POINTWISE CONVERGENCE OF ERGODIC AVERAGES ALONG
CUBES

I. ASSANI

ABSTRACT. Let (X,B,u,T) be a measure preserving system. We prove the pointwise
convergence of ergodic averages along cubes of 2¥ — 1 bounded and measurable functions
for all k. We show that this result can be derived from estimates about bounded sequences
of real numbers. We apply these estimates to establish the pointwise convergence of some
weighted ergodic averages and ergodic averages along cubes for not necessarily commuting

measure preserving transformations.

1. INTRODUCTION

Let (X, B, u,T) be a dynamical system on a finite measure space, where 7' : X — X is
a measure preserving transformation i.e. u(T-tA) = u(A) for all measurable subsets of B.
We will assume that T is invertible. A factor of the system (X, B, u,T) is a sub-o algebra
invariant under T'. For convenience we shall denote by the same letter a factor Z and the

L? space built on this invariant sub-o algebra.

We will assume in some of the statements that 7' is ergodic. This means that the only

invariant functions for T' are the constant functions. As we look for pointwise results we
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will use the ergodic decomposition to lift some results obtained for ergodic maps to general

measure preserving transformations.

Theorem 1. (A. Y. Khintchine [10]) For any invertible measure preserving system and

any set A € B and any & > 0 the set

{nGZ:/lA.leT"dMZ [/lAdu]25}

has bounded gaps.

This recurrence theorem states that for any measurable set A with positive measure its
images under the iterates of T' come back and overlap the set with bounded gaps. This

follows from von Neumann ergodic theorem as

N
: 1 2
lim /N gllA.leT"d,uZ,u(A) .
n—=

N—oo

V. Bergelson [6] introduced a generalization of Khintchine’s recurrence theorem by consid-

ering the expressions
p{(ANT"A)NT™(ANT"A)} = pf{ANT"ANT"ANT" ™A}
He proved the following convergence result.

Theorem 2. (V. Bergelson [6])
N
1
Consider L functions , f, g and h. The averages el Z f(T™2)g(T"x)h (T x)
n,m=1
converge in L? norm. Furthermore for any measurable set A with u(A) > 0, we have
N
lim — WANTTANTTANT™ ™ A) > u(A)2
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N
1
The averages N2 Z f(T"z)g(T™"x)h(T" ™z) are now called the averages along the
n,m=1
cubes for 3 terms. These averages are also called non conventional in comparison with
N

1
the ergodic averages N Z f(T™z). Observe that if one integrates these averages for f =
n=1
g = h = 14 with respect to the measure 14du one obtains averages of the expressions

p{ANTANT™ANT A}

The averages along the cubes of seven functions are defined as

N
% Z f1(T"2) fo(T™x) f3(TPx) fo (T x) f5 (TP 2) fo (TP ") fr (T HP2).
n,m,p=0

One can define similarly the averages of 2F — 1 bounded functions. We will denote them
by Mn(f1, foy ..., for_1). Averages of this form played a key role in T. Gowers’s proof of
Szemeredi’s theorem on the existence of arbitrary long arithmetic progressions in set of

integers with positive upper density [9].

In [4] B. Host and B. Kra proved that the averages of 2¥ — 1 bounded functions converge
in L? norm. To achieve this result they identified increasing factors Zj, k = 0,1,2, ... of

ergodic dynamical systems and showed the following

(1) The averages of 2¥ — 1 bounded functions converge a.e. if each function belongs
to the factor Z;_;. The pointwise convergence on the factors can be viewed as a
consequence of a result of A. Liebman [13].

(2) The averages of 2% — 1 functions converge in L2 norm to zero if one of the functions

is orthogonal to the factor Zj_1.

One consequence of their method is that for each k the factor Zj_; is characteristic for

the L? norm of the averages of 2 — 1 functions. Actually they show that these factors
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are characteristic for the L? norm of the averages where one sums from M to N and take
the limit when (M — N) tends to co. Thus in the case of seven functions they consider the

averages

N
(N—1M)3 S A ) fo(T70) f5(TP) fa(T ) fo (TP ) fo( TP ) fr (T P).

n,m,p=M

Let us note that Z; is the Kronecker factor and Zs the CL factor. When the system is
ergodic the limit in L? norm of the averages along the cubes has been identified in [4]
(see theorem 13.1 ). From this they derived (theorem 1.3) the following inequality for the

averages of seven functions

N-1
1
lim > uANTMANTTANTPANT ™M MANTPI AN TP A] > (AR,
n,m,p=0

A combinatorial interpretation for subsets of Z with positive upper density is given in the

same paper with theorem 1.5.

The notion of characteristic factor is due to H. Furstenberg and can be found explicitly

stated in [8].

This paper answers the question raised by Host and Kra [4] about the pointwise conver-
gence of such averages. A second motivation comes from the fact that very little is known
on the pointwise convergence of nonconventional ergodic averages for general measure pre-
serving systems ([7]). The current paper is divided into two parts. In the first part we focus

on the averages along the cubes and prove the following results.

Theorem 3. Let (X,B,u,T) be a measure preserving system . Then for each positive

integer k the averages along the cubes of 2 — 1 functions converge almost everywhere.
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The pointwise limit of the averages is of course the same as the L? limit identified in [4].
More general averages along the cubes were considered and proved to converge in norm in
[6] and [4]. Not all of them converge almost everywhere and so for them the factors Zj_q

are characteristic in norm but not pointwise.

Theorem 4. Let (X,B,u,T) be an ergodic dynamical system. For each k > 1 the factor
Zi_1 is characteristic for the pointwise convergence of the averages along the cubes of 2F —1
bounded and measurable functions. However the Kronecker factor which is characterisitic

in L? norm for the averages

1

N
o L AEDRTT KT,

n,m=M

18 not in general pointwise characteristic for these averages.

