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On the one-sided ergodic Hilbert transform

Idris Assani and Michael Lin

ABSTRACT. Let T be a unitary contraction on a Hilbert space X such that
X = (I —T)X. We answer two questions related to the strongly continuous
semi group {(I —T)" : r > 0}, studied in [DL]. We show that the domain of

the infinitesimal generator G is precisely the set of functions f for which the
n
one sided ergodic Hilbert transform )~ ; TTf converges. We also show that

the domain of G is not g o1 (I = T)*X. The tools used are essentially of a
spectral nature.

1. INTRODUCTION
In 1937, Marcinkiewicz and Zygmund [MZ] proved the following.
THEOREM A. Let {{,} be an i.i.d. sequence with E(|¢1]) < oo and E(&1) = 0.

oo
If & is symmetric, or E(|€1]1log™ |€1]) < oo, then the series Z tn converges a.s.
n
n=1
This generalizes the corollary to the Khinchine-Kolmogorov, which assumed
the existence of the variance. Furthermore, it is also proved in [MZ] that if for

o0
some 1 < p < 2 we have E(|¢1]P) < oo, then the series Z S converges a.s.
1 nl/p
n=
Izumi [Iz] considered the following problem. Let 7 be an ergodic probability
preserving invertible transformation on (€2, ¥, 1). Under what conditions does the

s n
]
series Z for converge a.e. for every f € Lo with [ fdu = 0?7 Halmos [Ha]
n
n=1
showed that Izumi’s conditions are never satisfied, and proved that for atomless

spaces there is always some f € Lo with [ fdu = 0 for which the series does
not converge in Lo-norm. The existence of f € Lo, with [ fdp = 0 such that
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Sup‘ZfOT

result was later improved by del Junco and Rosenblatt [DeR] and, independently,
by Krzyzewski [Krz|, Kakutani and Petersen [KP].

=00 a.e. was established by Dowker and Erdos [DoE]|. Their

For T a contraction on a Banach space X and f € (I — T)X, we call the series
220:1 TTf the one-sided ergodic Hilbert transform, and would like to find conditions
on f for its convergence. Derriennic and Lin [DL] showed that if for some 0 < o < 1

f satisfies

1 N
» Btk

TL

then the series Z 5 converges in norm for any § < a (and obviously, by (1),

=% > pt ka|| — 0). When f satisfies (1) we say that it has power ergodic rate
«. By Kronecker’s lemma, convergence of the a-fractional ergodic Hilbert transform

e n
E 1_J; implies that f has power ergodic rate a. Convergence of the fractional
n

n=1
one-sided ergodic Hilbert transform of course implies convergence of the one-sided

ergodic Hilbert transform (see Lemma 2.19 of [DL]), and can be considered as a
“rate of convergence” for the transform.

Power ergodic rates were first considered by Loéve [Lo] as a condition for
the pointwise ergodic theorem for unitary operators on Lo — see [Do], p. 492.
Gaposhkin [G1] proved that if T' is unitary on Lo(p) and f has power ergodic rate
«, then the one-sided ergodic Hilbert transform converges a.e.; in [G2] he proved
that 07 TMf converges a.e. for v > max{%, 1 — a}. Independently of [DL], As-
sani [ASI] [As2], [As3] defined power type and logarithmic type Wiener- Wintner
functions for T induced by probability preserving transformations (see [AsN] for
additional examples), in order to study return times phenomena with a break of
duality and convergence and continuity properties of the rotated ergodic Hilbert
transform. In [DL] it was also shown that if T is a mean ergodic positive contrac-
tion on Lj(u) and f has power ergodic rate, then the one-sided ergodic Hilbert
transform converges a.e., but all the fractional transforms may fail to converge a.e.
For 1 < p < oo and T power-bounded (not invertible) on L,(u), convergence of the
fractional ergodic Hilbert transform for f with ergodic power rate was proved in
[CL1],[CL2],[W]; for more precise information when T' is Dunford-Schwartz (and
w is finite) see [DL]. Weighted one-sided ergodic Hilbert transforms were considered
in [As4].

Using for 0 < a < 1 the power-series expansion (1 —1)* =1-37"2, a(-a)tj with

( > 0 for every j and > 7%, ga) = 1, the operator (I —T)* =1—37%, ga)TJ

was defined in [DL] for any contraction 7 on a Banach space X. It was shown
that if (I —T)X is not closed, then all the images (I — T)*X are different, dense
in (I —T)X. When T is mean ergodic, f € (I —T)*X if and only if the series
S Ir converges. Moreover, if f has power ergodic rate 3, then f € (I -T)*X

n=1 pl—-o

for each a < (3.
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For r > 1 we define (I —T)" = (I = T)"/(I = T)"~I"]. Tt was proved in Theorem
2.22 of [DL] that if T' is a contraction on a Banach space X with X = (I —T)X,
then the family {(I — T)" : r > 0} is a strongly continuous semigroup, and if
the one-sided ergodic Hilbert transform converges for f, then f is in the domain of
definition of the infinitesimal generator @, and Gf = — 327 LL When (I-T)X

n=1 n
is not closed, there exists f € (I —T)X such that the transform does not converge,
which raises two questions:
(i) Is the domain of G equal to | Jy oo (I —T)*X7?
(ii) Is the domain of G precisely the set of f for which the transform converges?
The first question was raised by the second author at the working session of the
Chapel Hill ergodic workshop on February 2004.

