POINTWISE CONVERGENCE OF ERGODIC AVERAGES ALONG
CUBES

I. ASSANI

ABSTRACT. Let (X,B,u,T) be a measure preserving system. We prove the pointwise
convergence of ergodic averages along cubes of 2¥ — 1 bounded and measurable functions
for all k. We show that this result can be derived from estimates about bounded sequences
of real numbers. We apply these estimates to establish the pointwise convergence of some
weighted ergodic averages and ergodic averages along cubes for not necessarily commuting

measure preserving transformations.

1. INTRODUCTION

Let (X, B, u,T) be a dynamical system on a finite measure space, where 7' : X — X is
a measure preserving transformation i.e. u(T-tA) = u(A) for all measurable subsets of B.
We will assume that T is invertible. A factor of the system (X, B, u,T) is a sub-o algebra
invariant under T'. For convenience we shall denote by the same letter a factor Z and the

L? space built on this invariant sub-o algebra.

We will assume in some of the statements that 7' is ergodic. This means that the only

invariant functions for T' are the constant functions. As we look for pointwise results we

Department of Mathematics, UNC Chapel Hill, NC 27599, assani@math.unc.edu.
Keywords: characteristic factors, ergodic averages along the cubes, Wiener Wintner averages.

AMS subject classification 37A05, 37A30, 47A35.



2 I. ASSANI

will use the ergodic decomposition to lift some results obtained for ergodic maps to general

measure preserving transformations.

Theorem 1. (A. Y. Khintchine [12]) For any invertible measure preserving system and

any set A € B and any & > 0 the set

{nGZ:/lA.leT"dMZ [/lAdu]25}

has bounded gaps.

This recurrence theorem states that for any measurable set A with positive measure its
images under the iterates of T' come back and overlap the set with bounded gaps. This

follows from the uniform version of von Neumann ergodic theorem as

N
1
li 14140 T"dp > p(A)?
N_MHLOO/N—M D LalaeTdu 2 u(A)

n=M
V. Bergelson [5] considered a generalization of Khintchine’s recurrence theorem with the

expressions
M((A N TnA) N Tm(A N TnA)) = M(A NT"ANT™AN Tn+mA),

These expressions can be viewed as discrete versions of continuous averages introduced by T.
Gowers [10]. These averages played a key role in T. Gowers’s proof of Szemeredi’s theorem
on the existence of arbitrary long arithmetic progressions in set of integers with positive

upper density. Bergelson proved the following convergence result.

Theorem 2. (V. Bergelson [5])

N
1
Consider L functions, f, g and h. The averages N2 Z f(T™2)g(T"x)h (T )

n,m=1
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converge in L? norm. Furthermore for any measurable set A with u(A) > 0, we have
N

lim 5 WANT"ANT™ANT™ ™ A) > u(A)2

N
1
The averages N2 Z f(T"z)g(T™x)h(T™ ™z) are now called the averages along the
n,m=1

cubes for 3 terms. These averages are also called non conventional in comparison with
N
1
the ergodic averages N Z f(T"z). Observe that if one integrates these averages for f =
n=1

g = h = 14 with respect to the measure 14du one obtains averages of the expressions

p(ANTPANTMANTT™A).

The averages along the cubes of seven functions are defined as

N
% > AT ) fo(T7 ) f5(TP2) fo (T 2) f5 (TP ) fo (TP ) fr (TP ).
n,m,p=0

One can define similarly the averages of 2¥ — 1 bounded functions. We will denote them
by MN(fb f27 ey f2k—1)'

In [11] B. Host and B. Kra proved that the averages of 2% — 1 bounded functions converge
in L? norm. To achieve this result they identified increasing factors Zj, k = 0,1,2, ...
of ergodic dynamical systems. Each of these factors is isomorphic to an inverse limit of
nilsystems. We refer to [11] for the definition of these nilsystems (and for a nilsystem in
general). The same factors were identified independently by a different method by T. Ziegler

[17]. For ergodic dynamical systems, B. Host and B. Kra showed the following

(1) The averages of 2¥ — 1 bounded functions converge a.e. if each function belongs
to the factor Z;_1. The pointwise convergence on the factors can be viewed as a

consequence of the following result of A. Leibman [14].
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Theorem 3. (A. Leibman [14]) Let G/A be a nilmanifold and let t1,...,t; be com-

muting elements of G. Then for any continuous function f on X the averages

1 ni ngk
HW > FP )

=1 Y M1<ni <Ny, ,Mp<np<Ny

converge everywhere on X when N1 — My, ..., N, — M}, tend to infinity.

