POINTWISE CONVERGENCE OF AVERAGES ALONG CUBES
I. ASSANI

ABSTRACT. Let (X,B,u,T) be a measure preserving system. We prove the pointwise

convergence of the averages

N-1

~z 2 [T D) fo(T™2) f5(T" ")

n,m=0

and of similar averages with seven bounded functions.

1. INTRODUCTION

In [3], V. Bergelson generalized Khintchine’s theorem [6] by proving the L? convergence

of the averages

1 N—-1
wz > AT") fo(T™) f5(T7 ")

n,m=0

where the functions f; are bounded measurable and (X, B, u,T) is a measure preserving
system. In [1], B. Host and B. Kra extended his result by proving the L? convergence of

the following averages

N—-1
% Y AT fo(T ) f3(T7 ) fo(TP2) f5 (TP ) fo (T™ ) fr (T Pr)
m,n,p=0

They also proved that if T" is ergodic and all functions f; are in the C'L factor for T then the
averages of these seven functions converge a.e.. The pointwise convergence on such factors
is a consequence of A. Leibman’s result [§]

We want to show that these averages actually converge a.e. by showing the a.e. conver-

gence when one of the functions f; belongs to CL*.
1
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Theorem 1. Let (X, B, u, T) be a measure preserving system. If the functions f;, 1 <i <7,

are all bounded then the averages
1 N-1
N3 D AT foT ) f3(T™ ") fa(TP) f5(T" P ) fo (T ) fr (T HP)

m,n,p=0

converge a.e.
A corollary of our method of proof is the following result.

Theorem 2. Let (X,B,u,T) be an ergodic dynamical system. Then

(1) Its Kronecker factor is characteristic for the pointwise convergence of the averages

1 N-1
N7 > AT ) fo T ) f5(T ™)
n,m=0

(2) Its CL factor is characteristic for the pointwise convergence of the averages

N-1
% D AT fo(T") f5(T™ ") fa(TP) f5 (TP ) fo (T Pa) fr (T HPw).
m,n,p=0

The notion of characteristic factor is originally due to H. Furstenberg. It is explicitly

stated in [5]. In the weakly mixing case we have the following result.

Theorem 3. Let (X, B, 1, T) be a weakly mizing dynamical system. The averages My (f1, fo, ..., for_1)
2k—1

of 28 — 1 bounded functions f; converge a.e. to H /fidu for all k > 1.
=1

2. PROOFS

In the subsequent inequalities the constant C' may change from one line to the other. It

will depend only at time on the L® norm of the functions f;.
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2.1. Pointwise convergence for the averages of three functions. We start by proving

the pointwise convergence of the averages

N—-1
My (fi, o f5)(@) = w3 3 Fi(T"2)folT70) fo(T" )
n,m=0

for f; bounded and measurable functions. This will help illustrate the method. We assume
without loss of generality that T is ergodic. We recall Bourgain’s uniform Wiener Wintner

ergodic result announced in [4].

Lemma 1. Let (X,B,u,T) be an ergodic dynamical system and f a function in the ortho-
N-1
1 .
complement of the Kronecker factor. Then for a.e. x we have lij{fn sup |N Z f(T"z)e?m | =
t

n=0

0.
Using this lemma we can prove the following
Theorem 4. Let (X,B,u,T) be a measure preserving system and f;, 1 < i < 3 three

bounded functions then the averages

N-1

My (fi, fos f3)(2) = 5 D Fi(T"@) fo(T™) f5(T" ")

n,m=0

CONMVETgE a.e.

Proof. It is enough to show this convergence for ergodic measure preserving systems (using

the ergodic decomposition). We have the following inequalities.
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| My (f1, f2, f3)(x))?

N-1 N-1

< Hle?,o<]1, Z ‘% fQ(Tm.’IJ)f3(Tn+m;(;)‘2)

n=0 =0

L\ - R Ry . L
<IlAlky D / (D2 R@ma)e ™) (& 37 (T 2)e™ ) ey
= m=0 m/=0
1 N-1 1211 2(N-1) / o
< HlegoN/‘ Zfz(me)eﬂmmt ~ Z Fo(T™ )2’ gy
m=0 m/=0
C 1 Nl 2 N-1
< = -~ Tm/ 2mim/t / Tm —2mimt Zdt
<y SUP |y Z_: f3(T™ x)e ‘Zfz( z)e |
m’'=0 m=0
L V-l 2,
< — Tm/ 2mwim/t ~N 2
—Csﬁp’Nm,Zzof?’( Y TS

With the help of lemma 1 we can conclude that for f3 in the orthocomplement of the
Kronecker factor the averages My (f1, f2, f3) converge a.e. to zero.