Heuristically, the connection between the infinitesimal generator and the one-
sided ergodic Hilbert transform can be understood by looking at (1—%)" = e” log(1—t)
for fixed ¢ € [—1,1), whose generator is obviously log(1 —¢) = — > | %

Our purpose in this paper is to answer both questions above when T is unitary
on a Hilbert space. We will show in section 3 that the answer to the first question
is negative, while the second question has a positive answer when T is unitary (or
symmetric) on a (complex) Hilbert space (sections 5 and 6). In section 2 we obtain
some convergence results, and in section 4 we look at the infinitesimal generator in
Banach spaces.

2. CONVERGENCE OF THE ONE-SIDED ERGODIC HILBERT TRANSFORM

Inspired by the condition introduced in [As1],[As2], we look at T power-
bounded on a Banach space X and f € X which for some a > 0 satisfies

1 N
(2) | oy
n=1

and say that f has logarithmic ergodic rate c. Clearly any f with power ergodic
rate has logarithmic ergodic rate. Examples of logarithmic ergodic rate with no
power ergodic rate will be given in the next section.

< T
= (log(N + 1))+

THEOREM 2.1. Let X be a Banach space and {f,} C X. If for some a > 0
we have the estimate

1 N
@) |5 X

s
then for every 0 < 8 < « the series Y ., W converges in norm.

ProOOF. Put S,, = 22:1 fi forn > 1 and Sy = 0. Fix § < «, and use Abel’s
summation by parts to obtain

n o [.3 ) n o B
3 (1 gZ) Jr :Z(Sk—sk—l)(l ghk)” _

k
k=1 k=1

< ¢
= (og(N + D)1

—1

(logn)?S, N & <(log kY8 (log(k + 1))6)&-

n

— k k+1
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)8 s
Since 8 < «, (2) obviously implies ||%Sn“ = H% >hi frll — 0. Putting
#(t) := (logt)?/t and computing %, we see that ¢ decreases for t > e”. Using the
mean value theorem and (2’) for estimating individual terms, we obtain

(@) Py H( (log k)° (logkk:ll )SkH - Z - 1;2gkkff;])€1+a o

Hence the sum on right hand side of (3) converges. O

REMARK. The theorem yields that if (2°) holds for every a < +, then for every
B
B < ~ the series Y > | % converges in norm.
COROLLARY 2.2. Let T be a mean-bounded operator on a Banach space X
(i.e., satisfying sup,, %H Sory TkH < 00), and let f have logarithmic ergodic rate

B
a > 0. Then for every 0 < 8 < « the series Y, % converges in norm.

REMARK. Let ¢y be a positive sequence increasing to co with Z:i1 ,ﬂ/%k < 00.
For 3 =0 and fy =T*f, (3) becomes

kS, 1 1
5 =Lt (3 -5)8
5) Pt )

k=1 k=1
Norm convergence of the one -sided ergodic Hilbert tranform is similarly proved for
any f € X such that ||N T”fH

THEOREM 2.3. Let T be a contraction on Li(p) with mean ergodic linear mod-
0 T"f
ulus. If f € Li(pn) has positive logarithmic ergodic rate, then the series )~ ~—
converges a.e. and in norm.

ProOF. The Li-norm convergence follows from the previous corollary, with
B =0. For 5 =0 (4) becomes

(6) ,;Hk(l;l)s’“fH < x.

Applied to the Li-norm, it yields > -, ’mSkf’ < o0 a.e. by the theorem of

Beppo Levi, and together with the pointwise ergodic theorem for 7' [CoL], the right
hand side of (5) converges a.e. O

REMARKS. 1. When T in the theorem is not positive, mean ergodicity of T is
not sufficient for the pointwise ergodic theorem [CoL].

2. The theorem applies when p is finite and 7" is a Dunford-Schwartz operator
(i.e., also a contraction of L), in particular when 7 is probability preserving and
Tf=for.

3. When p is o-finite infinite and T is Dunford-Schwartz, the previous proof
still applies, since we now use the Dunford-Schwartz pointwise ergodic theorem
[DuS] (see also [Kr], p. 65).

When dealing with one L,(u) space with p1 o-finite, we can take an equivalent
probability ', and Vf = (du/du')*/Pf is an order preserving linear isometry of
L,(u) onto L, (p') which preserves pointwise convergence. We can therefore assume
in the proofs, with no loss of generality, that y is a probability.
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THEOREM 2.4. Letl < p < oo, and let T be a positive contraction on L, (p). If

[ € Ly(p) has positive logarithmic ergodic rate, then the series Y ., Tnf converges

a.e. and in norm. Furthermore, sup >, |Zk:1 T| is in Ly.

PRrROOF. We assume that u is a probability. Then ||S, f|l1 < ||Snf|lp, so for f
with logarithmic ergodic rate a > 0, (6) and the argument in the previous proof

vield 3200 | gy Sk f
ergodic theorem [A]. This proves a.e. convergence in (5).