Indeed one can decompose any function f into the sum of its projection on the
factor Z;, E[f|Z;] and f — E[f|Z;]. By Theorem 3, one can establish the pointwise
convergence for nilsystems. The result for the inverse limit of nilsystems which are
the factors Z; can be obtained by approximation.

(2) For ergodic systems the averages of 2¥ — 1 functions converge in L? norm to zero if

one of the functions is orthogonal to the factor Z;_;.

We recall that a factor is characteristic for some averages if the limit behavior of these
averages remains unchanged if each function is replaced by its conditional expectation on
this factor. When the limit is studied with respect to the L? norm then we will speak
of a factor characteristic for the L? norm. When the limit is studied with respect to the
pointwise convergence (mainly the case in this paper) we will speak of a factor characteristic
for the pointwise convergence. The notion of characteristic factor is due to H. Furstenberg
and can be found explicitly stated in [9]. One consequence of Host and Kra results is that for
each k the factor Zj_, is characteristic for the L? norm of the averages of 2k _ 1 functions.
Actually they show that these factors are characteristic for the L? norm of the averages

where one sums from M to N and take the limit when (M — N) tends to co. Thus in the



POINTWISE CONVERGENCE OF ERGODIC AVERAGES ALONG CUBES 5
case of seven functions they consider the averages

N

> A(T) fo(T™2) f5(TP2) fo (T ) f5(TPH ") fo (TP ) (TP ).
n,m,p=M

1
(N — M)?

Let us note that Z; is the Kronecker factor and Z5 the Conze-Lesigne factor. When the
system is ergodic the limit in L? norm of the averages along the cubes has been identified

in [11] (see theorem 13.1 ). From this they derived (theorem 1.3) the following inequality

for the averages of seven functions

N-1
1
lim Y u(ANTPANTTANTPANT™ MANTPPANT™HPA) > p(A)°.
n,m,p=0

A combinatorial interpretation for subsets of Z with positive upper density is given in the

same paper with theorem 1.5.

Our present paper answers the question raised by Host and Kra [11] about the pointwise
convergence of such averages. A second motivation comes from the fact that very little is
known on the pointwise convergence of nonconventional ergodic averages for general measure
preserving systems ([6]). The paper is divided into two parts. In the first part we focus on

the averages along the cubes and prove the following result.

Theorem 4. Let (X, B, u,T) be a measure preserving system. Then for each positive integer
k the averages along the cubes of 28 —1 functions converge almost everywhere. If the system
(X, B, u,T) is ergodic then for each k > 1 the factor Zy_ is characteristic for the pointwise

convergence of the averages along the cubes of 2 — 1 bounded and measurable functions.

The pointwise limit of the averages is of course the same as the L? limit identified in [11].

Therefore the second statement of the previous theorem is a consequence of the pointwise
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convergence of these averages when the system is ergodic and the fact that the averages are
characteristic in norm.

More general averages along the cubes were considered and proved to converge in norm
in [5] and [11]. Not all of them converge almost everywhere and so for them the factors Z;_,
are characteristic in norm but not pointwise. To see it one can take for instance averages of

N

the form ﬁ Z f(T"z) that do not converge a.e. for some function f € L. There
exist integers N z:rzl(];[ M such that this function f can be found in any ergodic system.
In particular for weakly mixing system such function f always exist. We recall that for
an ergodic dynamical system (X, B, u,T) the Kronecker factor is the invariant c— algebra
spanned by the eigenfunctions of 7. It is the factor Z;. For the particular case of weakly
mixing systems the Kronecker factor is trivial (and coincides with the factors Zj, for k > 2).
Therefore for these averages we always have a.e. convergence for functions in the Kronecker
factor. But as the averages of the function f do not converge a.e. the limit behavior of
the averages is not the same as the one observed on the Kronecker factor. Therefore the
Kronecker factor is not pointwise characteristic for these averages. However the Kronecker
factor is characteristic for the norm convergence. Thus the notion of being characteristic in
norm is not equivalent to being pointwise characteristic.

In the second part we give applications of the method we used in the first part. With
key estimates on bounded sequences of scalars we derive pointwise convergence results
for weighted ergodic averages and for averages along cubes for not necessarily commuting

measure preserving transformations that extend part of the results obtained in the first part.

