NM so that

Nl = 20 + ν(Nl−1), l = 2, ..., M. (9)

In the next lemma we obtain a “harmonic series lower estimate” for
Nn(f)(x)/n in (10). On sets Γl of approximate measure 2−M+l−1µ(I) we
will have lower estimate given by (10) where the life function provides an
interval of n’s when this estimate holds. In the statement of Lemma 7 we
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will also have technical assumptions about the support constants D and S
to ensure that when we build more complicated systems then we work with
functions of disjoint support.

Lemma 7. Suppose that a gain constant M > 3, a life function ν, support
constants D, S < 2D, and a startup time N1 > max{10,M} are given.
Choose the sequence N2, ..., NM based on M , ν, and N1 satisfying (9). Given
any 2−R grid interval I, there exists a positive integer J0 > R, disjoint subsets
Γ1, ..., ΓM of I, and for each integer J ≥ J0 > R there is a simple function
f : R → [0, +∞), such that f(x) = 0 for x 6∈ I and if T (x) = x + 2−J then
for all l = 1, ..., M ,

Nn(f)(x)

n
> 0.99 · 2−l+1 when 2Nl ≤ n ≤ 2ν(Nl) (10)

for all x ∈ Γl. Moreover, each set Γl consists of the union of intervals of the
form [i ·2−J0 , (i+1)2−J0), µ(Γl) > 0.99 ·2−M+l−1µ(I), and

∫
I
f = 2−M+1µ(I).

We can also require that f(x) = 0 for any x which is not in an interval of
the form [(i · 2D + S)2−J , (i · 2D + S + 1)2−J) for some i ∈ Z.

Proof. Set h0 = 2D+10 and choose J0 such that

2102ν(NM )h02
−J0 < 2−R, (11)

or equivalently, J0 > ν(NM) + D + 20 + R. Now, let an integer J ≥ J0 be
given. Set h = h0 · 2J−J0 = 2D+10+J−J0 . We shall first define a sequence of
sets BM , BM−1, . . . , B1 each as the union of some intervals in a corresponding
sequence of finer dyadic grids. To begin put

BM =I ∩
⋃

j∈Z
[2j · 2−10−J · 2NM h, (2j + 1) · 2−10−J · 2NM h) (12)

=I ∩
⋃

j∈Z
[2j · 2−10−J0 · 2NM h0, (2j + 1) · 2−10−J0 · 2NM h0).

Thus, BM consists of the intervals in the standard 2NM+D−J0 grid with
even index, j, and that are subsets of the interval I. Clearly, µ(BM) =
µ(I)/2. In Figure 1 we illustrate the manner in which the sets Bl, l = M −
2, M − 1,M , are located in I. Of course, in an illustration we cannot divide
an interval into several thousand pieces, so in the figure the set BM consists
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BM−1

Ii * 1

BM−2

?? U U

BM−2

?? U

BM

= j
U

......... ......... ......... .........

Figure 1: The sets BM , BM−1, and BM−2

of two intervals of length µ(I)/4, marked by dashed lines, BM−1 consists
of four intervals of length µ(I)/16, marked by dotted lines, BM−2 consists
of eight intervals marked by solid lines. The complement of BM ∪ BM−1 ∪
BM−2 consists of eight “unmarked” intervals, each of the same length as the
components of BM−2.

In (12) the first expression for BM is given for some computational pur-
poses whereas the second expression shows that BM does not depend on J
but rather on J0. The same is true for all the sets Bi to be defined now.

Assume that l ∈ {0, ..., M − 3} and BM−l′ is given for all l′ ∈ {0, ..., l}.
Set

BM−(l+1) = (13)

= (I \
l⋃

l′=0

BM−l′) ∩
⋃

j∈Z
[2j · 2−10−J · 2NM−l−1h, (2j + 1) · 2−10−J · 2NM−l−1h) =

= (I \
l⋃

l′=0

BM−l′) ∩
⋃

j∈Z
[2j · 2−10−J0 · 2NM−l−1h0, (2j + 1) · 2−10−J0 · 2NM−l−1h0).