If f3 is one of the eigenfunctions for T with eigenvalue €™ then

1 N-1 ) 1 N-1 .
My (f1, f2, f3) = f3(N > ATx)e*™ ) (N > f(Tmz)emm),
n=0 m=0

The convergence in this case follows from Birkhoff 's theorem applied to the product of
T and the rotation #. The convergence for a general function f3 in the Kronecker factor

follows now by linearity and approximation.

Remarks 1



POINTWISE CONVERGENCE OF AVERAGES ALONG CUBES 5

e The proof of theorem 4 shows that if f; and fo are bounded functions and Py

denotes the projection onto the Kronecker factor of T then

N-1 N-1 N-1 N-1

(1)
hmsup— Z |— Z AT ) (T )| = hmsup— > \i Z Pic(f1)(T™ ) Pe(fo) (T ") |

nO

e The proof of theorem 4 actually shows that

N-1 . N—
(2) (]17 Z Z f3(T" )| > nggp %

n=0

1213

N—-1 2
Z f3 (Tm’x)e%rim’t
m'=0

2
if we focus

N-1
1 ’ ;. /
A similar estimate can be obtained with sup ‘N g fo(T™ z)e2mim't
t
m’=0

instead on the function fs.

2.2. Pointwise convergence for the averages of seven functions. As T is ergodic
there exists in K an orthonormal basis of eigenfunctions g; with modulus 1 corresponding

2760

to the eigenvalue e“™Y% so that any function G € K can be written as

(3) G=> ( / G.g5du)g;
j=1

In [2] it is shown that the CL factor is characteristic for the convergence in L? norm of
the averages of seven functions. Functions in this factor are characterized by the seminorm

[II-|||3 such that

H-1
1
(4) IAIIS =Yg 77 3 17 o 713

H—
(5) 111 = tim — Z | [ sty
h:

H

A function f € CL* if and only |||f|||ls = 0.
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Lemma 2. Let (X,B,u,T) be an ergodic dynamical system and f € L*(u) then for all H
positive integer we have
lim sup su \1Ni:1f(T" )e2mint |2 <C<1+1§:]/ffoThd \)
N DRI 2 e ~T\m T EE )T H

In particular we have
(6) limsupsup}lNZ_If(T”l‘)emnt\Q < ClI11113

N t N - »

n=0

Proof. Without loss of generality we can assume that the function f takes only real values.

We apply van der Corput’s inequality ([7]) . For H < N we get

1 N—-1 - 1 1 H 1 N—h
Slip ‘N Z f(T”x)eQT”"t’ < C<H + E Z N Z f(Tnx)f(Tn+h$) >
n=0 h=1 n=0

Birkhoff’s pointwise ergodic theorem allows us to obtain the first part of the lemma. For

the second part we can use Cauchy Schwartz inequality to write that

H H 1/2
;Z|/f.foThdu\§ (;[Z|/f.foThdu‘2> .
h=1 h=1

Now using the definition of ||| f|||2, (see (5)), we can end the proof of this lemma. O

The lemma that replaces the uniform Wiener Wintner ergodic theorem in the case of the

averages of seven functions is the following.
Lemma 3. If f1 or fo is in CL* then for a.e. x

1 N-1 1 N-1 2
: m n+m 2mimt|
(7) lim = sup \N > fi(T") fo(T" " x)e =0
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Proof. We can assume without loss of generalities that the functions are uniformly bounded

by one. We use again van der Corput’s inequality, [7]. For (H +1)? < N we get

N-— 2
sup’ Z f2 Tn+m ) 2mwimt

—h—

Z LT™x) fo(T™ ) fL (T fo(THn+hy)

m=0

<

CH
nXly

E\Q

So recalling that the constant C may change from one line to another but remains an

absolute constant we have,

=z
L

2|~
N

2
L

2
fl (me)f2 (Tn-i—mx)e%rimt

2|~

3
I

)
3
g

i
i
T

F(TM ) fo(T™ ) fr (TR fo (Tt ha)

2]~

>
Il
—
i
o

i
F

M=
=] =

IA
T Q

_l_

TaQ =mAQ
M=

=

1

IN

T Q
+

> AT @) fo(T ) fu(TrH ) fo (T 7+ )

2=

i
—
3
Il
<)
3
Il
=)

r

_ fi (me)fg(Tm+”:n)f1(Tm+hx)f2 (Tm+n+h$)

i
£
S

i
r

=
1~

N—

[y

2=

IN

FL(T™ ) fo(T™ ) fr (T ) fo (TmHnthg) | +

A
D

h=1

T Q

T
L

=0

3

z
L
2
L

IA
T Q  =AQ

+

M=
==

+

mAQ  =mAQ
M=

=

i

2| =
=
=

") fo (T ) fu (T ha) fo (Tt tha)).