By [A] we also have sup,, |+ S,, f| € Ly,(n). Since by (6) >_p2 ; ’m&ef‘ €L,
(5) yields

< oo a.e., while %Snf — 0 a.e. by Akcoglu’s pointwise

= D
su <sup |—= S ’ € Ly(
1§n£N ’ Z n>Fl) Z E( k; +1) wf
Letting N — oo proves the last assertion. O

THEOREM 2.5. Let 1 < p < oo, let {fn} C Ly(1) satisfy (2°) with o > 0, and
assume sup,, || fnllp = K < co. Then for 0 < § < min{e, W} the series

i (logn)” f,

8
converges a.e. and in Ly-norm, with sup,, | >} _, W\ € Ly(p).
n

n=1

PRrOOF. Fix  satisfying the assumption. We first prove M Sor [k —0
a.e., using the method of [CL1].
Since [ < M is equivalent to Z%(l +0) < p(1 4+« — ), we pick r

with ~25(1+6) <r <p(l+a - ), and put n, = [e(ml/r)] + 1. Then (2’) yields

g/‘ngk‘ i ( c ))1+Oé—ﬁ)p = i ﬁ'

me—1 logn +1

log nm Zk ) fk

By the choice of r the above series converges, so > ~_,

con-

8
verges a.e., and % S fr — 0 ae.

Fix n and take m with n,, < n < n,41. Since (logt)?/t decreases for t > e,
when n,, > e we have

MNom 8 Nm41
’ (logn)” (kafszﬂ—‘ (logn)” Z fk’_loiﬂ S 1ful
k=n,,+1 k=n,+1

Since || fx|lp < K, we obtain

/ max logn (ka - ank) d < K (tog ) (Pt =T )

N <N<Mm 41

We now use (m+1)Y/"—m!/" < 1/(rm=1/7) and ! —1 < et for 0 < t < 1 (noting
that » > 1) to estimate
Nm+1 e(m—i—l)l/r +1 e 1 D

_1< 1< < .
Nm 1 - e(ml/r) ! - Tm(r—l)/’r + e(ml/v‘) — Tm(T_l)/T
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This estimate and r > ~E5(1 + 3) yield

1og n)? , (log n,, )PP
/ > o <1 D1 (Zf’“ _Zf’“ﬂ dp< D Zl mpGr—17r < %

nm>el m=

logn (ka—ka)‘ — 0 a.e.

Since m — oo as n — oo, the convergence % >or_i fe — 0 a.e. follows from

‘(I(yf;z)ﬁki_lfklg max W(;fk—ifk)“"lwlifk‘.

N <N Ny 41
Since p is assumed a probability and 8 < «, the L,-norm convergence of the
series in (4) implies its Li-norm convergence, so we have a.e. convergence of the
series in (3), and the a.e. convergence of the series is proved. The norm convergence
follows from Theorem 2.1. .
The beginning of the proof yields sup,, ’Wé’nm‘ € L,, and with the

Hence

max
N <N<Nm 41

previous computations, the inequality

1 1 Ié; Mm41 1 38
sup |28 ¢ ’<S“PM 3 ‘fk|+sup’MSnm
n>0 n m Nm e
=n,+1
yields sup,, |~=2"-S,,| € L,. Since 8 < «, the inequality (4) yields that the series
8
in (3) is absolutely convergent to an L, function, so sup, | > ,_; (logk% is in
L,. 0
(logn)® f,,
REMARK. When p = 2, the theorem yields a.e. convergence of Z —_—
n
n=1
for 0 < B < 2. When 1 < p < 2 we always have W < «, but for the
theorem to be non-void we need o > (2—p)/(p—1) in order to have % > 0.

When p > 2, for a < p — 2 we can have (3 arbitrarily close to a.

COROLLARY 2.6. Let 1 < p < oo, and let T be power-bounded on L,(u
f € Ly(r) has logarithmic ergodic rate o > 0, then for 0 < g < mln{a (p= 13

¢ pTm (log k)PT*
the series Z 705; n) / converges a.e. and in norm, with Sup ‘ Z 705; ]2; /
n

)-
= }

n=1

in Lp.

3. CONVERGENCE OF THE TRANSFORM WITHOUT POWER ERGODIC RATE

In this section we show that when T is unitary on a Hilbert space H and
(I — T)H is not closed, there may be elements with positive logarithmic ergodic
rate, so the transform converges, which have no power ergodic rate. In this case
Upso(I = T)PH is a strict (dense) subspace of the domain of G (the infinitesimal

generator of the semigroup {(I —T)" |m})
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Throughout this section, T is unitary on a Hilbert space H. Recall (e.g., [Q];
see also [Kr], p. 95) that for each f € H there is a (unique) positive measure o on
the Borel subsets of the unit circle with Fourier coefficients 6¢(n) = (T™ f, f), called
the spectral measure of f. We identify the unit circle with the periodic interval

[—3.3), 50 64(n) = f_1{32 e?™mtdg;(t). It is well-known that we then have

O P N ) P L P

-1/2 ' .5 —1/2 Sin2(7rt)

1/2

THEOREM 3.1. Let T be a unitary operator on H and 0 # f € H.