In the case of not necessarily commuting transformations we prove the following result.
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Theorem 5. Let (X, B, 1) be a probability measure space and Ty, Ty , T3 three not neces-
sarily commuting measure preserving transformations on (X,B,u). Then for all bounded

functions f;, 1 < i < 3 the averages

N-1
Tz AT (T ) (T3 )
n,m=0

converge a.e. and in L? norm.

Some of the results presented in this particular section were announced in [1]. In [3] we
extended Theorem 5 to the averages of six not commuting measure preserving transforma-
tions. Our method highlights the fact that for convergence results averages along cubes rely
more on the underlying arithmetic structure of the sequence f(7T"x) than its dynamical
structure. We wrote this section in such a way that readers interested mainly in those
results would not need to read the previous sections. We hope this makes the paper more

readable.

Remarks and Acknowledgements. The current paper is a slightly edited/updated
version of a 2004 paper that was posted at that time on our web site. Pointwise results for
averaging processes for powers of the same transformation were afterwards obtained by C.

Demeter, T. Tao and C. Thiele [7].

We thank a previous referee for his/her comments and for suggesting the study of the
weighted averages in section 3. We thank also the current referee of this paper for his/her

comments and for drawing our attention to the generalized Kronecker factor.
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2. POINTWISE CONVERGENCE OF THE AVERACES ALONG CUBES FOR A SINGLE

TRANSFORMATION

In the subsequent inequalities the constant C' may change from one line to the other. It
will depend only at time on the L* norm of the functions f;. We will first prove the almost
everywhere convergence of the averages of three then seven functions. This will explain the

first induction step in our proof and our method.

2.1. Pointwise convergence for the averages of three functions. We start by proving

the pointwise convergence of the averages for three functions.

N-1

My (fi, o J5)(a) = g 3 Fi(T"2)foT™0) fo(T" )

n,m=0
for f; bounded and measurable functions.

We recall Bourgain’s uniform Wiener Wintner ergodic result announced in [6].

Lemma 1. Let (X, B, u,T) be an ergodic dynamical system and f a function in the ortho-
N—-1
1
complement of the Kronecker factor. Then for a.e. x we have 1i1{[n sup |N Z f(T"x
t

n=0

)627rint| —

0.

Using this lemma we can prove the following proposition. It is inspired from the compu-

tations made on the third page of [6].

Proposition 6. Let (X,B,u,T) be a measure preserving system and f;, 1 < i < 3 three

bounded functions then the averages

N-1

My (fusfor f5)(&) = 03 3 Fu(T"0) foT72) fo(T )

n,m=0
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CONVETgE a.e€.

Proof. 1t is enough to show this pointwise convergence result for ergodic measure preserving
systems. The general result will follow by using the ergodic decomposition. We have the

following inequalities.

\Mn(f1, fa, f3) ()

1 1
< ”leZO (N Z ‘ﬁ Z f2(Tm37)f3(T"+ma:)}2> , by Cauchy-Schwarz’ inequality,
n=0 m=0
1 Nt N-1 ;2D . | )
< ||f1”(2)oN Z / ( Z fQ(Tml') 727mmt Z f3 Tm 27T’Lm t)'6727mntdt
= m=0

| 2N

2
Z fa( Tm e2mim't dt, by Parseval’s inequality,

N-1
<Ay [ 'mzzo pa(Tmaye2sim]

2(N-1)
C 1 m’ 27szt
< N ‘ Z f3 T

/’ Z f2 Tm —27rzmt|2dt

2
- 1
<0sup‘ Z FaAT ) LN

With the help of lemma 1 we can conclude that for f3 in the orthocomplement of the
Kronecker factor the averages My (f1, f2, f3)(z) converge a.e. to zero.

If f3 is one of the eigenfunctions for T with eigenvalue €™ then

N-1
My (f1, f2, f3)(x) Z Fi(T" 2m‘n9)(% S fo(Tm)erimt).
m=0

The convergence in this case follows from Birkhoff ’s theorem applied to the product of T" and
the rotation #. The pointwise convergence for a finite linear combination of eigenfunctions

in the Kronecker factor follows now by linearity. To establish the same result for a general
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L™ function f3 in the same factor, one can use the following inequalities.
0<A(g)(z) = 1imj\§upMN(f1, fo,9)(x) — limNinfMN(fl, f2,9)(x)

< 251]\1IP|MN(f17f279)($)| < [ f1llooll f2lloo M [M*[|g[]].