Thus, the set BM−(l+1) consists of the intervals with even index in the
standard 2NM−l−1+D−J0 grid that are subsets of I and are not in ∪M

i=M−lBi.
Finally, if BM−l is given for l ∈ {0, ..., M − 2}, we set

B1 = BM−((M−2)+1) = I \
M−2⋃

l=0

BM−l.
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lh · 2−J
(l + 1)h · 2−J

? ? ?

x x + nh · 2−J x + 2ν(NM−l)h · 2−J

6 6

-¾
2−J

Figure 2: The definition of f in an interval I ′

Returning to the illustration on Figure 1, if M = 4 then BM = B4 is marked
by the dashed line, B3 is by the dotted line, B2 by the solid line, and B1, the
complement of the other three is the “unmarked” part of I.

Observe that µ(BM−l) = µ(I)/2l+1 holds for l = 0, ..., M−2 and µ(B1) =
µ(I)/2M−1 > µ(I)/2M = µ(I)/2(M−1)+1. The set B1 is the union of some
disjoint intervals of the form

[(2j − 1) · 2−10−J · 2N2h, 2j · 2−10−J · 2N2h) = (14)

= [(2j − 1) · 2−10−J0 · 2N2h0, 2j · 2−10−J0 · 2N2h0),

while for any l = 0, ...,M − 2 the set BM−l is the union of some intervals of
the form

[2j · 2−10−J · 2NM−lh, (2j + 1) · 2−10−J · 2NM−lh) = (15)

= [2j · 2−10−J0 · 2NM−lh0, (2j + 1) · 2−10−J0 · 2NM−lh0).

Our function f which depends on J will have value 0 on ∪M
l=2Bl. To

determine its values on B1, consider one of the intervals making up B1:

I ′ = [(2j − 1) · 2−10−J · 2N2h, 2j · 2−10−J · 2N2h) ⊂ B1.

For each l ∈ Z such that the interval [lh · 2−J , (l + 1)h · 2−J) ⊂ I ′ (and there

are 2N2

210 such l), choose exactly one l′ such that lh ≤ l′ < (l + 1)h, l′ ≡ S
modulo 2D and set f(x) = h for x ∈ [l′ · 2−J , (l′ + 1) · 2−J), otherwise we set
f(x) = 0.

In Figure 2 one can see one interval I ′ being enlarged. Again we could
not divide this interval in a drawing into several thousand subintervals, so

14



in this illustration h = 4, and S = 2. One tiny interval is of length 2−J , the
tiny intervals marked by an extra solid line are the ones where f = h.

From the definition of f , we have
∫

I′ f = h
2J · 2N2

210 = µ(I ′). By summing
this over all subintervals of B1 of type I ′, we obtain

∫
I
f =

∫
B1

f = µ(B1) =

µ(I)/2M−1.
Suppose 2N1 ≤ n ≤ 2ν(N1), and

[x, x + h · 2ν(N1)−J) ⊂ I ′. (16)

Then N1 > 10 implies 1000 ≤ n and hence

Nn(f)(x) =#{k :
f(T kx)

k
>

1

n
} =

=#{k : hn > k and f(T kx) = h} > 0.99 · nh

h
= 0.99n,

Of course, instead of 0.99 we could have used 0.999, but this is not of any
consequence for our purposes.

Now, we define the sets Γi which do not depend on J from the sets Bi.
To begin set

Γ1 ={x ∈ B1 : [x, x + h · 2ν(N1)−J) ⊂ B1} = (17)

={x ∈ B1 : [x, x + h0 · 2ν(N1)−J0) ⊂ B1}.

Again, the second expression here shows that Γ1 does not depend on J
since B1 does not depend on J . For each interval I ′ making up B1, by using
(9), we have |Γ1∩I ′| ≥ |I ′|−h·2ν(N1)−J ≥ |I ′|·(1−2−(N2−ν(N1)−10)) > 0.99|I ′|.
So, µ(Γ1) > 0.99 · µ(B1).

Observe that for each l = 1, ..., M − 2, the set I \ ∪l−1
i=0BM−i = ∪M−l

i=1 Bi is
the union of some intervals of the form

I ′M−l = [(2j − 1) · 2−10−J · 2NM−l+1h, 2j · 2−10−J · 2NM−l+1h).