>
Il
—
i
o
i
o

Thus using the inequality ( or Cauchy Schwartz’s inequality)

1 1
(8) ’fzup‘ < (fZ’upP)lﬂ
p=1 p=1
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we obtain
S Ly ntm, o gmimt|
N 2P Nmz 7) fo( T ")
C H N-1)4 N-l N
<yt < Z( Z% N 0f1(me)fQ(Tern;p)fl(Tm+hx)f2(Tm+n+hx) >>

Finally by applying the inequality (2) made after the Remarks 1 to the function fy.f; o Th

we get
1 N-1 N— 2
+ 2mimt
N Sl;p‘ Z Tm )fZ(Tn m ) im
n=0 m=
C . (CL E e N I b S
<G (G (sw]y X S (e T T e )

h=1 =0

H H
1 1
Now by using Lemma 2 and the inequality T hg_l lup|> < (E hg_ |uh|4) /2 we obtain

L N-1 N-1 2
m n-+m 2mimt
hmj\fupﬁ Z:()s%p‘ Z:Of (Tz) fo(T )

c & N-1 2 1/2
< v ~ = . h m Tm
_H+<H};hm§,upsgp‘ mZ_:O(fl froTh)(T™ x) >

H 1/2

C C
< 5+ (7 S nAdeTg)

h=1
H 1/2

C C -
< 5+ (5 S lAdeTg)

h=1
H 1/4

C C —

<&+ (5 S nadeTg)

>
Il
—

Taking now the limit when H tends to co we get the following estimate

N-1

. 1
9) lim sup N Z sup

N n—0 t

N—-1 2
1 m n+m TIm
N D2 AT LT ) < |l
m=0
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Thus if we assume that f; € CL* then |||f1]||3 = 0 and we obtain the equation (7). We

have the same conclusion if one assumes that fo € CL*. O
Using Lemma 3 we can now give a proof of theorem 1.
Proof. Theorem 1

|MN(f17 f27 ) f7)|2

2

N-1 N-1 N-1
’Ns ST ATP) S BT ) (TP ) (Y fa( ) f5(T ) fo (TP ) fr(T ™ Pg))
n=0 m=0

2

p=0
1 NZINZ 1 N-1
<3 Z A Al e 3 (T (T ) o7 ) 7
p=0 n=0 m=0

1
= mHHfngo-

(N-1) 2(N-1)

/ ( Z £(T™2) f5 (Tn—‘rmx)e—Qm'mt) (% Z s (Tm’l,)f7(Tn+m/x)e27rim’t) e2mipt gy

m=0 m’=0

2

2(N—-1)

3
NLH I£ille Z/‘ Z fa(T) f5 (T g)e =27 (% Z f6(Tmla:)f7(T"+m/x)62”m/t)
=1 m/=0

2
dt

2 5
NTT 0%

J=4

3 N-1
c / -
FIIHJ?HQ SUP‘N > ST ) f (T )2
=1 n=0

m/=0

2

_CH||fl||2 sup‘ Z f6 Tm )f7(Tn+m ) 2mim’t

m’=0

With the help of lemma 3 one can conclude that if fs or fr belong to C'L* then the averages
of these seven functions converge to zero. By using the symmetry of the sum of the averages
with respect to n, m and p one can see that the averages will converge to zero if one of the

functions f; € C’LL, 1< <7,
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Remarks 2

e The last steps of the proof of theorem 1 show that for bounded functions f;, 4 <i <7

if we denote by Por(f;) their projection onto the C'L factor then we have

10
( ) N-1 1 N-1 9
lim Sup N2 Z Z f4(Tm1‘)f5 (Tnerx)fG(Tp+ml.)f7(Tp+n+mx)
n,p=0 m:O
N-1 N— 5
—hmsup N2 ZO Z L(f)(T"x) Per(f5) (T 2) Por (f6) (TP ™ 2) Por (f7) (TP ")
n,p= m=0

e The proof of lemma 3 gives the following estimate

1 N 1
(11) limsupﬁ
N n=0

2

N-1
> AT ) fo(T )™ < OMinl||| f1l[3, [ fa13)-
m=0

sup’N

2.3. Proof of Theorem 2. The proof is a consequence of the path used in establishing
theorem 1. We have shown that if one of the functions f; € CL+, 1 < i < 7, then the
averages converge pointwise to zero. This shows that the C'L factor is characteristic for
the pointwise convergence. For the averages of three functions the Kronecker factor is

characterisitc for the pointwise convergence for the same reason.