(i) For 0 < a < 1, f has power ergodic rate o > 0 if and only if there exists
C > 0 such that o¢([—6,6]) < C&** for § > 0.

(i) f has logarithmic ergodic rate o > 0 if and only if there exists C > 0 such
that

(8) a1([~0,8]) < C/|logé[**2*  for 6> 0.

PRroOOF. If f has logarithmic or power ergodic rate, then f € (I —T)H, which is
equivalent to o ({0}) = 0. Also the conditions on o in (i) or (ii) imply o({0}) = 0,
so actually we deal with f € (I —T)H.

Part (i) is Theorem 3 of Kachurovskii [Ka]. Ideas of the proof will be used for
proving (ii).

Assume that (8) holds. The trigonometric identity used in (7) shows that the
integrand on the right hand side of (7) is bounded by n?. Graphing sin(7t) we see
that sin(wt) > 2t for 0 < ¢ < % Hence (7) yields

O | S < wo-mam+ g [ o).

et (r<ii<1/zy B2
By (8), the first term on the right hand side is bounded by C(n/|logn|['T%)2. It
remains to dominate last integral. Following [Ka] put s = o7({0 < [t| < 1/k}), so
or({1/(k+1) < |t| < 1/k}) = sk — sk4+1. Using (8) and the fact that t/(log t)*+2>

is increasing for ¢ > e?*2%, we obtain
n—1 n—1
d(Tf( ) < (k’—|—1) (8K — Sky1) < 51+ 2k + 1)sg <
/{1<|t|<1/2} t2 ; kzl
n—1 n—1
k n C"n?
4 ks < 4C —— <4C(C' + 22 < .
1; Sk Z (log k)2+2a <40(C +(n—e )(logn)2+2a) = (logn)2+2a

Now (9) yields that f has logarithmic ergodic rate a.
Now we assume (2). For |t| < 1/2n we have |sin(7nt)| > |sin(nt)], so (7) yields

1/2n sm2(7mt
do ) < H " H
1/2n sin® (e Z !

o5([=1/2n,1/2n]) < /

02 22+2a02
< .
(log(n +1))#2« — (log(2n))>*2
This proves (8) when § = 1/(2n). For general § > 0 use n = [1/24]. O
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In the remainder of this section we deal only with separable Hilbert spaces. In
this case, it is well-known (e.g., [Q], p. 27) that for a unitary operator T there
exists a finite measure o,,, unique up to equivalence, with the following properties:

(i) For every f € H we have 05 << 0yy,.

(ii) If 0 < 0 << oy, there exists f € H with oy = 0.

In particular, there exists ¢ € H with o, = o0,,. The measure o, is called the
maximal spectral type of T.

The property H = (I —T)H, which is equivalent to o;({0}) = 0 for every
f € H, is now equivalent to ¢,,({0}) = 0. In general, o/, := 0, — 0, ({0})do
(where §g is the Dirac measure at 0) is the maximal spectral type of the restriction
of T to (I — T)H.

Let E(.) be the resolution of the identity of T, i.e., the projection valued mea-
sure such that Tf = fl/Q e*™E(dt)f. Then of(.) = (EQ)f, ) = |E()f]? so
om(A) =0 if and only if E(A) = 0. From Proposition 4.5.10 in [Pe] we obtain the
following.

THEOREM 3.2. Let T be unitary on a separable Hilbert space H. Then the
topological support of oy, is the spectrum, i.e., if A is an open subset of [—1/2,1/2]
with 0,,(A) = 0, then for every t € A we have e*™* — T invertible.

THEOREM 3.3. Let T be a unitary operator on a separable Hilbert space H,
with mazimal spectral type op,. If oy ({1/(k+1) < |t| < 1/k}) > 0 for every
positive integer k, then for every o > 0 there exists f € H with logarithmic ergodic
rate o, which has no logarithmic rate v > « (hence has no power ergodic rate).

PROOF. As observed above, the spectral type of T”, the restriction of T to
H' :=(I-T)H,is o,. Hence o,({1/(k+1) < |t| < 1/k}) > 0 for every k, and
since the spectrum is closed, the previous result yields that 1 = €2 is in the
spectrum of T, so (I — T")H' = (I — T)H is not closed. We thus may assume that
H = (I—-T)H and (I —T)H not closed. Let g € H satisfy oy = 0.