N

1
We denoted by M*(|g|) = sup N Z |g|(T"x) the maximal ergodic function associated with
N

n=1

the Cesaro averages of 7. The maximal inequality in L? tells us that for all function g € L?

we have
1M (1gD)l2 < 2]lgll2-

Applying this maximal inequality twice we conclude that

1A(9)ll2 < 4llg]l2-

Now consider a function f3 in the Kronecker factor. There exists a sequence g; of fi-
nite linear combination of eigenfunctions that converge in L? norm to fs3. As the averages

Mn(f1, f2,9i)(x) converge a.e. we have by linearity for a.e.

A(f3)(x) = lim;upMN(flafmfs = 9i)(z) — liminf My (f1, f2, fs — gi)(@).
Hence we have

[A(f3)ll2 < 4]lf3 — gill2

for each i. Taking the limit when 7 tends to infinity we obtain [|A(f3)||2 = 0 which implies

that A(fs)(z) = 0 a.e., and the sequence My (f1, f2, f3)(z) converge a.e. O

Remarks 1
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e The proof of proposition 6 shows that if f; and fo are bounded functions and Px

denotes the projection onto the Kronecker factor of T then

N-1 N-1 N-1 N-1

(1)
hmsup— Z |— Z fL(T™z) fo(T™ "2 )’ = hmsup— Z ‘i Z Pc(f1)(T™x) Pc(fo)(T™ "z )!2

nO

e The proof of this proposition actually shows that

N-1 . N—
(2) (]17 Z Z f3(T" )| > nggp %

n=0

1213

N—-1 2
Z f3 (Tm’x)e%rim’t
m'=0

2
if we focus

N-1
1 ’ ;. /
A similar estimate can be obtained with sup ‘N g fo(T™ z)e2mim't
t
m’=0

instead on the function fs.

2.2. Pointwise convergence for the averages of seven functions. In [11] it is shown
that Z,, the Conze-Lesigne factor, is characteristic for the convergence in L? norm of the

averages of seven functions. Functions in this factor are characterized by the seminorm

[II-|||3 such that
H—
Q 6115 =ty L 5 1o T
h=0
where
1 H-1
(W 5108 =ty 3| [ 150

A function f € Zyt if and only |||f||lz = 0. More generally they showed that for each

positive integer k we have

2k+1

H-1
1 K
I i1 ZththZOHf.foThHI%

with the condition that f € Z,_; if and only if ||| f|||x = 0.
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Lemma 2. Let (X,B,u,T) be an ergodic dynamical system and f € L*(u) then for all H

positive integer we have
1 N-1 ) 1 1 H
. - m 2mint i i F o Th
hm;upsgp‘NZf(T x)e | SC(H—l—HZ}/f.foT du‘).
n=0 h=1
In particular we have

N-1
. 1 n 2mint |2 2
(5) hm;upst:p }N Z f(T"z)e ‘ < C|If1llz-

n=0

Proof. Without loss of generality we can assume that the function f takes only real values.

We apply van der Corput’s inequality ([13]) . Because of this inequality for H < N we get

1 - " 2mint |2 <C 1 1 < 1 py ™" Tn+h
sl 3 At < (H+Hh§:j N 2 i)

N+ H
(The factor +

that normally appears on the right side of van der Corput’s inequality
being less than 2 has been ”swallowed” in the constant C.) Birkhoff’s pointwise ergodic

theorem allows us to obtain the first part of the lemma. For the second part we can use

Cauchy Schwarz inequality to write that

H H 1/2
;Z|/f.foThdu\< (;[Z|/f.foThdu\2> .
h=1 h=1

Now using the definition of ||| f]||2, (see (4)), we can end the proof of this lemma. O

The lemma that replaces the uniform Wiener Wintner ergodic theorem in the case of the

averages of seven functions is the following.
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Lemma 3. If (X,B,u,T) is an ergodic dynamical system and fi or fy is in Z2L then for

1 N-1 1 N-1 ' 2
(6) lim & D sup | 30 Ai(T") oI ) =0
n=0 m=0

Proof. We can assume without loss of generality that the functions are uniformly bounded

by one. We use again van der Corput’s inequality, [13]. For (H +1)2 < N we get

2

sup
t

N-1
1 B
N § : fl (me)f2 (Tn+mx)€27rzmt
m=0

—h—1

b

m=0

% f1(T™z) fo(T™ ) fr (T ) fo (T )|

2l

C
< — 4
- H

So recalling that the constant C may change from one line to another but remains an

