POINTWISE CONVERGENCE OF AVERAGES ALONG CUBES II
I. ASSANI

ABSTRACT. Let (X,B,u,T) be a measure preserving system. We prove the pointwise

convergence of averages along cubes of 2° — 1 bounded and measurable functions for all k.

1. INTRODUCTION

Let (X, B, 11, T') be a dynamical system where T is a measure preserving transformation on

the measure space (X, B, u,T). In [1] we proved the pointwise convergence of the averages

1 N-1
2 2 h(T2) fa(T"a) f5(T™ ")
n,m=0

and of similar averages with seven bounded functions f;. We also showed that if T is weakly
mixing then similar averages for 2 —1 bounded functions converge a.e to the product of the
integrals of the functions f;. The averages of three functions were used in [3] to generalize
Khintchine recurrence result [5]. In [2] B.Host and B.Kra proved that the averages of 2% — 1
bounded functions converge in L? norm. To achieve this result they identified increasing

factors Zi, k =0, 1,2, ... of ergodic dynamical systems and showed the following

e The averages of 2 — 1 bounded functions converge a.e if each function belongs to
the factor Z;_1. They used for that a result of A. Leibman [7].

e The averages of 2 — 1 functions converge in L? norm

One consequence of their method is that for each k the factor Z;_; is characteristic for the

L? norm of the averages of 2¥~! functions. Let us note that Z; is the Kronecker factor and
1
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Zy the CL factor. The notion of characteristic factor is due to H. Furstenberg and can be

found explicitly stated in [4]. Our main results are the following

Theorem 1. Let (X,B,u,T) be a measure preserving system . Then the averages of the

cubes of 28 — 1 functions converge a.e.

One consequence of the path we use is the following

Theorem 2. Let (X,B,u,T) be an ergodic dynamical system. For each k > 1 the factors
Zi_1 is characteristic for the pointwise convergence of the averages along the cubes of 2F —1

bounded and measurable functions.

2. INEQUALITIES FROM THE AVERAGES OF THREE OR SEVEN FUNCTIONS

As shown in [2] the factors Zj can be defined inductively by using the seminorms |||.|||x
where
W) (Al = [ [ fep|

(2) For every k >1

2k+1

H
.1 .
1AW i1 ZIgInH};!Hf-foThH\i

With the help of these semi norms factors are built with the property that for all f € L™

we have E(f|Z) = 0 if and only if ||| f|||x+1 = 0.

We mention a few inequalities that were used in [1] in the proof of the pointwise conver-
gence of the averages of three and seven bounded functions. The constant C' may change
from one line to the other. But it will depend only at time on the L*> norm of the functions

fj- For all bounded functions f;, 1 <1 <7 we have
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With these inequalities we can explain the first induction step allowing to get the conver-
gence of the averages of seven functions from the inequalities obtained for the averages of
three functions. We hope that these explanations will make the proof of theorem 1 more
transparent. The square of the averages of three functions
N-1
1 n m n—+m
My (fi fo. f3)(2) = 575 D AT"0) fo(T™) fo(T" ")

n,m=0

is bounded by
N-1  N-
(3 S Iy X prosaraf)
which by the equation (1) is bounded by

2

1213

1 N-1
m’ 2mim/t
ngp N Zofg(T x)e
m/ =



4 I. ASSANI

The equation (2) guarantees that the limsup of this last quantity is equal to zero if

Il /5lll2 =0

. This is the same of saying that the function f3 € K'. By using a similar path for the
functions f; and fo one can see that the Kronecker factor is pointwise characteristic for the

averages of three bounded functions.

The square of the averages of seven bounded functions f;, 1 < ¢ < 7, is bounded by

2

1 N—1N-— 1 N—-1
=2 Z VA2 2l oll2e | 55 D2 ST ) (T ) fo TP ) o (TP
p=0 n=0 m=0

By using the equation (3) this term is bounded by

N-1

<CHHsz Zsup

2

Z fG Tm f7(Tn+m ) 2mim't

Then the equation (4) applied to fs and f7 shows that

N-— N-1 2
]. / ’ ;. /
lim sup N E 1; ’ E Fo(T™ ) f(T™H g)e2mim't| = q,
n=0 m’=0

if one of the functions fg or fr belongs to CL+. The equation (4) is a consequence of the
equation (1) and of the van der Corput’s inequality. In fact it is by averaging with h means

of functions of the form f.f oT" that the semi norms ||| f|||3 appear. We are going to follow

a similar path to prove theorem 1.

3. PROOF OF THEOREM 1

We will prove theorem 1 by induction on k. In [1] we proved that the averages of seven

functions converge a.e. We showed that the Zo = CL factor was characteristic for the



POINTWISE CONVERGENCE OF AVERAGES ALONG CUBES II 5

pointwise convergence of seven functions. This establishes the first step of the induction

process. We will use the same notation and some of the remarks made in [1].

e For each k > 4 we denote by My(f1, fa, ..., fox_1) the averages of 2¥ — 1 bounded
functions. Without loss of generality we assume that the functions are bounded by
1 in absolute value.