Put Ay = {1/(k+ 1) < |t| < 1/k}. By assumption |E(Ax)gl|*> = om(Ar) >
0, so we can define the elements g := H];(Ai:)gn' Fix a« > 0, and put a =

1/2
((log kl)“h — (1og(k+11))2+2a> . Since {Ay} are disjoint, {gi} are orthogonal, and
since Y oo, ag|* = W , the series f = "7, agy is defined in H. Note that
o7(0) =0, and with the property E(AN B) = E(A)E(B) we have

(1) op(l=r, 2] = Bl < DI = ZW o

By Theorem 3.1(ii) f has logarithmic ergodic rate «. Since for any fixed v > «
there is no C' with 1/(logn)2t2* < 1/(logn)2t2Y < C/n?P, the equality in (10) and
Theorem 3.1(ii) show that f has no logarithmic ergodic rate 7 (so cannot have a
power ergodic rate). O

COROLLARY 3.4. Let (Q,3, 1) be a separable space o-finite measure space, and
let T' be the unitary operator induced on Lo(p) by an invertible aperiodic measure
preserving transformation. Then for every o > 0 there exists a function f € La(u)

with logarithmic ergodic rate o and no power ergodic rate, > oo, Tka converges a.e.
. . k
and in Ly, with sup, | Sp_, TL| € Lo(u).
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PROOF. It was proved by A. Ionescu Tulcea [IT] that under the aperiodicity
assumption the spectrum of T is the whole unit circle, so the previous theorem can
be applied. The additional properties of f follow from Corollary 2.6. (|

4. WEAK FORMS OF THE ONE-SIDED ERGODIC HILBERT TRANSFORM

As indicated in the introduction, it was proved in [DL] that if T' is a contraction
on a Banach space X with X = (I —=T)X, then {(I —T)" : r > 0} is a strongly
continuous semigroup on X; we denote its infinitesimal generator by G. If the one-
sided ergodic Hilbert transform converges for f, then f is in D(G), the domain of
definition of G, and Gf = =) 7 | % Recall that D(G) is defined as the set of

f for which the limit of % as o — 07 exists, and this limit defines G f.
PROPOSITION 4.1. Let T be a power-bounded operator in a Banach space X

. T
with X = (I -T)X. Ifz —— converges weakly, say to g € X, as n — oo, then
: J
j=1

fe€D(G), and Gf = —g.

PROOF. An appropriate modification of the proof of Proposition 2.21 of [DL]
yields that L[(I —T)* — I|f + g converges weakly to 0 as & — 0. By a result
of Yosida (see Theorem 10.5.4 in [HP], pp. 318-319) we have that necessarily

1
lim ||a[(I—T)°‘—I]f—|—gH—>O. O

a—0t

PROPOSITION 4.2. Let T be power-bounded on a reflexive Banach space X and

feX. Then Z —f converges weakly if and only if
j=1

(11) sup

n

iT;fH < 0.

Jj=1

PRrROOF. By the Banach-Steinhaus theorem, weak convergence implies bound-
edness. Assume now (11). Then for every T*-invariant functional f* we have
(f,fy=0,80 fe (I-T)X. By reflexivity X* = {f*: T*f*= f*}®o (I - T*)X*.
For a functional of the form g* = (I —T*)h* we have

" T T+l e R
S = wrwy - L+ UG - T,
Jj=1 j=2

By power-boundedness |27 f|| — 0, so for every g* = (I — T*)h* the series

Z;;(%, g*) converges. Convergence for ¢g* in a dense subspace of X* and the
boundedness condition (11) yield convergence of Zjoil ( T;f , g™ for every functional

g* € X*. ]
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LEMMA 4.3. Let T be power-bounded on a Banach space X and {b;} a non-
increasing sequence of non-negative numbers. Then for f € (I —T)X we have

oo

25515

lim
a—0t

0o .
ab;T7
ProoFr. For @ > 0 the operator R, := g ﬁ is well-defined in the
— I~
Jj=2
operator norm topology, and it is easy to check that supg.,<; [[Ra|l < oo. Hence

the set of f for which lim, .o+ ||Raf|| = 0 is closed, and the lemma will be proved
if for f = (I —T)g we have lim, g+ | Rof| = 0. But for such f

b; b ;
j— 1) (j—l)(j—2>a}Tg

R.f = fozsz g—i—aZ{(

and the monotonicity yields || R f|| < absllgl| sup,, ||T™] — O. O

We want to characterize the domain of the infinitesimal generator of the semi-
group {(I = T)" : r > 0}.
)
For 0 < o < 1 denote by A§a) i~ (where (1—-#)* =132, Ea)tj)
Simple computations shows that Ag-a) = %(1 —a)(l1=3)-(1—5%)forj=2.

LEMMA 4.4. LetT be power-bounded on a Banach space X and f € (I —T)X.
Then "
e’ Cl « o0 ij
; Jf
alféﬂg o T = JE&Z 3G —1)°

—if one limit exists so does the other, and the lzmzts are equal.

PROOF. For fixed 0 < o < 1 put L") :=log [(1—a)(1—§)+- (1 —52;)]. For
j > 2 we have

@ _ =1 N
Ly =- ZE(T)RZ—Z(Z) B
=1 n=1 =1
where
@ 21 a, el
(%) B; :Z g(j)n:Z?Z(j)n>0~
n=2 =1 n=2 =1

@

: (@) o ; ()
We can rewrite L;" as L; {a log(j — 1)+ a[S=1 (1/1) —log(j — 1)] + B; ],

and obtain
1 1 =
A;O‘) = G- - exp ( - 04[2(1/1) —log(j — 1)]) exp (— Bj(a)) .
=1

We denote below f; = TV f and b; Z (l/l) log(j — 1). Since logj <
Z (1/1) < 1+4log(j—1), we have 0 < b < 1. The boundedness of {|| f;||} together
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with Bj(a) > 0 yield that the two series 3227, ](]{7’1)& -exp(—ab;)(1 —exp (— BJ(-O‘)))

and Z]O';Q J(jfijl)a - exp(—ab,) are absolutely convergent, and we can write

Zil) - exp(—ab,) ZAO‘)fJ_
j=2

Jj=2

-exp(—ab;) (1 — exp(fBJ(a))) .

jzzj.?—l

Now we show that the last series converges absolutely to zero as o — 07. First
we observe that (*) yields

(1—exp(— B(a a)<z Z Z% I)S

— 1
\log(lfa)|fa+a2z llog(1 — a)| — a + Ka?