Also, the two sets BM−l and B1 ∪ . . .∪BM−l−1 are equally distributed in
I ′M−l in the sense that if one takes the 2NM−lh/210+J grid of the interval I ′M−l,
then every evenly indexed interval is in BM−l and the others are in B1∪ . . .∪
BM−l−1. In particular, µ(BM−l ∩ I ′M−l) = µ(I ′M−l)/2 = µ(∪i<M−lBi ∩ I ′M−l).
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Finally, by induction one can also see that

µ(B1 ∩ I ′M−l) = µ(I ′M−l)/2
M−l−1, (18)

and, more generally, if n ∈ [2NM−l , 2ν(NM−l)] and [x, x + nh · 2−J) ⊂ I ′M−l,
then

µ(B1 ∩ [x, x + nh · 2−J)) > 0.995nh · 2−J/2M−l−1. (19)

Set

ΓM−l = {x ∈ BM−l : [x, x + h · 2ν(NM−l)−J) ⊂
⋃

l′≤M−l

Bl′} = (20)

= {x ∈ BM−l : [x, x + h0 · 2ν(NM−l)−J0) ⊂
⋃

l′≤M−l

Bl′}.

Using (9) one can see that µ(ΓM−l) > 0.99µ(BM−l) ≥ 0.99µ(I)/2l+1.
If x ∈ ΓM−l and I ′M−l is the subinterval of ∪M−l

l′=1 Bl′ containing x, then
x + jh · 2−J ∈ I ′M−l for all 0 ≤ j ≤ 2ν(Nl).

By using (19) and the definition of f(x) we have

Nn(f)(x) = #{k : hn > k and f(T kx) = h} ≥ 0.99
nh

h · 2M−l−1
= 0.99

n

2M−l−1
.

From N2 > N1 > 10, (12), (13), (14), (15), (17), and (20) it follows that
each Γl is the union of intervals of the form [i · 2−J0 , (i + 1) · 2−J0).

2.5 The proof of Lemma 6

Now we are ready to prove Lemma 6.
In this subsection the gain constant M ∈ N is fixed. During the proof

of Lemma 6 at each step of the induction we want to use that lower level
systems exist.

Next we define the life functions for all k ≤ 2D. Set ν1(N) = N + 1 for
any N ∈ N.

We proceed by induction, so assume that for k ∈ N we have already
defined νk.
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If some N ∈ N is given use ν = νk and N1 = N
(k)
1 (N) = N in (9) to

determine the sequence N
(k)
2 (N), ..., N

(k)
M (N).

Put νk+1(N) = νk(N
(k)
M (N)) > N. The purpose of this choice is that in

this way one interval [2N , 2νk+1(N)] contains the “complete lifespan” of a k
system starting at time N.

Recall that by (10) for n’s in [2N , 2νk+1(N)] we have a lower estimate of
Nn(f)(x)/n when f comes from a level k system.

Proof. To define our level 1 systems we use Lemma 7 on I0. We apply
Lemma 7 with ν = ν1, and N1 = K

(1)
S . So, K

(1)
e = ν1(NM) will be the exit

time. We choose our (M − 0.99)-distributed random variable the following

way. For l = 1, ..., M we select a measurable set Γ̂l ⊂ Γl such that µ(Γ̂l) =

0.99 · 2−M+l−1 · 2−R. If x ∈ Γ̂l for some l then we set X1(x) = 0.99 · 2−l+1 and
X1(x) = 0 otherwise. Viewed in this way Lemma 7 guarantees that level one
systems exist.

We proceed by induction on k. Assume that level k systems exist and
we need to verify the existence of level k + 1 systems as long as k + 1 ≤ 2D.
First, calling upon Lemma 7, we define a “mother” base system, this will be
the (k + 1)st function in our construction of a system with k + 1 functions.

The “subsystems” of this “mother” system will be level k systems with
different life intervals.

Given the startup constant N1 = N1,0 = K
(k+1)
S > max{10,M} putting

the life function νk+1 into (9) defined at the beginning of this subsection
determine the sequence N2,0, ..., NM,0, (the extra 0 in subscripts will refer to
the “mother system”). We also put N0,0 = N1, and set the support constant
S0 = k for the mother system.