absolute constant we have,

1 N-1 1 N-1 ‘ 9
N Z Sltlp N f1 (Tm$)f2(Tn+mm)e27rzmt
n=0 m=0
H N-1 N—h—1
c C 1 1
< E + E Z N Z ‘N fl f2 Tm+n )fl(Tm+h$)f2(Tm+n+h:I:)
h=1 n=0 m=0
c o1
SHTH 2 N ‘N D A(T"w) foT™ ) fr(T ) fo (Tt )
h=1 n=0 m=0
N—-1
_ [L(T™x) fo (T x) fy (T h) fo (Tmnthy)
m=N—h
- — = H N—
c C 1 1 c .
< =+ = — _ m m-+n mth A c 1
B H+H;N7§‘Nmz::ofl(T x)fQ(T .T)fl(T ;z;)fQ(T IL’) +HhZINn:
H N-1 N-1
c C 1 1
“H'H Z N ‘N S1(TT ) fo(T ) fr (T ) fo(TmAn+he).

—

2l =

0
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Thus using the inequality (or Cauchy Schwarz’s inequality)

1 1<
(7) ’FZU’ZJ‘ < (FZ’“}J|2)1/2
p=1 p=1

we obtain

2
fl (me)fZ (Tn-i-mx)eQm'mt

1
N

Ik

Finally by applying the inequality (2) made after the Remarks 1 to the function fi.f; o Th

N-1
Z f (Tmﬂj‘)fg(Tm+nl')f1(Tm+hlL‘)f2 (Tm+n+h$)
m=0

h=1 n=0

we get
1 N-1 1 N— 2
s - Tn+m 2mimt
N PN Z z)fal Je
n=0 m=
H N-1 2\ 1/2
C C 1 _— / -
<&y (HZ (sup N 2 F T e )

=0

H H
1 1
Now by using Lemma 2 and the inequality T E lup|> < (ﬁ g |uh|4) Y2 e obtain
h=1

h=1
1 N-1 1 N-1 2
lim sup N sup ‘N fL(T™x) fo (T ™) e2memt
N n=0 t m=0
H N-1 2\ 1/2
C <C 1 — ' omimit
< —+ thsupsup’ Z(f1.f10Th)(Tma:)e rem >
H i N
H 1/2
C C _—
<5+ (5 S nadeTg)
h=1
H 1/2
C c —
<+ (5 S nAdeTIR)
h=1
H 1/4
C C _—
< g+ (5 S naderg)

>
Il
—
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15
Taking now the limit when H tends to co we get the following estimate

n=0

N— N-1 2
(®) lim sup - Z 3\ " AT LI )ET < i3

=0

Thus if we assume that f; € Z5 then |||f1|[|s = 0 and we obtain the equation (7). We
have the same conclusion if one assumes that fo € Z

5. Indeed using again the inequality
(2) made after Remarks 1 but this time to the function fs.fs o T" we would obtain

1 N-1 1 N-1 2
+ 2 t
N Slzp N Z fl Tm ) f2(Tn m ) Tim
n=0 m=0
H N— 2\ 1/2
C C 1 -
< ~ - Th Tm 2mim't )
_H+<H;<SUPN ,0f2f2o x)e )
= m'/=

The same computations made above would led us to the estimate

1 N-1 1 N-1 ' 2
1imNsup N > sup | D AT) fo(T™ )™ ™ < Ol follI3
n=0 m=0

Using Lemma 3 we can now give a proof of the almost convergence of the averages of
seven functions.

Proposition 7. The averages along the cubes of seven functions converge almost surely
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Proof. First by using the ergodic decomposition we can assume that the system (X, B, u, T')

is ergodic.

| Mn(f1, f2r s f2) (@)

2

N-1
Z fl Tpx Z f2 T” f3 (Tp+n )( Z fa (me)fS (Tn+mx)f6 (Tp+mx)f7(Tn+m+px))
m=0

n=0

:’m

1 N—-1N-1 1 N—1 )
SNz LAl 17211261 F3 3 N N ST f5 (T ) fo (TP ) fr (TP ")
p= 0 n=0 m=0
3
1
=+ L Ifill%:
=1
N-1N-1 (N-1) | S(N-1) | | ,
/ (D falTma) fs(T™2)e 27 (5 Z Fo(T™ ) fr (T )™ ) e dy
n=0 p=0 m=0
1 3 A 1 2(N-1) / , o
Nil_‘[ |fz’|2 Z /‘ Z f4 Tm f5(Tn+m ) —2mmt) (N Z fﬁ(Tm :L')f7(Tn+m x)e2mm t) dt
=1 m’=0
c L i ) 2 5
]\TH Hfz“ Z Sli.p‘ Z f6 Tm )f7(Tn+m ) 2mim't NH Hf]“io
=1 n=0 j=4
2

5
=l Z sup‘N Z Fo(T™ @) fo (TP z)e2mim't
i=1

With the help of the lemma 3 one can conclude that if fs or f7 belong to Zs- then the
averages of these seven functions converge to zero. By using a very similar argument one

can see that the averages will converge to zero if one of the functions f; € Z3-, 1 <i < 7.