In the second part we give applications of the method we used in the first part. With key
estimates on bounded sequences of scalars already announced in [1], we derive pointwise
convergence results for weighted averages (suggested by an earlier referee) and for averages
along cubes for not necessarily commuting measure preserving transformations. These re-
sults partially extend those obtained in the previous sections. Some of the results presented

in this section were also announced in [1].
2. POINTWISE CONVERGENCE OF THE AVERAGES ALONG CUBES FOR A SINGLE
TRANSFORMATION

In the subsequent inequalities the constant C' may change from one line to the other. It

will depend only at time on the L* norm of the functions f;. We will first prove the almost
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everywhere convergence of the averages of three then seven functions. This will explain the

first induction step in the proof and our method.

2.1. Pointwise convergence for the averages of three functions. We start by proving
the pointwise convergence of the averages for three functions.

N-1
My (i for f5)(0) = 33 0 Fu(T"0) foT72) f(T72)

n,m=0
for f; bounded and measurable functions.

We recall Bourgain’s uniform Wiener Wintner ergodic result announced in [7].

Lemma 1. Let (X,B,u,T) be an ergodic dynamical system and f a function in the ortho-
N-1
complement of the Kronecker factor. Then for a.e. © we have lij{fn sup |N Z f(T"x
t

n=0

) e27rint | —

0.

Using this lemma we can prove the following proposition. It is inspired from the compu-

tations made on the third page of [7].

Proposition 5. Let (X,B,u,T) be a measure preserving system and f;, 1 < i < 3 three
bounded functions then the averages
N-1
My (f1, fo, f3)(x) = <5 > fi(T"2) fo T ) f3(T™ ")

n,m=0

converge a.e.

Proof. Tt is enough to show this pointwise convergence result for ergodic measure preserving

systems (using the ergodic decomposition). We have the following inequalities.
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\Mn(f1, fa, f3) ()

N-1 N-1
1 1
< ”leZO (N Z ‘ﬁ f2(Tml’)f3(T"+mx)}2> , by Cauchy-Schwarz’ inequality,
n=0 m=0
N-1 N-1 2(N 1) . | )
< ||f1”c2>oN Z / Z fo(TMz)e 2Tt Z F3(T™ z)e2mim t) em2mint gy
=0

N—1 2 2(N-1) 2

—omi 1 '\ omim! - .

< Ifll% /' E Ofg(Tma:)e Zmimt N g, 0 f3(T™ x)e*™ ™t dt, by Parseval’s inequality,
m= m’/=

2(N-1)

‘1 Z f Tm 27szt

/’ Z f2 Tm —27rzmt|2dt

<,
=N°

2

- 1
<0sup‘ Z Pl IS TS

With the help of lemma 1 we can conclude that for f3 in the orthocomplement of the
Kronecker factor the averages My (f1, f2, f3)(z) converge a.e. to zero.

If f5 is one of the eigenfunctions for T with eigenvalue €™ then

My (f1, fa, f3)(x) Z F1(T72)e2mind)

The convergence in this case follows from Birkhoff ’s theorem applied to the product of T' and
the rotation #. The pointwise convergence for a finite linear combination of eigenfunctions
in the Kronecker factor follows now by linearity. To establish the same result for a general

L function f3 in the same factor, one can use the following inequalities.
0 < A(g)(x) = limsup Mn(f1, f2, g)(z) — thinfMN(fla f2.9)(2)
N

< 281]¢p|MN(f1,f279)($)! < [f1llooll f2lloc M™[M*[|g]]]
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N
1
We denoted by M*(|g|) = sup N Z |g|(T"x) the maximal ergodic function associated with
N n=1

the Cesaro averages of 7. The maximal inequality in L? tells us that for all function g € L?

we have
1M (1gDll2 < 2]lgl[2-

Applying this maximal inequality twice we conclude that

1A(9)]l2 < 4lgll2-

Now consider a function f3 in the Kronecker factor. There exists a sequence g; of fi-
nite linear combination of eigenfunctions that converge in L? norm to fs. As the averages

Mn(f1, f2, gi)(x) converge a.e. we have by linearity for a.e.

A(f3)(x) = hm]\?upMN(fl,anfS —gi)(x) — thinfMN(flaf%fS - gi)(x).

Hence we have
IA(f3)ll2 < 4] f3 — gill2

for each i. Taking the limit when 7 tends to infinity we obtain [|A(f3)||2 = 0 which implies

that A(fs)(z) = 0 a.e., and the sequence My (f1, f2, f3)(z) converge a.e. O

Remarks 1

e The proof of proposition 5 shows that if f; and fo are bounded functions and Px
denotes the projection onto the Kronecker factor of T' then
(1)
N1 | N- N— N—
+ _ -
hmsup Z N Z o(TmT )’ hmsup Z Z (fi)(T™x)Pc(fo)(T™™" ){
n=0 m=0 n=0 m:
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e The proof of this proposition actually shows that

| N1 N | Nl 2
@ (5 X ly X aamanaral) < oswly 3 pamae ]k,
n=0 m=0 ¢ m/=0
1 PSP
A similar estimate can be obtained with sup ‘N Z f2(T™ x)e*™ ™t if we focus
t

instead on the function fs.

2.2. Pointwise convergence for the averages of seven functions. In [4] it is shown

that the CL factor is characteristic for the convergence in L? norm of the averages of seven

functions. Functions in this factor are characterized by the seminorm |||.|||s such that
| AL
3) H\fl\\g:li}}lﬁzH!f-foThHl%
h=0
where
| L ,
(4) 11711 =t 3y S| [ 2.0 )af”
h=0

A function f € CL* if and only |||f|||ls = 0. More generally they showed that for each

positive integer k we have
b1 1= ‘
A1l = lim — D FFeo TR,
h=0
with the condition that f € Zj_; if and only if ||| f|||x = 0.

Lemma 2. Let (X,B,u,T) be an ergodic dynamical system and f € L*(u) then for all H

positive integer we have

1= 1 1 & —
lim;upSlip‘N ngof(T”x)e%rint’? < C<H + H;’/f-foThdﬂ‘)
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In particular we have

N-1
. 1 n wint |2
(5) hmj\fupsgp }N Z f(T"z)e? t‘ < ClIf1113-

n=0

Proof. Without loss of generality we can assume that the function f takes only real values.