Next we apply Lemma 7 with ν = νk+1 to the 2−R grid interval I0 =
[j0 · 2−R, (j0 + 1) · 2−R) we choose J0,0 and disjoint subsets Γ1,0, ..., ΓM,0 of I0

such that for each l = 1, ..., M , Γl,0 consists of the union of some intervals
of the form [i · 2−J0,0 , (i + 1)2−J0,0), and µ(Γl,0) > 0.99 · 2−M+l−1 · 2−R. For
any J ≥ J0,0 we can choose a function φ0 = f : I0 → R, such that if
T (x) = x + 2−J then for all l = 1, ...,M ,

Nn(φ0)(x)

n
> 0.99 · 2−l+1, when 2Nl,0 ≤ n ≤ 2νk+1(Nl,0), (21)

for all x ∈ Γl,0. Moreover,
∫

I0
φ0 = 2−M+1µ(I0). Since S0 = k, we also have

φ0(x) = 0 for any x which is not in an interval of the form [(i ·2M +k)2−J , ((i ·
2M + k + 1)2−J) for some i ∈ Z.
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Ij

Xk+1

Xk

I0

Figure 3: The scheme about the independence of the Xh’s

Next, consider the intervals Ij = [j0 ·2−R+(j−1)·2−J0,0 , j0 ·2−R+j ·2−J0,0)
for j = 1, ..., 2J0,0−R. Our level k “subsystems” will live on these intervals.

If Ij ⊂ ∪M
l=1Γl,0 then there is a unique l(j) such that Ij ⊂ Γl(j),0.

If Ij 6⊂ ∪M
l=1Γl,0 then Ij ∩ ∪M

l=1Γl,0 = ∅, and in this case we set l(j) = 0.
This is the key step of our construction. From Ij ⊂ Γl(j),0 it follows that

for the “mother system” we have an estimate (21) with l = l(j) for all n’s in
[2Nl(j),0 , 2νk+1(Nl(j),0)].

Now the choice of νk+1 implies that we can put a level k system on the
interval Ij with startup time Nl(j),0.

Therefore, for our (k + 1)st, mother function, we can use (21) during the
whole “lifetime” of the level k system which we put on Ij. This will imply
that we will be able to choose Xk+1 so that it is constant while the Xh’s for
h = 1, ..., k take all possible values on Ij.

Hence we will be able to ensure that Xk+1 will be independent from the
Xh’s when h ≤ k. This is illustrated schematically on Figure 3 showing that
Xk+1, the dashed line, stays constant while Xk, thick line, takes all its values
on Ij. (Xk is drawn only on Ij.)

Now we turn to the details of the estimations. By our assumption on
any Ij we can find level k systems. So, for each j ∈ {1, ..., 2J0,0−R} choose

a level k system on Ij with startup time K
(k)
S,j = Nl(j),0. Choose J0,j for

each j = 1, ..., 2J0,0−R according to our induction hypothesis. Set J0 =
max {J0,j : j = 0, ..., 2J0,0−R} and choose a J ≥ J0. The transformation T
will be given by T (x) = x+2−J . For this J choose φ0 as was explained above,
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and by the induction hypothesis for any j = 1, ..., 2J0,0−R choose φj = f and
independent (M − 0.99)-distributed random variables Xh,j, h = 1, ..., k, on

Ij, and an exit time K
(k)
e,j = νk+1(Nl(j),0) such that for any x ∈ Ij there exists

an n ∈ [2Nl(j),0 , 2νk+1(Nl(j),0)], for which

Nn(φj)(x)

n
≥

k∑

h=1

Xh,j(x). (22)

Moreover, φj is constant on the intervals of the form [i · 2−J , (i + 1)2−J),∫
Ij

φj = k · 2−M+1µ(Ij), φj(x) = 0 = Xh,j(x), for x 6∈ Ij, h = 1, ..., k. We may

also require that if

x 6∈
k−1⋃

l=0

⋃

i∈Z
[(i · 2D + l)2−J , (i · 2D + l + 1) · 2−J)

then φj(x) = 0. This last property implies that the support of φ0 is disjoint
from the support of any φj, j = 1, ..., 2J0,0−R. Since φj is supported on Ij, we
see that the supports of the functions φj are also disjoint.

Set f =
∑2J0,0−R

j=0 φj. Then, using the fact that the supports are disjoint,

we have Nn(f)(x) =
∑2J0,0−R

j=0 Nn(φj)(x). We also calculate

∫

I0

f =

∫

I0

φ0 +
2J0,0−R∑

j=1

∫

Ij

φj =

= 2−M+1µ(I0) + k · 2−M+1

2J0,0−R∑
j=1

µ(Ij) = (k + 1)2−M+1µ(I0).