2.4. Proof of Theorem 3. We list some properties and some notations. They may seem a
bit complicated at first reading. So the reader may wish to first translate all these properties

to the case of 15 functions.

(1) For each k > 4 we denote by

Mn(f1, fo, ey for_1)()

the averages of 2 — 1 bounded functions . We number the functions fj so that

those with 2F=1 < j < 2F — 1 are depending of the index 4;. For instance in the
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(13)
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sum of 7 functions, the functions are f;, 4 < j < 7 and they appear in the sum

Z fa(T™2) f5 (T Mz fo(TPT™x) (TP 2). In the case of 15 functions if we

m=0

denote by p,n, k, m the indices 1, 72, 13, 74 then they appear in the sum

N—-1
Z fg (me) fg (T"*mx) .. .f15 (Tp+n+k+mx)
m=0

We denote by S (i, ia,...ix) (for—1, s for_1) () these terms depending on ix. We can
observe that each term Sy (;, 4,....i,) (foe-1, .., for_1)(2) is the product of two groups

of 2#=2 functions,

AN,(ig,...,ik_l,ik)(ka'*l7 f2k71+17 ey f3.2k72)(’1")

and
BN7(i1,i2,...,ik)(f3.2k72+17 ceey f2k—1)(‘1")

such that the powers of T associated with each function in the second group are
exactly those associated with the functions in the first group shifted by the index
1. Similar decompositions can be obtained if one focus on shifted blocks by another

index. One can observe that we could write
BNy(ilzi%--wik)(f3~2k_2+1’ oy Jor_p) (@) = ANv(iQ:--wikflfik)(f3‘2k_2+1’ coos for ) (T @)

The interest in those terms in the numerator of My (f1, f2, ..., for_1)(x) rests also
in the following

|MN(f1, f2, e for_1) (@)

ok—=1_1 N-1

N—-1
1
< T Wil X | 3 Sutuimnin ot S )@

J=1 21 4eeyl—1=0 1 =0
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(2) When T is weakly mixing the Kronecker and C'L factors are trivial. Thus we have
Py fi = Por(fi) = [ fidp.
We want to prove theorem 3 by induction on k. We formulate our induction

assumption.

Induction Assumption

We assume that the following properties hold for all bounded functions f;, 1 < j < k—1.

(1)

1 N-1 1 N-1
lim]\?upm }N Z SN,(z'l,z'Q,...,z‘k,l)(f2k72»---,fzkflfl)(/ﬁ)}
o

11500y —2=0 ik

2

N-1 ok-1_1

. 1 2
= limsup 5= II \/fjdﬂ\

1150yt _0=0 j:2k*2
2k-1_1
2
= I |/ syanl
j:Qk—Q
(Compare these equalities to the equations (1) and (10 ) in the remarks after the
proofs for three terms and seven terms).

(2) The averages of 2°~1 — 1 bounded functions converge a.e. to the product of the

integrals of these functions.

We want to show that the same assumptions hold then for k. We can assume that all

functions are real valued. First we want to establish the following lemma

Lemma 4. If one of the 2572 functions fj, 3.28"2 + 1 < j < 2% — 1 has zero integral then

1 N-1 1 N-1 2
(14) hj{fn Nk=2 Z Sgp N Z ANv(ilvi%--wik—ka)(f3-2k*2+17 ) 2’“—1)(x)627mkt =0
2140yt —2=0 1, =0
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Proof. As previously we apply Van der Corput lemma to each term

1 N-1 2
2miigt
Sl;p ‘N Z AN,(il,i2,~~~,ik727ik)(f3~2’“_2+1’ ooy for_q ) (2) €7
ip=0

We have then for each H < N

2

1 1 1 g
< NE—2 C H + Ez
11 5eenyi—2=0 h=1
1 N-—h
'N Z i1 yizin_iin) ([3.26-241-fa.on249 0T sfowq-fok oy 0T )($)>
ip=

h7 ey ok _1.for_q © Th)(ﬁ)

Z\H
S
=
;:.
N
=
—~
o
(Y]
=
[ V)
+
—
or
[N}
Eal
[ V]
+
=
O
~

)

11500t —2=0

)

‘N AN,(z'l,iQ,...Jk_Q,ik)(f3.2k72+1-f3.2k72+1 o Th, ey for_qfor_y 0 Th)(x)