= n(n —1)
Put C' = sup; | f;]|. Since exp(—ab;) <1 and > 77, ﬁ <
norms of the terms in the series (**) is estimated by

O‘T“, the sum of the

CZ B(a)<C(|log(1—a)\—a+K

mﬂ)C(W;ml_Hm),

which converges to 0 as « — 0%. Going back to the formula of the series (**), we
have shown that

a—+1
)=

lim

——— -exp(—ab;) = lim A fs
a—0t =2 ](] - 1)a ( ]> a—0t ; J J

— one limit exists if and only if the other exists, and they are equal.

So far we have only used the boundedness of {f;}. It remains to show that

() tim S L exp(—aby) = lim Z(f

a0t £ Jjg— 1)~ am0t () = 1)e

— one limit exists if and only if the other exists, and they are equal. For fixed
« the difference of the two series is

9SNNS eeo(—abs) — ab
) ;j<a‘—1)a+;j<y‘—1)a (1~ exp(zaby) —obs).

The sequence {b;} decreases to a limit b > 0, since

1 . . I dx . .
bj+1—b; = i logj+1log(j —1) < / — —logj +log(j —1) = 0.
j—1
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The first berleb in (+) tends to 0 as @ — 0" by the previous lemma. Since b; < 1
and 0 <t+e ! —1<¢2fort >0, we estimate the last series in (+) by

ala+1)C,

‘<Za2§:

which tends to 0 as & — 0. This yields (¥***) and proves the lemma. O

j—1

i exp(—ab)
;j( T [1—exp(—ab;) — ab;] T

COROLLARY 4.5. Let T' be a contraction on a Banach space X with X =
(I -T)X. Then f € D(G) if and only if Z;’;l ]Tl% converges as a« — 07, and
then

Gf=— lim -
a—0t = Jl-‘r(x

PRrOOF. By definition aga) =afor0<a<l,so

« 0 (Ul)
U=Trf=f_ gy Z

Combined with the previous lemma this yields Gf = —Tf — hm Z;O 9 %,

with equal domains of convergence.
To complete the proof, it is enough to show that

: T f -
| > -5 ] o
2 Jj= 2
N a
Fix e > 0 and take a positive integer N with log 7 < €. Then lim,_o % =
10g ~—7 < €. We now estimate
> T3 > T3
> > | <
=2 J =2 JU
17y J e — IVf J e
Zjl+a<1 (j—1)>’+ Z j1+a 1_(j—1)

j=2 j=N+1

Since N is fixed (indpendently of «), the first sum tends to 0 as o — 0%. The
second sum (the infinite series) is bounded by

oo

1Y (G =) <)1) 3 e <

j=N+1 J j=N+1
N a 1
—) —1 .
(5" 1) 23

S, Loy, T
J=2 jlte J=2j(—-1)*

Hence lim sup

a—0

< |If|le, which completes the proof. O
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5. THE ONE-SIDED ERGODIC HILBERT TRANSFORM OF T UNITARY
DEFINES THE INFINITESIMAL GENERATOR OF {(I —T)" : r > 0}

In this section we show that when T is a unitary operator on a Hilbert space
H, the domain of the infinitesimal generator G of the semigroup {(I —7)" : r > 0}
restricted to (I —T)H is the same as the domain of the one-sided ergodic Hilbert
transform.

We start by a spectral characterization of weak convergence of the one-sided
ergodic Hilbert transform, using Proposition 4.2.

PROPOSITION 5.1. Let T be a unitary operator on H and 0 # f € (I —T)H
with spectral measure oy. Then

sup
N

ij 2
<oo <= (log [t])“dos(t) < oo.
0<|t|<1/2

PrOOF. Since f € (I —T)H, we have o7({0}) = 0. Hence all integrals below
with respect to oy are in fact over [—1, ) — {0}. The spectral theorem gives us
the equality

N

Z*f

=1/

/{(icoswmt i 1n27mt ] 4o ().

n=1

We recall a few properties of some trigonometric series:
(i) By [Z] ( (2.28) on p. 191), There exists a finite constant C' such that for all
0< |t <1/2,

< log( )+ C.