We apply van der Corput’s inequality ([12]) . Because of this inequality for H < N we get

1 p " 2mint |2 <C 1 1 < 1 = ™" Tn+h
ol 3 S <0 g g Y|y s ha))

N+ H
(The factor +

that normally appears on the right side of van der Corput’s inequality
being less than 2 has been ”swallowed” in the constant C.) Birkhoff’s pointwise ergodic

theorem allows us to obtain the first part of the lemma. For the second part we can use

Cauchy Schwarz inequality to write that

H H 1/2
I;Z|/f.foThdu‘§ <;Z|/f.foThdu]2> .
h=1 h=1

Now using the definition of ||| f]||2, (see (4)), we can end the proof of this lemma. O

The lemma that replaces the uniform Wiener Wintner ergodic theorem in the case of the

averages of seven functions is the following.

Lemma 3. If fi or fy is in CL* then for a.e. x

( ) N N ‘JV
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Proof. We can assume without loss of generalities that the functions are uniformly bounded

by one. We use again van der Corput’s inequality, [12]. For (H +1)2 < N we get

N-— 2
sup’ Z f2 Tn+m ) 2mwimt

—h—

Z LT™x) fo(T™ ) fL (T fo(THn+hy)

m=0

<

CH
nXly

E\Q

So recalling that the constant C may change from one line to another but remains an

absolute constant we have,

=z
L

2|~
N

2
L

2
fl (me)f2 (Tn-i—mx)e%rimt

2|~

3
I

)
3
g

i
i
T

F(TM ) fo(T™ ) fr (TR fo (Tt ha)

2]~

>
Il
—
i
o

i
F

M=
=] =

IA
T Q

_l_

TaQ =mAQ
M=

=

1

IN

T Q
+

> AT @) fo(T ) fu(TrH ) fo (T 7+ )

2=

i
—
3
Il
<)
3
Il
=)

r

_ fi (me)fg(Tm+”:n)f1(Tm+hx)f2 (Tm+n+h$)

i
£
S

i
r

=
1~

N—

[y

2=

IN

FL(T™ ) fo(T™ ) fr (T ) fo (TmHnthg) | +

A
D

h=1

T Q

T
L

=0

3

z
L
2
L

IA
T Q  =AQ

+

M=
==

+

mAQ  =mAQ
M=

=

i

2| =
=
=

") fo (T ) fu (T ha) fo (Tt tha)).

>
Il
—
i
o
i
o

Thus using the inequality ( or Cauchy Schwarz’s inequality)

1 1
(7) ’fzup‘ < (fZ’upP)lﬂ
p=1 p=1
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we obtain
S Ly ntm, o gmimt|
N 2P Nmz 7) fo( T ")
C H N-1)4 N-l N
<yt < Z( Z% N 0f1(me)fQ(Tern;p)fl(Tm+hx)f2(Tm+n+hx) >>

Finally by applying the inequality (2) made after the Remarks 1 to the function fy.f; o Th

we get
1 N-1 N— 2
+ 2mimt
N Sl;p‘ Z Tm )fZ(Tn m ) im
n=0 m=
C . (CL E e N I b S
<G (G (sw]y X S (e T T e )

h=1 =0

H H
1 1
Now by using Lemma 2 and the inequality T hg_l lup|> < (E hg_ |uh|4) /2 we obtain

L N-1 N-1 2
m n-+m 2mimt
hmj\fupﬁ Z:()s%p‘ Z:Of (Tz) fo(T )

c & N-1 2 1/2
< v ~ = . h m Tm
_H+<H};hm§,upsgp‘ mZ_:O(fl froTh)(T™ x) >

H 1/2

C C
< 5+ (7 S nAdeTg)

h=1
H 1/2

C C -
< 5+ (5 S lAdeTg)

h=1
H 1/4

C C —

<&+ (5 S nadeTg)

>
Il
—

Taking now the limit when H tends to co we get the following estimate

N-1

. 1
(8) lim sup N Z sup

N n—0 t

N—-1 2
1 m n+m TIm
N D2 AT LT ) < |l
m=0
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Thus if we assume that f; € CL* then |||f1]||3 = 0 and we obtain the equation (7). We

have the same conclusion if one assumes that fo € CL*. O

Using Lemma 3 we can now give a proof of the almost convergence of the averages of

seven functions.

Proposition 6. The averages along the cubes of seven functions converge almost surely.

Proof.

’MN(fh f27 ) f7)($)‘2

N-1 N-1 N—1 )
’m N ATP2) S fo(T) f5(T7 ) (Y fa(T™) f3(T7 ) fo (TP ) fr (T 7))

2

p=0

1 N—1N-—

<52 > Z LAl fal 3l 31130 |+
p=0 n=0

N-1
Z Fa(T™2) f5(T" ™) fo (TP ) fr (TP )
m:O

L3
=Nz H 1 £ill-
i=1

N—-1N-1 (N-1) ' 1 2(N-1) ‘ . 2
Z / ( Z f4 (Tm$)f5 (Tn—&-mx)e—Qmmt) (N Z fﬁ (Tm fL‘)f7(Tn+m x)62mm t) .6_27”ptdt
n=0 p=0 m=0 m’=0
12 1 Y , L |2
Ni H ‘fz”2 Z /‘ Z f4 T f5(Tn+m ) 727mmt) (N Z fG(Tm w)f7(Tn+m x)€2mm t) dt
i=1 m/=0
o3 N-1 1 2(N-1) 128
< eIl S| S s asr a1
=1 n=0 j:4
-1) 2
= C’H £l Sup‘N Z fo( Tm )f7(Tn+m x)e2mim't

With the help of the lemma 3 one can conclude that if fs or f7 belong to CL' then the

averages of these seven functions converge to zero. By using the symmetry of the averages
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with respect to n, m and p one can see that the averages will converge to zero if one of the

functions f; € CL+, 1<i<T.