=1
Then we estimate

N-1 -1

—h
Z AN,(il,iQ,..A,z‘k,g,z‘k) (fs.zk—2+1'f3.2k—2+1oTha ey f2k71-f2k71°Th)($)

1=

1
N

1 H
ﬁzhmj\f“f’ Nk—2
h=1

—_

01550 —2=0

which by the equation (8) (in the proof of lemma 3) is less than

2> 1/2

1
N Z AN,(il,iz,...,ik,g,ik)(f3.2k’—2+1'f3.2’“—2+1OTh""7 2k71~f2k710Th)(55)
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Now using the first induction assumption we conclude that

1 N-1
lim sup <Nk—2 Z

N . -
U1yeeslfp—2=0

1 N—h—1 2\ 1/2
’N Z AN,(z‘l,z‘Q,...,ik_Q,z‘k)(f3.2k72+1-f3.2k72+1OTha---af2k—1-f2k—1OTh)(l“) >
ip=1
2k—1-1
:( H ‘/f]fjoTh’2)1/2
j:2k—2

As one of the functions f; let us say g = fj, has integral zero and T is weakly mixing then

the spectral measure o, is continuous . Thus we have

H
1
lllgthZ:l‘/g.goThdu‘Z:O

As the functions are bounded

1z
T hz:llimj\fup

1 N-1 | Nohot
<Nk2 Z N Z AN,(il,iz,A..,ik,Q,ik)(f3.2k72+1'f3.2k72+1 © Th, ooy Jory-for g0 Th)(@
i1 yeeyif_2=0 ip=1
1
h
< C‘HZ’/Q'QOT du‘
h=1
Taking now the limit with H we obtain a proof of the lemma. O

Remark 3 In the case of the averages of 15 functions the equation (14) in lemma 4 is

N-1N-1 N-1 9
1 1 A
hj{fn m E E Slip ‘N E f4(Tml')f5 (T”+ml‘)f6 (Tp+m1')f7 (Tp—i-n-i-mx)eQmmt -0
p=0 n=0 m=0

End of the proof of theorem 3

We just need to prove the induction at step I = k. We consider then the averages of

2k — 1 functions fj and we use the previous observations to write

2) 1/2
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My (f1, f2, -, f2k71)(x)|2

2k=1_1 N-1 1 N-1 )
< T s X Iy O Shtimi (s, fo)(@)]
=1 i1yensif—1=0 i,=0
Using the equation (14) we can write
1= 2
% D W (i) (ot s For 1) (@)
1 —2migt
N (1250 eyip—1,ik) (ka 17f2k 141y "f3‘2’“—2)(x)6 )
J .. 2
ZAN(m, =157, )(f3 2k=2415 -+ 7f2k 1)( ) 2mkt)'€2m“tdt
z;—O
Hence we have
|MN(f1, f2r o for) (@)
ok=1_1 N-1 1 N-1 )
< H Hfj”ooNk 1 Z ‘N Z SN,(il,iz,...,ik)(ka*h"')f2k71)(x)‘
j=1 i1,00s0p—1=0 1, =0
ok=1_1 N-1 N-1 '
g H Hf]”oo Nk- 1 Z ( Z AN,(iQ,...,ik,hik)(ka_l7 f2k_1+1) sy f3.2k_2)($)6727mkt)
j=1 i2yeeyik_1=0 i,=0
1 N-1 L2
ori
(N Z AN,(ig,...,ik,l,i;)(f3-2k*2+17 --'7f2k—1)(x)e mkt) dt
i), =0
1 N-1 N-1 S
<Ciim 2 wp\*Z Nilizsenio iy (3262415 o For 1) (@)™
1250051 —1=0 Zk:()

By using Lemma 4 one can conclude that the averages My(f1, fa, ..., for_1)(2) converge
a.e to zero when one of the functions f; has a zero integral. (using the symmetry on the
indices). From this one derives that the averages of 2¥ — 1 bounded functions converge to

the product of the integral of the functions. This is part (2) of the induction assumption at
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level k. To end the proof of the theorem we just need to observe that the proof given for
[ = k proves also the first assumption for k.

Remark 4

If one considers instead the averages

N
T X ST (T )

n,m=M

where (N — M) tends to oo then we do not have a.e. convergence in general while as shown
in [3] and [1] we do have convergence in L? norm. For instance it is shown in [9] that for

B > 3 the averages

1 (N+1)°
NB-1 Z f(Tn‘r)
n=N2#8

do not converge a.e. even if f is the characteristic function of a set of positive measure. So
in this case the Kronecker factor is characteristic for the L? norm but not for the pointwise

convergence.
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