N
Z cos 2mnt
n
n=1

(ii) By [Z] ( (2.8) on p. b), for each 0 < |t| < 1/2,

(++) sup
N

27|t

N cos 2mnt 1
li =1
(+++) %nz n ©8 2sin |t

(iii) The partial sums 22[:1 sin2mnt are uniformly bounded on [—1/2,1/2) ([Z],
p. 61).
Thus, if supy || ZN T]f || < oo, then by (+++) and Fatou’s lemma we have

N

1 9 cos 2mnt 2
_— <
/(log |2sin7rt|) dos(t) = /lgnlnf E: ) dos(t) st;/p

This proves one implication. For the reverse implication, as the partial sums
SN sin2mnt 5pe yniformly bounded on [~1/2,1/2), we have

n=1
Tif|?
upl| >

J

N .
£/

N
cos2mnt 2
<oo = sgp/(ZT) dos(t) < oo.

n=1
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Because of (++) this last condition is satisfied as soon as
/ (log [t])*do (1) < oo,
<|t|]<1/2
since 7({0}) = 0. This proves that supy || ZN T s | < oo. O

Proposition 5.1 has the following immediate corollary, which justifies the inter-
est in [Asl] and [As3] and in this paper for logarithmic ergodic rates.
COROLLARY 5.2. Let T be unitary on H. If the series Z— converges
Jj=1
weakly, then f has logarithmic ergodic rate 0.

PrOOF. By Proposition 5.1 the weak convergence of the series implies the
finiteness of the integral f0<‘t|<1/2[log |t|]2do ¢ (t). From this we conclude without

difficulty that
o1([=6,68]) < C/|logs|> for &> 0.

Hence f has logarithmic ergodic rate 0, by Theorem 3.1. (|

LEMMA 5.3. For 0 < |t| < 1/2 we have

. . cos 2mnt . cos 2mnt

lim E — E =0,
a—0+ nlte n

n=1 n=1
and

. >, sin2mnt >, sin2mwnt

lim E — E =0.
a—0+ nlta n

n=1 n=1

PrOOF. We give a proof of the first equality. The second follows by a similar
reasoning.
We fix ¢t with 0 < |t| < 1/2. By (++), there exists M; such that

N+¢
(12) ’ Zcos%rk;t‘ <M; VN,{>0.

By Abel’s summation (Theorem 1.2.2 of [Z]), for a > 0 (12) yields

N+2L
cos 2wkt M, M,
(13) [>T s A < W
k=N

> cos 2kt

Inequality (13) yields that (for fixed t) the series Z converges uniformly

kl-&-a
k=1
= o2mkt| M,
in a >0, and ‘ Z %‘ < Wt for every a > 0. These imply
k=N

N
cos 2kt cos 27rk:t cos 2kt cos 2wkt 2M,;
(14) ’Z klta ’—’Z Llta 72 k ‘Jr N
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Keeping N fixed, (14) yields

lim sup
a—0t

>, cos 2kt i cos 27Tkt‘ < 2M;

klta k N’
k=1 k=1

which yields the first equality of the lemma. The second equality is obtained by a
similar argument. O

LEMMA 5.4. Let T be a unitary operator on H and 0 # f € (I — T)H with
spectral measure o¢. Then

Tif
Z ]a+1

Jj=1

sup

1/2
<oo = / [log [t|]*do ¢ (t) < oo.
0<a<1/2

PRrOOF. We have o4({0}) = 0 since f € (I —T)H. If we assume that

=1

sup
0<a<1/2

<M < oo,

then by the spectral theorem we have

sup /
0<a<1/2

Lemma 5.3 and Fatou’s lemma yield

> cos 2mnt | >
k=1

=1 a—0t
and by (+-++) we have [ (log mydaf(t) < 0.

>, cos 2rkt|?

k=1

okt |
CO];J:;‘ dos(t) < M? < oo,

Conversely, assume that f 1/ [log|t[]?dof(t) < oo. Abel’s summation and
(++) yield

cos 2kt " cos 2mkt
‘ Z klta ‘ 1£nna<XN ‘ Z k ‘ < Kllog t[|
k=1

for every a > 0, and by property (iii) in the proof of Proposition 5.1 we have

sin 27kt sin 2wkt
’Z klta ‘ 1<n<N’Z ‘

Using the spectral theorem, we obtain

sup  sup H —
0<a<i/z Nx1ll F= kit

1/2
<C?+ K2/ [log [t|]?do s (t) < oo,
—1/2
which yields the claim of the lemma. O

Based on these lemmas one can prove the main result of this section, which
answers the second question mentioned in the introduction: for 7' unitary, the

one-sided ergodic Hilbert transform is the infinitesimal generator of the semigroup
{I-T)" :r >0}
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THEOREM 5.5. Let T be a unitary operator on a Hilbert space H with H =
(I —T)H, and let G be the infinitesimal generator of the strongly continuous semi-
group {(I = T)" : r > 0}. Then the following are equivalent for f € H:

(i) The one-sided ergodic Hilbert transform Y -, TTnf converges in norm.

(i) The one-sided ergodic Hilbert transform converges weakly.

(ii) f € D(G).
If either condition holds, then

N

. T f

ProOF. Obviously (i) = (ii), and by Proposition 4.1 weak convergence of
Zi:;l % implies that f € D(G) and the (weak) limit is —Gf.