Remarks 2

e The last steps of the proof of proposition 6 show that for bounded functions f;,

4 < < 7 if we denote by Por(f;) their projection onto the C'L factor then we have
(9)
p Nl
li —
imsup 7 >

n,p=0

1
1mj\§up 5 E

2

N-1
% > (T ) f5 (T ") fo (TP ™) fr(TPH )
m=0

N-1 2
Por(fo) (T ) Por(fs) (T 2) Por (f6) (TP ™ 2) Por (f7) (TP ™)

e The proof of lemma 3 gives the following estimate

(10) hmj\?upﬁzsgp ~ 2 AT 2) (T a)e?m < Cminl[[| f2][3, ] £21113]

n=0 m=0

2.3. Proof of Theorem 3 for the case of three and seven functions. The proof is
a consequence of the path used in establishing the propositions 5 and 6. We have shown
that if one of the functions f; € CL*, 1 < i < 7, then the averages converge pointwise
to zero. This shows that the C'L factor is characteristic for the pointwise convergence.
For the averages of three functions the Kronecker factor is characteristic for the pointwise

convergence for the same reason.

2.4. Proof of theorem 3. We will prove theorem 3 by induction on k. In the previous
sections we proved that the averages of seven functions converge a.e. We showed that the

Zy = CL factor was characteristic for the pointwise convergence of such averages. This
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established the first step of the induction process. We will use the same notation and some

of the remarks made in these previous sections.

e For each k > 4 we denote by My(f1, fa, ..., fox_1) the averages of 2¥ — 1 bounded
functions. Without loss of generality we assume that the functions are bounded by
1 in absolute value.

e The functions f; are listed in such a way that those depending on the index i, are

indexed by those j , 2°=1 < j < 28 —1. The product of these terms depending on i, is

denoted by Sy (;, i,....ix) (for=1, o, for_1)(2). Each term Sy ;, i, i) (for=1, ..., for_1) (@)

is the product of two groups of 25~2 functions denoted by

AN,(il,ig,...,ik) (for-1, Jor—141, ey f3.oh—2 (z)

and
BN,(il,ig,...,ik.)(f3.2k*2+17 coey for_1)(2)

where the powers of T" associated with each function in the second group are those

appearing in the first group shifted by the index i;. We have

BN,(i17i27...,’ik)(f3.2k72+17 ceey f2k—1)(x) = AN,(i1,i27...,’ik)(f3.2k72+17 ceey f2k_1)(Ti1.’L')

e We have also the inequality

’MN(fb f27 ey f2k—1)(x)‘2

(11> 2k—1_1 1 N-1 1 N-1 )
< H Hf]HgON]{:—l Z ‘N Z SN,(i1,2'2,..-,ik)<f2k‘1ﬂ“'ﬂf2k—1)<m)‘ .
j=1 i15eyi—1=0 i,=0

Induction Assumption

We make the following assumption (for & — 1)
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For all bounded functions g;, 3.2872 41 < j < 2F — 1 we have

N-1 1 N-1 2
lim;up =) N Z AN7(i1,i27...,ik_2,ik)(93.2k72+1-, ey ok 1) (2)
(12> U150yl —2=0 1 =0
<C min 1951117 —1-

"{3.2k—241< <2k 1}

As indicated above this assumption is shown to be true for k = 3,4. We want to show

that it also holds for k. To this end we have the following extension of lemmas 2 and 3.

Lemma 4. If one of the 2872 functions fis 3282 41<j<2"—1isin Z,CL_1 then

N-1
. 1 Z 1 iy
(13) hz{fnm PN Z ANv(ihiQw-wik—%ik)(f3.2k72+17"'7f2k—1)(x>627r“kt =0
i,=0

t

Proof. With van der Corput inequality applied to each term

N-1 2

1 g
2
Slip ’N E AN,(’i17i27--.,ik—2yik)(fS,Qk*Z_i_l, vy Jor_q)(T)e ikt ’
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we have then for each (H +1) << N

N-1 2

N D AN fivia, iz i) Fazia s o o) (2)e2T00

N D AN (riseinziin) (fazi-241-Faoe-21 0 T, oo, for_y - for_y 0 T")(x)

)

Il
—_
-~
=
v@.
ES

|
0

Il
o

1
N Z AN (ir iz in—niin) (f3.20-2 41 f3.26-241 © ™, .., ok _q1-for_10 Th)(l“)

‘ N-1
1, =0

)

1 1 1 fhdty
SC-<H+(H;NM 3

U150tk —2=0

L N2 2\ 1/2
’N Z AN’(ilviQV"vikavik)(f3'2k_2+1'f3~2k_2+1 © Th’ o f2k71.f2k71 ° Th)(x) > )

So by the induction assumption we have

N—-1 1 N—-1 2
omiipt
lim sup NE=3 E sup N E AN7(il’i27._.7Z-k72’Z-k)(f3‘2k_2+1,...,f2k,1)(x)e k
T genes ig_o=0 1=0

1

1 1 & 1 =
SC'<H+<Hthj\§upN’€—2 Z
h=1 .,’Lk,QZO

i1,..

\ghi

N Z AN (i1 i, i) (f3.20-2 41 f3.26-241 © ™, ..., Jor_1-for_q1 0 Th)(ﬂf)

ip=1

! & - 1/2
=¢ <H * (H Z{sak—zflns%gzk—l} 13150 H|k_1> )

h=1

)
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H
1
By using the monotonicity in « of the fractions (ﬁ Z ]uhlo‘)l/ “ we have
h=1

1 N-1 1 N-1 2
. Omiigt
lim sup NF2 E sup N E AN7(i1’i27...7ik72’ik)(f3.2k_2+1,..., ok_1)(x)e
N i1yeesip0=0 ¢ ix=0

]. 1 H - 1/2}@71
<Cl| 4 e 1 £ Th 2k—
N (H ' <H Z{3~2k‘2£1§%§2k71} .55 0 Tl - > )

h=1
By taking now the limsupy of the last term we get
N-1

N-1
. 1 1 g
TR DI 11 D T RAC P A O
(14) N 50tk —2=0 K 1 =0

2

<C. min 1112
N {3.2k—241<j<2k—1} H‘fJ’”k

Thus if one of the functions f; belongs to Z;- | then the limit in the equation (13) is equal

to zero. 0

End of the proof of theorem 3.