e The functions f; are listed in such a way that those depending on the index i, are

indexed by those j , 2°=1 < j < 28 —1. The product of these terms depending on i, is

denoted by Sy (;, i,....ix) (for=1, o, for_1)(2). Each term Sy ;, i, i) (for=1, ..., for_1) (@)

is the product of two groups of 25~2 functions denoted by

AN,(il,ig,...,ik) (for-1, Jor—141, ey f3.oh—2 (z)

and
BN,(il,ig,...,ik.)(f3.2k*2+17 coey for_1)(2)

where the powers of T" associated with each function in the second group are those

appearing in the first group shifted by the index i;. We have

BN,(i17i27...,’ik)(f3.2k72+17 ceey f2k—1)(x) = AN,(i1,i27...,’ik)(f3.2k72+17 ceey f2k_1)(Ti1.’L')

e We have also the inequality

‘MN(fla f27 ey f2k_1)<$)|2

(5) 2k—1_q 1 N-1 1 N-1 )
< H HfJHgo Nk—1 Z ‘N Z SN,(il,iz,--.,ik)(ka—lv "'7f2k—1)(x)‘ .
j=1 01,5008 —1=0 ip=0

Induction Assumption

We make the following assumption
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For all bounded functions g;, 3.2872 41 < j < 2F — 1 we have

1 N-1 1 N-1 2
lim sup 77— > N > AN (irsigssinzsin) (9325241 -os Gk _1) ()
(6) N i1yeip_2=01"" =0

< C.Min{3.2kf2+1§j§2k_1} || ‘gj | ||%,2-

As indicated above this assumption is shown to be true for k£ = 3,4 in [1]. We want to

show that it also holds for k. To this end we have the following extension of lemma 4 in [1].

Lemma 1. If one of the 2872 functions fi 32682 41< <28~ 1isin Z,j‘_l then

N-1 9
1 1 y
(7) lim = > SQP‘N D AN (ivininain) (3252415 s far 1) (@) 2T =0

Proof. We use now the same path as in [1]. With Van der Corput lemma applied to each

term

1 N-1 )
Omiint
Slip ’N Z AN,(i17i27-..,ik—2,ik)(f3,2k72+1, R 2’6-1)(%)6 Tty :

is=0



POINTWISE CONVERGENCE OF AVERAGES ALONG CUBES II

we have then for each (H +1) << N
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So by the induction assumption we have

N-1
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H -1
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i1,..
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h=1
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N Z AN (ir iz in—niin) (f3.20-2 41 f3.26-241 © ™, .., ok _q1-for_10 Th)(l“)

N Z AN (i iz sin—2ig) (f3.26-211-f3. 90241 © T, ..., Jor 1 for_10 Th)(ﬂf)

2
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By using the monotonicity in « of the fractions (% Zthl |uh\a)1/ “ we have

1 N-1 | Nl 2

: 2miigt

lim sup Nh—2 E Sup | %y Z AN (i izsin i) ([3.26-2 115 --os for_q) ()™
N i1yeosip0=0 © ip—=0

1 (1 & o\ V2
<o+ (7 L Mingarngen yllfsf o TIES) )
h=1

By taking now the limsupy of the last term we get

1 N-1 1 N-1 2
fim sup NkE=2 Z SUPIN Z AN (it igseosinsin) (f3.20=2415 5 for_y) ()it
(8) N 11,050 —2=0 t i,=0

, 2
< C.Mingg or—241<j<or—13 | filll—1
Thus if one of the functions f; belongs to Zi- | then the limit in the equation (7) is equal

to zero. 0

End of the proof of theorem 1

We just need to finish the induction process the same way we did in [1] by prov-
ing the induction assumption for k . We consider the averages of 2¥ — 1 functions fis

Mn(f1, fo, oy for_1)(x). With the inequality (5) we have

‘MN(fla f27 ey f2k71)(w)|2

2k—1_1 1 N-1 1 N-1 )
< H Hfchz)oW Z ‘N Z SN,(il,iz,.-.,ik)(fQ’“—h--'vf2k—1)(x)‘ :
j=1 1,008 —1=0 ip=0

By using the same method used to derive the equations (1) and (3) we get
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2k—1_1 1 N-1 1 N-1 )
11 Hfj”gom > ‘N > " SN (irinsein) (Farts oy for 1) ()]
j=1 i1 =0 " ip=0
. N-1 L N .
<Ot 3wl XAy g s S 0
09yl 1= i =0

By using lemma 1 and (8) one concludes that

1 N—-1 1 N-1 9
lim sup N1 Z ‘N Z SN,(il,ig,...,ik)(f2k71, e f2k71)(33)‘
N 11500t —1=0 1 =0
= CW Z Sup ‘N Z AN,(i2,-..,ik—1,i;€)(f3.2’“—2+17 s f2k—1>(x)€2mkt‘
igyenip_1=0 © il =0

< C.M’in{3.2k72+1§j§2k—1}u ’f;’”%q

By symmetry on the indices i1, 4a, ..., i, one obtains the following inequality for the 2F~1

functions f;
1 N-1 1 N-1 )
hm;upm Z ‘N Z SN,(il,ig,...,ik)(f%*la o f2k—1)(1')‘

15eeyifg—1=0 ir=0

< CMin{2k71§j§2k71}|Hfj|||i—1

By applying this last inequality to any set of 25~1 functions functions g; that we can label
from 3.2871 4+ 1 to 2¥*1 — 1 instead of 1 to 2 — 1 we obtain our induction assumption for

k. Thus the averages My (f1, fa, ..., for_1)(x) converge a.e. to zero if one of the functions

fi € ZkL_1 (using the symmetry of the indices). Combining this result with the pointwise
convergence when all functions are in Zj_; mentioned in [2], (see [7]) this ends the proof of

theorem 1.



10

I. ASSANI

4. PROOF OF THEOREM 2

The proof of theorem 2 follows from the path we used. We showed that if one of the

functions f; is in the orthocomplement of the Zj_; factor then the averages of these 2k —1

functions converge a.e to zero. Thus the limit is given by the pointwise convergence when

all functions are in the factor Zj_;.
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