Assume now that f is in the domain of G. By Corollary 4.5 Z;’il ﬁ% con-
verges strongly (to —Gf) as a — 0%. Hence
< 7if
> L

j=1

sup < Q.

0<a<1/2

By lemma 5.4 we have f0<|t‘<1/2(log|t|)2d0f(t) < 00, which yields, by Proposi-

tion 5.1, that supy || Z;V:1 T';f
sequence Z?Zl % converges weakly, necessarily to —Gf.
Recall that if {f,} C H converges weakly to f and | f,|| — || f]|, then

Ifo = FI? = I fall® = 2Re(fu, £) + LFI? — 20IfII* — 2Re(f, ) = 0.
T{f

convergence it is therefore sufficient to show that limsup, || Z;;l T';f | < G-

The convergence for every ¢t € (—1/2,1/2) of {22;1 sin2mnt} (7] (p. 5) together
with the uniform boundedness of the sums yield, by Lebesgue’s theorem, that

(15)  Jim (i W)Qdaf(t)zf(imﬁffdaf(t).

n=1 n=1

|| < oco. From Proposition 4.2 we conclude that the

Since the weak convergence yields ||Gf|| < liminf,, H Z?Zl H, to obtain strong

We have shown already that f0<|t|<1/2(log |t|)2do¢(t) < oo, which yields, by (++),
that supy (ZN Mf is oy-integrable. Hence (+++) yields, by Lebesgue’s

n=1 n
theorem, that

0o g [ (22 o= [ (32 oy

—00
n=1 n=1

Using (15), (16), Lemma 5.3 and Fatou’s lemma, we conclude that
2 o . 2 oo 2
sin 2wt cos 2mnt
= _— ——— ) |dos(t) <
U] () Joone

n=1 n=1
Z nlta

NTnf

(s3] . 2 o7} 2
. sin 2mnt cos 2mnt .
i, [( > nua) + (Z W) }do.f(ﬂ = lim

n=1 n=1

lim
N—o0

2
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By Corollary 4.5, the final term is || — G f[|?, so limy_. || ZN Tan Gl
which completes the proof. O

6. THE ONE-SIDED ERGODIC HILBERT TRANSFORM OF 1" SYMMETRIC
DEFINES THE INFINITESIMAL GENERATOR OF {(I —T)" : r > 0}

In this section we show that when T is a symmetric contraction (a power-
bounded symmetric operator must be a contraction!) on a Hilbert space H, the
domain of the infinitesimal generator G of the semigroup {(I — T)" : r > 0}
restricted to (I —T)H is the same as the domain of strong convergence of the
one-sided ergodic Hilbert transform.

THEOREM 6.1. Let T be a symmetric contraction on a Hilbert space H with
H=(I—-T)H, and let G be the infinitesimal generator of the strongly continuous
semigroup {(I —T)" : r > 0}. Then the following are equivalent for f € H:

(i) The one-sided ergodic Hilbert transform > - Tf converges in norm.

(i) The one-sided ergodic Hilbert transform converges weakly.

(iii) f € D(G).

If either condition holds, then

N
: m™f
Jm, 2, = = G

PROOF. As in the proof of Theorem 5.5, we have to show only that if f € D(G),

N T :
then >, Tf converges in norm.

Since T is symmetric, its spectrum is a closed subset of the interval [-1,1]. For
any f € H the spectral measure o¢, supported on the spectrum, has no atom at 1
because T has no fixed points.

For each |t| < 1 we have, by Lebesgue’s bounded convergence theorem (applied
to the counting measure),

o0 o0

, th tk
{an o 2 e T 2
k=1 k=1

Equation (17) holds also for ¢ = —1, since | Zk = k1+)a | <3 § for any a > 0,
by Abel’s summation by parts (see Theorem 1.2.2 in [Z}) F r an y a > 0, Abel’s
summation yields also

n tk
1+a
k=1 k

(18) <l|¢| for —1<t<0.

By the spectral theorem, Lebesgue’s monotone convergence theorem and Corollary
4.5 we have

N ka
> G
k=1

N ik

L g e | (§) e

k=1 k=1

/01 |t|2dos(t) +/01 <i 1;:) dos(t) <

k=1
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1 [e%e] tk 2 f
C+/O E%( km) daf()<C'—|—hmHZkl

Hence supy H Zg 1 I f H < 00, so by Propositions 4.2 and 4.1 Zk 1 kf converges
weakly to —Gf.
The estimate (18), Lebesgue’s bounded convergence theorem and (17) yield

/O <Zt,:) doy(t) — 0 <it]j> dog(t) =

-1 Ng=1 -1 N\

0 o0 k 2
. t
/12?8 (Z wa) dos(t) =1lim | ( w) dos (t),

k=1

=C+|GII*

and the monotone convergence theorem yields

/:(Zt:) doy(t) — Ol(it]:) doy(t) =

k=1 k=1

. 1 e’} tk 2
[ () o=y [ (32 385 oo
k=1

Combining these and using again Corollary 4.5 we obtain
N 2
Tk f
li —
b |2

N Tk . .
Hence >, Tf converges to —G f in norm, since we already have weak conver-
gence. O

_1 T
" alo || & kT

2
= - GfIP.
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