We just need to finish the induction process by proving the induction assumption for
k . We consider the averages of 2% — 1 functions f;, My(f1, fa, ..., for_1)(z). With the

inequality (11) we have

|MN(f1, f2r s for_1)(2)]?

ok—1_1 1 N-1 1 N—-1 )
< H HfJHgOW Z ’N Z SN,(il,ig,,..,ik)(ka*h"-7f2k—1>(x)’ .
j=1 1150000 —1=0 1 =0

By using the same method used to derive (2) and (10) we get
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2k—1_1 N-1 1 N— )
H Hf]”ooNk 1 Z N Z (31,82, ,zk)(f2k 1y -ank—l)(:U)‘
J:]- 7/17"'7ik—1 0 :
1 N-—1 -
omi
SciN,%Q Z SHP‘* Z N, (i ”k)(fst 2479 fzk 1)( ) m’“t‘
12500yi—1=0 zk—O

By using lemma 4 and (12) one concludes that

1 N-1 1 N-1
. 2
hm]\?upm ' Z ‘N Z SN,(il,ig,...,ik)(ka*h e f2k—1)(9ﬁ)‘
11 4eeylfe—1=0 1 =0
N—-1
1 79
SCW Z S‘ip‘ Z N, (2, yik—1,iy,) (f32k 2415 foro1)(@)e 2mkt’
1250050 —1=0 zk—O
<C. min 11551117

{3.2k=241<j<2k 1}

By symmetry on the indices i1, 49, ...,7; one obtains the following inequality for the 2F~1

functions f;

1 N-1 1 Nl

. 2

hm]?up NE-1 Z ‘N Z SN,(il,iz,...,ik)(ka*h e f2k—1)($)‘
i1 yyik—1=0 ~ ix=0

<c ~min |l

{2F=1<<2k -1}
By applying this last inequality to any set of 25~1 functions functions g; that we can label

from 3.25=1 +1 to 281 — 1 instead of 1 to 2¥ — 1 we obtain our induction assumption for

k. Thus the averages My (f1, fa, ..., for_1)(x) converge a.e. to zero if one of the functions

fi € ZkL_1 (using the symmetry of the indices). Combining this result with the pointwise
convergence when all functions are in Zj_; mentioned in [4], (see also [13]) this ends the

proof of theorem 1.
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2.5. Proof of theorem 4. The proof of the first part of theorem 4 follows from the path
we used. We showed that if one of the functions f; is in the orthocomplement of the Z;_4
factor then the averages of these 2¥ — 1 functions converge a.e to zero. Thus the limit is
given by the pointwise convergence when all functions are in the factor Z_;.

If one considers instead the averages

N
(N—1M)2 Y A(T") fo(T7) f3(T™ )

n,m=M
where (N — M) tends to oo then we do not have a.e. convergence in general while as shown
in [6] and [4] we do have convergence in L? norm. For instance it is shown in [15] that for

B > 3 the averages

1 (N+1)P
L 1)
n=NB

do not converge a.e. even if f is the characteristic function of a set of positive measure. So
in this case the Kronecker factor is characteristic for the L? norm but not for the pointwise

convergence.

3. WEIGHTED AVERAGES AND ERGODIC AVERAGES ALONG CUBES FOR NOT NECESSARILY

COMMUTING TRANSFORMATIONS.

In this section we are applying the method we used in the previous section to some
weighted averages and ergodic averages along cubes for several transformations. We estab-
lish first key estimates on bounded sequences of scalars . We use these estimates to derive
pointwise convergence results that are in most cases stronger than those stated in the pre-
vious section when they are applied to functions in the orthocomplement of the factors

Z.. However the difficulty in this case compared to the first section is the convergence on
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the factors. More precisely we could use [13] to obtain the convergence on the factors in
theorem 3 when dealing only with bounded functions. Here with only bounded sequences
of scalars the situation is more complicated. With the ergodicity assumption one can still
get some control in the orthocomplement of the factors (see Theorem 9). But without er-
godicity identifying the proper pointwise characteristic factors is not easy. Furthermore the
convergence on the factors requires some conditions on the sequences (see Remark 5). The
approach we use here is a combination of the estimates on bounded sequences of scalars
and the ergodic decomposition. This provides us with pointwise results such as Theorem

10 with no clear identification of the limit and the pointwise characteristic factor.

Lemma 5. Let a,, b, and c,, n € N be three sequences of scalars that we assume for

simplicity bounded by one. Then for each N positive integer we have

= )
‘W Z an.bm.cn+m‘

m,n=0

p 2T 1 & 1 &

. o112 s 112 1

< min | sup }7 § : Cm/€27rzm t| ,sup |7 E : an/627rzn t} ,sup |7 § : bn//€27rzn t
0V m/=1 0 NV n/=1 0 NV n/=1

1
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N-1
1
Proof. We denote by My (a,b,c) the quantity N2 Z ap-b-Crntm. The steps are similar
n,m=0

to those given in the proof of Proposition 5 so we only sketch them. We have

| M (a,b, )

N-1 |, N-
1 1
< |lal|% (N Z N Z binCrtm | > by Cauchy-Schwarz’s inequality
n=0 m=0
N

| V-1 A L 2= » ‘ 9
§||a|]go— _2mmt)(ﬁ Z cm/62mmt).e_27””tdt
= m=0 m’/=0
2N=1)

< ||aH2 ‘Zb _2mmt 1 Z o €2 dt by Parseval’s inequality

2(N-1)
< ol bBosup | 37 e

m'=0

This provides a first bound for |My(a,b,c)[?. To obtain the second bound we can start

instead in the following manner.