For h = 1, ..., k, set Xh = X ′
h =

∑2J0,0−R

j=1 Xh,j. Let X ′
k+1(x) = 0.99 ·

2−l+1 if x ∈ Γl,0, otherwise set X ′
k+1 = 0. Since X ′

k+1 is constant on the
intervals Ij, one can also see that the functions X ′

h(x), h = 1, ..., k + 1 are
independent. The functions X ′

h(x) are (M − 0.99)-distributed on I0 for h =
1, ..., k. The function X ′

k+1(x) is not (M−0.99)-distributed, but is (M−0.99)-
superdistributed. By this we mean that µ({x : X ′

k+1(x) = 0.99 · 2−l+1}) ≥
0.99 · 2−M+l−1µ(I0), for any l = 1, ..., M. But we can and do choose Xk+1 ≤
X ′

k+1 such that Xk+1 is (M − 0.99)-distributed on I0 and the system Xh(x),
h = 1, ..., k + 1 is independent.
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If x ∈ Ij ⊂ Γl(j),0, then

Nn(φ0)(x)

n
> 0.99 · 2−l(j)+1 = X ′

k+1(x) ≥ Xk+1(x),

when 2Nl(j),0 ≤ n ≤ 2νk+1(Nl(j),0).
For these same x, by our induction hypothesis, there exists

n ∈ [2Nl(j),0 , 2νk+1(Nl(j),0)] for which

Nn(φj)(x)

n
≥

k∑

h=1

Xh,j(x) =
k∑

h=1

Xh(x).

Therefore, there exists n ∈ [2Nl(j),0 , 2νk+1(Nl(j),0)] ⊂ [2K
(k+1)
S , 2νk+1(NM,0)] for

which

Nn(f)(x)

n
=

2J0,0−R∑
j=0

Nn(φj)(x)

n
≥

k+1∑

h=1

Xh(x).

This also shows that the exit time K
(k+1)
e can be chosen to be νk+1(NM,0).

3 The counting problem and Birkhoff’s the-

orem

Theorem 1 also helps to refine connections between Birkhoff’s pointwise er-
godic theorem and the counting problem. It provides an example of a max-
imal operator which is of restricted weak type (1, 1) but does not satisfy
a weak type (1, 1) inequality. However, this operator coincides with the
one sided Hardy–Littlewood maximal function on characteristic functions of
measurable sets. Let us see how and why.

One way to prove Birkhoff’s pointwise ergodic theorem is via the maximal
inequality

µ

{
x : sup

N

1

N

N∑
n=1

|f |(T nx) > λ

}
≤ 1

λ
‖f‖1.

It turns out (see [9] for instance) that this maximal inequality is equivalent
to the weak type (1, 1) inequality for the Hardy–Littlewood maximal function
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on T, the unit circle, that we identify with the interval [−1
2
, 1

2
),

H(f)(x) = sup
t>0

1

t

∫ t

0

|f(x− y)|dy.

The following maximal function was introduced by the first author

A(f)(x) = sup
λ>0

λ ·m
{

0 < y < x :
|f(x− y)|

y
> λ

}
.

The interest in the operator A lies in the following results

1. It was used in [12] to give the details of the fact that the return time
for the tail in all Lp spaces 1 < p ≤ ∞ is equivalent to the validity of
Birkhoff’s theorem in all Lr spaces for 1 < r ≤ ∞. In other words,
the finiteness of N∗(f)(x) = supn

Nn(f)(x)
n

shown in [2] is equivalent to
Birkhoff’s theorem in Lp for 1 < p ≤ ∞.

2. If one considers the characteristic function of a measurable set B, then
simple computations show that

A(11B)(x) = H(11B)(x). (23)

Thus the operator A satisfies a restricted weak type (1, 1) inequality in
the sense that we have for all λ > 0

m{x : A(11B)(x) > λ} ≤ 1

λ
m(B)

i.e. a weak type (1, 1) inequality for characteristic functions of measur-
able sets. (See also [15] or [9] for instance for more on restricted weak
type inequalities.)

3. The operator A can be viewed as a continuous analog of the counting
function studied in the previous sections. Furthermore, we have the
following lemma.

Lemma 8. Given p, 1 ≤ p ≤ ∞ the following statements are equivalent

(a) There exists a finite constant C such that for all λ > 0 and (an) ∈
lp(Z)

#

{
i ∈ Z : sup

n

(
#{k > 0 : ak+i

k
> 1

n
}

n

)
> λ

}
≤ C

λp
‖(an)‖p

p.