My (a,b,c)|?
1 = 1 AN » 2
< ”ngON (N Z ane—Zmnt)( Z Cn/eQm" t)e27rmtdt)
m=0 n=0 n'=0

From these last steps by using a similar path we obtain the second bound. The same idea

gives the third bound. O

Remarks 3:

(1) The proof shows a little more than what it stated in this lemma. For instance if one

focus on the sequence ¢, one does not need to assume that the sequence ¢, is also
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bounded as we have the estimate

] 2(N-1)
| M (a,b,¢)* < [laf|3[1b]13 Sup\f S et

m/=0

(2) A second look at the proof shows that

N— N-— 2(N-1)
‘MN(av b, C)’2 < Ha”goﬁ E : ‘N E bmcm—i-n‘ < HGH Hb”2 Sup ‘— g Cm/ € 27rzmt .

m/=0

We will use these remarks later.

We denote by

1 N-1
MN(Ala Ag, .., A?) = xm3 a1,pA2 na3 p+nA4 ma5 n+ma6,p+maA7 n+m-+p
N3
p,n,m=0

the averages of seven bounded sequences A; = (a;5), 1 < i < 7. We denote similarly by
Mn(Ay, Asg, ..., Ag, f) the sequence where a7 piymip = f(T"T™ Px). (Even if we focus later
only on this sequence the interested reader will verify that the conclusions reached for this
sequence also hold when any one of the bounded sequences A; is replaced with f.) We also
define by G the set of couples of integers between 1 and 7, (4,7), which are connected by
one of the indices n,m or p. Thus (1,2) is not a connected couple of integers but (2,3) is
because of the terms as, and a3y, appearing in the numerator of the averages. One can

observe that for all integer 7, 1 <14 < 7 there exists an integer j so that (i, ) is connected.

Lemma 6. Let A; = (a;n), 1 <i <7, neN be seven bounded sequences that we assume
for simplicity bounded by one. Then for each N positive integer we have
2
‘MN(Al,Ag, ...,A7)‘
N—

< C' min max
- (LJ’)EQ[ Z

N-1
2mimt
E Qi majnt+m€

mO

2 N— 2(N 1)

n=0

1
2 t
NZ P N Z @im0jnime”™"

3
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Proof.

‘MN<A17 A27 ) A7)(IE>‘2

N-1 N-1 N-1

= N3 E al,pg a2na3,p+n E a4ma5n+ma6,p+ma7n+m+p)
p:() n=0 m=0

2

N-1

§ A4 ma5 n+ma6,p+ma7 p+nt+m
m70

1 2

(N-1) 2(N-1)

. 1 o, .
—2mimt 2mim’t —2mipt
/( E A4 mas5 n+m€ T )(TV E a6,m’' A7 n+m’€ T ).6 TPt

m=0 m’'=0

2

2

1 -
—2mimt 2mim/'t
5 A4 ma5n+m€ ) T E ag,m’' A7 n+m’€ ) dt

N-1 ‘ N-1 2(N—-1)
m=0 m/=0

2(N—-1)

2mim/t
E ag,m’' A7 n+m’€
m’=0

2
N

If we had bounded above

N—1 (N-1) 2(N-1) 2

—omi 1 o
/ ( § : A, m 5, m€ 27r7,mt) (N E : a6,m’a7,n+m/€27mm t) e QFZptdt
m=0

m/=0

p=0

N-1

Y s

n=0 t

2
N

1 N-1
—2mimt
N § a4 ma5 n+m€

m=0

then we would have obtained instead the upper bound

N—

—2 t
gﬁ ‘N g A4, ma5 n+m€ i

m=0

2

By using the symmetry of the indices we obtain the bounds listed in the lemma.
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Generalizations of these lemmas to averages along the cubes of 2 — 1 bounded sequences
Aip, 1 <0 < 2% — 1 can also be obtained. But for simplicity we only state and prove the

cases of three and seven sequences.

3.1. Pointwise convergence of weighted averages along the cubes.

Lemma 7. Let (X,B,u,T) be an ergodic dynamical system and let f € K. Then for p

a.e. x for all bounded sequences a,, , by, , cn,

N-1

1
(1) limy w5 D anbm f(T™"2) =0,
n,m=0
1 N-1
(2) lim — Z f(Imz)bpmcnim =0 and
N N n,m=0
1 N-1
(3) limy <5 > anf(T"x)enm = 0.
n,m=0

Proof. We only establish the first universal (the null set is independent of the bounded
sequences) limit. We take a function f € K+. We choose x in the set of full measure for
N-1

1 .
which by lemma 1 li]{fn sup |N Z f(T"z)e*™ ™| = 0. This set is independent of any other
t n=0

bounded sequence a,, or b,. Applying lemma 5 to the sequence ¢, = f(T"x) we obtain

N-1 2(N-1)
. 1 2 . 1 / Tim! 2
lim sup ‘m Z anbmf(T”+mx)’ < C'h]{[n sup ‘N Z fam z)e2 wm t‘ =0.
N n,m=0 t m’/=0
Here we used the first remark made after the proof of lemma 5. The sequence ¢, is not

uniformly bounded but a, and b, are. A similar argument gives a proof of the other

limits. O

Remark As shown in [3] the ergodicity assumption in Lemma 7 is necessary.



26 I. ASSANI

Proposition 7. Let (X,B,u,T) be an ergodic dynamical system and let f € L*(u). Then

N—-1 N—-1
1 . 1 .
or i a.e. T for all bounded sequences ay, by, such that — an€X™™ and — b, e2Tint
a N N
n=0 n=0

converge for each t, the sequence

N-1

D b f(T" ")

n=0

1
N2
converges. A similar statement holds if one replaces a, with f(T™x) and uses instead by,

and Cpim or if one chooses by, = f(T™x) and uses a, and cuym.

Proof. We only give the proof for the convergence of the sequence

1 N-1
My(a,b, f) (@) = 15 > anbm f(T" ).

n=0

The convergence of the other sequences can be obtained in a similar way. We give the details
of the proof in order to keep track of the null sets and show that the set of convergence is

truly independent of the sequences. (see also Remark 4 below)

Let us take f € L?(u). We decompose this function into the sum f; + fo where f; € K
and fo, € K+. By lemma 7 for 1 a.e. z for all bounded sequences a, and b, we have
limy Mp(a,b, f2)(x) = 0. It remains to establish the convergence of My(a,b, f1)(x). This
convergence follows easily from the assumptions made on a,, and b,, when the function Fj is
a finite linear combination of eigenfunctions. We denote by W the set of bounded sequences

N-1

wy, for which 1%11 N Z wpe?™M exists for each t € R. We want to show that

n=0

sup [limsup My(a,b, f)(z) — liminf My(a,b, f)(z)] = 0.
a,bew N N
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We consider a sequence F; of finite linear combinations of eigenfunctions converging in norm

to fi1. We have for i a.e z,

sup [limsup My (a,b, f)(z) — liminf My(a,b, f)(z)]
a,bew N N

= sup [limsup Mp(a,b, fi — F;)(x) — liminf My (a,b, f1 — F@)(aj)]
a,bew N N

< 2f|alloo[|bl]oc MM (| f1 — Fill(x)

where as in the proof of proposition 5 we denote by M* the maximal operator associated
with the ergodic averages.

As |MF[M*(|f1 = Eil]ll2 < 2[lf1 = Fill2 and lim; || fy — Fill2 = 0 we have
lim inf M*[M*(|f, — Fy||(z) = 0.
K

As sup [lim sup My (a,b, f)(x) — lirrjlvinf My (a,b, f)(:v)] does not depend on i we conclude
a,beWw N

that p a.e. x we have asblg)/v [lim]?up Mp(a,b, f)(:r:)—limNinf Mpy/(a,b, f)(z)] = 0. This proves
the proposition.

Remark 4. We currently do not know if the proposition 7 can be obtained without any
ergodicity assumption. The obstacle following the path above seems to be the measurability

of the set of = for which the averages My (a,b, f)(z) converge for all bounded sequences a,

and b,,. This measurability seems to be needed in order to use the ergodic decomposition. [

Lemma 8. Let (X,B,p,T) be an ergodic dynamical system and f € CL* then for u a.e.
x, for all bounded sequences a,, we have
N—-1

o1
lip y 2 s

n=0

| V-l Bt
N Z am f(T™TM2)e?™ ™ =0 and
m=0
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1 N-1 ' 2
N Z am+nf(me)e2mmt = 0.
m=0

1 N-1
oy 2

Proof. We only give a proof for the first limit. The second limit can be established similarly.
We can assume that the sequence a,, is real and bounded by one. We follow the steps of
the proof of lemma 3. As the arguments are similar we skip some of the steps. By van der
Corput’s inequality for (H 4+ 1)? < N we get

2

1 n+m 2mimt
s&p N Z am f(T" T x)e

N—h—-1

1 -

N Z A f (T2 f (TMAn+hy)
m=0

and

2
amf(Tn—&—m:E)e%rimt

Yy

Finally by applying the second part of the remarks 3 to the sequences b,, = apm;.Gm4p and

N—-1
1 -
N D G f (T 4) (T )
m=0

Cnpm = [(T™ ") f(TmHn+hg) and Lemma 2 we get the following estimate

N-1

1
(15) lim sup N Z sgp

1 N-1 ) 2
S N > am (T )™ < O£
m=0

n=0
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Thus if f € CL* then |||f]||s = 0 and the limit is equal to zero. An examination of the
proof shows that the set of convergence of full measure is independent of the sequence a,.

This ends the proof of the lemma. O

Proposition 8. Let (X,B,p,T) be an ergodic dynamical system and let f € CL*. Then

for p a.e. x for all bounded sequences A; = (a; ), 1 <1i <6 the sequence

1 N-1

Mn(Ay, Az, . A, f)(x) = N3 Z a1,pa2,2 A3 ptna,ma5n+ma6pm f (T Px)
n7m7p:0
converge to zero.
Proof. This is a simple consequence of Lemma 6 and Lemma 8. O

The same method shows that proposition 8 holds also for the sequences
Mn(f, Ag, A3, ..., AT)(x), MN(A1, f, As, ..., A7)(z),..., where for instance with
Mn(f, A2, A3, ..., AT)(x) the bounded sequence A; is replaced with the sequence (f(1"x)).
We can extend the method by induction on k for higher order averages. We just state the
theorem. Once again for the sake of simplicity we only write one of sequences for which
the pointwise convergence holds. The proof follows a similar induction step as in the first
part of this paper. The previous propositions and lemmas show how to make the induction

works.

Remark

N-1 2mint

We showed in [3] that if we only assume that the limit of % >, ax ne exists for

each t and for each 1 < k < 6 then the averages

1 N-1

My (Ar, Az, ... 46, ) () = 575 > 01902003 pnams mima6prmf (T PL)
n,m,p=0
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may diverge for functions f € C'L.

Theorem 9. Let (X,B,u,T) be an ergodic dynamical system and let f € Zg;l. For u
a.e. x for all bounded sequences A; = (a;ip), 1 < i < 2k — 2 the averages along the cubes

Mn (A1, Agy ...y Agi_g, ) () converge to zero.

Remark 5. Theorem 9 does not hold when the function f € Z;_;. Already for k = 2 the
averages My (a,b, f) do not converge for all bounded sequence if f is the constant function
N-1
1
1. We can easily find bounded sequences for which the averages N2 Z anby, do not
n,m=0
converge.
3.2. Pointwsise convergence for averages along cubes for not necessarily com-
muting measure preserving systems. In this subsection we will be interested in av-

erages along the cubes for not necessarily commuting measure preserving transformations.

Thus in the case of three functions we will look at the averages

N-1
2 A ) fo(Ty )
n,m=0

where T; are measure preserving transformations on the same measure space. The averages

of seven functions are defined as

N-1
% > AT ) fo(T5 ) f3(Thx) f4 (T ") f5 (T8 Pa) fo (Tg P ) fo (T3 T P).
n,m,p=0

Generalizations to higher order averages are clear. One can observe that if 77 and 715 do

not necessarily commute then the averages

N

> H(T)g(13 )

n=1
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may diverge [5]. Also an example given in [14] shows that the averages

N
1
N7 Y WANT"ANT, mANT T, ™ A)
n,m=1

may also diverge if T7 and T5 do not necessarily commute. However we have the following

result which is apparently new even for the norm convergence.