(24)
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(b) There exists a finite constant C such that for all f ∈ Lp(T) and
λ > 0 we have

m{x : A(f)(x) > λ} ≤ C

λp

∫
|f |pdm.

(c) We can find a finite constant C such that for all f ∈ Lp
+(µ) for

all measure preserving systems (X,B, µ, T )

µ

{
x : sup

n

Nn(f)(x)

n
> λ

}
≤ C

λp

∫
|f |pdµ

Proof. The proof uses known methods in ergodic theory such as trans-
ference or Rohlin’s tower lemma. Details of such computations can be
seen in [12]. So we only sketch some of them. We remark that (a) is
equivalent to the following inequality.

There exists a finite constant C such that for all λ > 0, (an) ∈ lp(Z),
positive integers K and I,

#

{
i ∈ [−I, I] : sup

n≤K

(
#{k > 0 : ak+i

k
> 1

n
}

n

)
> λ

}
≤ C

λp
‖(an)‖p

p.

(25)

In order to prove that (a) and (b) are equivalent we use step functions
of the form f =

∑I−1
j=−I aj11Ij

where aj ∈ R and aj = 0 for |j| > I. The

interval Ii equals the dyadic interval [ i
2I ,

i+1
2I ).

To show that (a) and (c) are equivalent we use Rohlin’s tower lemma
where the tower is symmetric and of height 2J + 1. Rohlin’s lemma
tells us that for any ε > 0 and J ∈ N we can find disjoint sets T−iB
for −J ≤ i ≤ J , such that the tower ∪J

i=−JT−i(B) has total measure

greater than 1 − ε . We take a function f =
∑J

i=−J ai11T iB and note
that

Nn(f)(x)

n
=

#{k : f(T kx)
k

> 1
n
}

n

≥
J∑

i=−J

11T iB(x)
#{k ≤ J − |i| : ak+i

k
> 1

n
}

n
.
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Thus, the inequality

µ

{
x : sup

n

Nn(f)(x)

n
> λ

}
≤ C

λp

∫
|f |pdµ

implies

J∑
i=−J

µ

{
x ∈ T iB : sup

n

(
#{k ≤ J − |i| : ak+i

k
> 1

n
}

n

)
> λ

}
(26)

≤ C

λp
µ(B)

J∑
i=−J

|ai|p.

As (26) equals

µ(B) ·#
{
−J ≤ i ≤ J : sup

n

(
#{k ≤ J − |i| : ak+i

k
> 1

n
}

n

)
> λ

}

we have

#

{
i ∈ Z : sup

0<n≤K

(
#{k > 0 : ak+i

k
≥ 1

n
}

n

)
> λ

}

≤ lim
J

#

{
−J ≤ i ≤ J : sup

0<n≤K

(
#{k ≤ J − |i| : ak+i

k
≥ 1

n
}

n

)
> λ

}
.

So Theorem 1 gives us the following contribution to the problem of char-
acterizing operators for which a restricted weak type (1, 1) inequality implies
a weak type (1, 1) inequality. (See [9] for more on this problem.) The op-
erator A does not satisfy a weak type (1, 1) inequality. It is shown in [9]
that if an operator is generated by convolutions, then a restricted weak type
(1, 1) inequality implies a weak type (1, 1) inequality. Such is the case of the
Hilbert transform and the Hardy–Littlewood maximal function. It is shown
in [1] that the situation is different in the discrete case.
Next we list some of the properties of the operator A.
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Theorem 9. The operator A defined on T by the formula

A(f)(x) = sup
λ>0

λ ·m
{

0 < y < x :
|f(x− y)|

y
> λ

}

has the following properties

1. It coincides with the one sided Hardy–Littlewood maximal function when
f is the characteristic function of a measurable set on T hence it sat-
isfies a restricted weak type (1, 1) inequality.

2. It maps functions in Lp to functions in weak Lp.

3. There exists a positive function f ∈ L1(T) such that A(f)(x) ≮∞ for
a.e. x in T.

Proof. Statements (1) and (2) follow from Lemma 8.
The last statement is a consequence of Theorem 1. The arguments de-

velopped in [2] (cf. Theorem 4) indicate that if we had A(f)(x) < ∞ for a.e.
x then we would have a weak type (1, 1) inequality for A. By Lemma 8 this

would imply a weak type (1, 1) inequality for supn
Nn(f)(x)

n
, a conclusion that

we disproved in Theorem 1.
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