Theorem 10. Let (X, B, u) be a probability measure space and Ty, Ty , T3 three not nec-
essarily commuting measure preserving transformations on (X, B, u). Then for all bounded

functions f;, 1 <i < 3 the averages

N-1
2 AT (T ) (T3 )
n,m=0

converge a.e. and in L? norm.

Proof. As the L? norm follows from the dominated convergence and the a.e. convergence,
it is enough to prove the a.e. convergence. One can observe that if T3 is ergodic and we
take z in the set of full measure where by the Wiener Wintner ergodic theorem for measure
preserving transformations (see for instance [2] for a proof of this statement ) the sequences

N-1 N—-1

1 - 1 .

N E . f1(TPz)e™ ™ and N E . fo(Tyrz)e*™ ™ converge for each t € R then the sequence
n= n=

N-1

> A(T7) fo(T5 ) f3(T3 )

n=0

1
N2
will converge. We just need to take a, = f1(17'x), by, = f2(13"z) and apply the proposition
7. This proves this theorem when T3 is ergodic. To reach the same conclusion without

ergodicity assumption on (X, B, 1, T3), we consider an ergodic decomposition fi. 3 for T3 on

(X, B, 1). This means that on (X, B, ic,3) the transformation T3 is measure preserving and
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ergodic. Furthermore p. 3 is a disintegration of y, i.e. for each integrable function f € L' (p)
we have [ f(z)dp(z) = [ f(y)dpes(y)dP(c) where P is a probability measure. We apply

this disintegration to the sets where the functions f1 o 77" and fo o T3 are bounded and to
N-1

. 1 — 4

those where the sequences — Z f1(Tlz)e*™ ™ and — Z fo(THa)e*™™ converge for each
n=0 N =

t € R. The pointwise convergence established for ergodic dynamical system tells us then

that for p.3 a.e. y the sequence

N-1
Nz S F(TT) FaT) Fo(T5 )
n,m=0

converge. As the set S of x where the sequence

2 AT (T ) (T3 )

converge is u measurable and its disintegration is given by sets of measure one with respect
to the measures p.3 we can conclude that this set S has full measure. This ends the proof

of this theorem. OJ

Remarks 6:

(1) If each transformation is ergodic then we can identify the limit. Writing for each
function its projection onto the Kronecker factor as E(f;|K) = /fzej idp)e;
where e;; is an eigenfunction corresponding to the eigenvalue )\M then simple com-
putations show that the limit is equal to ) ; H?:1 | fiezadp)e; ;. The set J denotes
the set of eigenvalues of T35 which are common to 75 and T7.

(2) At the present time we do not know if the pointwise convergence holds for averages
along the cubes of 2¥ — 1 functions for k > 2 for not necessarily commuting measure

preserving transformations. However if the transformations T;, 1 < i < k are
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weakly mixing then we can establish the pointwise convergence of the averages for

all positive integer k, identify the limit and obtain some recurrence property.

Theorem 11. Let Tj, 1 < i < 28 —1 be ergodic measure preserving transformations on the
measure space (X, B, ) and let f; , 1 < i < 2F —1 be bounded functions. If we denote by
Z—1; the corresponding Z_ factor for T; then if one of the functions f; € Zk{m- then for
Woae x

11]{[HMN(f1> foyoos for_q)(2) = 0

where in the case of seven functions

N-1
My (fr, - f7)(x) = % > ATT) fo(T5 ) f3(THx) f4 (T ") f5 (T8 P ) fo(Tg P ) fr (T3 ).
n,m,p=0

Proof. 1t is a consequence of theorem 9 as the set of convergence to zero is independent of

the sequences A;. This allows us to take A; = (a;,) = (fi(T'x)). O

Remarks 7:

(1) One of the interests of theorem 10 is that it highlights the different behaviors between
the averages along cubes and the diagonal averages for not necessarily commuting
transformations. The diagonal averages do not necessarily converge even in norm
[5].

(2) We do not need in theorem 11 to have each transformation to be ergodic to have
the limit equals zero. For instance for the case of seven bounded functions f; if one
assumes that the transformations 7; for 1 < ¢ < 6 are simply measure preserving
and T is ergodic then if f; € CL+ then for p a.e. x li]{/nMN(fl,fg, oy f7)(x) = 0.

This is a consequence of theorem 9.
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(3) At the present time it does not seem simple to control the averages when each
function f; € Z;_1,;. The factors have no reason to be the same for these transfor-
mations. So far we can only establish the a.e. convergence when each f; € Zj_1;
if one assumes that the transformations 7; are also commuting. One of the main
reasons why is because in this case Zj_1; = Zp_1j forall 1 <i < j < 2k — 1. This

fact was observed independently by B. Kra and N. Frantzikinakis in [11].

Corollary 1. Let (X, B, u) be a probability measure space and T; weakly mizing transfor-
mations (not necessarily commuting) on this measure space. Then the averages along the
cubes applied to the bounded functions f;, 1 <1i < 2¥ —1 converge a.e. to H?i;l [ fidp. In

particular for k =7 we have for all measurable set A,

N-1
1
lim = > WANTPANTSANTYANT T ANTE M ANT PANTY TP A] > pu(A)°.
n,m,p=0

Proof. When each transformation is weakly mixing the factors Zj_; ; are all reduced to the
trivial one. Hence the projection on this factor is just the integral [ f;du. The a.e. conver-
gence and the identification of the limit follows then from theorem 11 and this observation.
The last part of the corollary is a simple consequence of integration in the particular case

of seven transformations applied to the characteristic function of the set A. ]
Remarks More on the recurrence property (extension of Khintchine’s theorem (cf. theorem

1)) is done in [3].
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