It remains then to establish the pointwise convergence when all functions are measurable
with respect to Zs. As we observed in the introduction the pointwise convergence is a

consequence of Leibman’s result and the nature of the factor Z5 being an inverse limit of



POINTWISE CONVERGENCE OF ERGODIC AVERAGES ALONG CUBES 17

2-step nilsystems. Theorem 3 [14] gives us the pointwise convergence for nilsystems. The

result for inverse limit of nilsystems follows by approximation. O

Remarks 2

e The last steps of the proof of proposition 6 show that for bounded functions f;,
4 <4 < 7 if we denote by Pz, (fi) their projection onto the Conze-Lesigne factor

then we have

9)

1 N-1 1 N-1 9
lim]\fup N2 n%::O N mZ::D fa(T™x) f5(T ™) fo (TP ™) fr (TP M)
= 2
sy 3 [ 3 P e ()T ) P o (T ) i ) 1)
n,p=0 m=0

e The proof of lemma 3 gives the following estimate

(10)  Tmsup 5 D= sup| 5= D7 (") oI ) < Caminf[| A 1l
n=0 =

2.3. Proof of Theorem 4. We will prove Theorem 4 by induction on k. In the previ-
ous sections we proved that the averages of three then seven functions converge a.e. We
showed that the Zy factor was characteristic for the pointwise convergence of averages of
seven functions while the Kronecker factor is characteristic for the pointwise convergence
of averages of three functions . This established the first steps of the induction process.
Even if for the induction purposes we only needed to establish the case of three functions

we proved these two cases to show how one could move from one step to another.

We will use the same notation and some of the remarks made in these previous sections.
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e For each k > 4 we denote by My(f1, fo, ..., fox_1) the averages of 2¥ — 1 bounded
functions. Without loss of generality we assume that the functions are bounded by
1 in absolute value.

e The functions f; are listed in such a way that those depending on the index ij, are

indexed by those j , 2571 < j < 28—1. The product of these terms depending on iy, is

denoted by Sy (i is,....i) (far-15 s for_1)(x). Each term Sy (4, i) (for— Ly eeey for_1) ()

is the product of two groups of 2¥~2 functions denoted by

AN(zl,zg, (ka 1, for— S P vy f3.00—2)(T)

and
BN,(z'l,z'g,...,z‘k)(f3.2k—2+1, coes for_1)(2)

where the powers of T" associated with each function in the second group are those

appearing in the first group shifted by the index i;. We have

BN,(il,iQ,...7ik)(f3.2k*2+17 oy for_p)(T) = AN,(il,ig,...,ik)(f3.2k*2+17 ) fgk—1)(Til9C)-
e We have also the inequality

|MN(f17 f2> ceey f2k—1)(x)|2

(11) 2k—1_1 N-1 1 N-1
2
< I 5l X | 3 Svuimi ot oo Fr ) @)

j=1 21 4eeylf—1=0 i, =0

Induction Assumption

We make the following assumption (for k& — 1).
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For all bounded functions g;, 3.2872 41 < j < 2F — 1 we have

N-1 1 N-1 2
limj\fup =] N Z AN (i1siossinnvin) (93.26=24 145 s Gok_1) ()
(12> 01 yeeyif—2=0 i =0
<C min g lll_s-

"{3.2k—241< <2k 1}

As indicated above this assumption is shown to be true for k = 3,4. We want to show

that it also holds for k. To this end we have the following extension of lemmas 2 and 3.

Lemma 4. Let (X,B,u,T) be an ergodic dynamical system. If one of the 2872 functions

£ 3.2k72 11 <j< 2k — 1 4s in Zk,L_1 then

N-1
. 1 Z 1 .
(13) hfvnW “WIN Z ANv(ihiZw-wik—Qyik)(f3.2k72+17"'7f2k—1)(x>627r“kt =0
ir=0

t

Proof. With van der Corput inequality applied to each term

N-1 2

1 omiint
slip’N E AN,(i17i27-..,ik—2yik)(f3,2k72+1,...,ka_l)(x)e miit |
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we have then for each (H +1)2 << N

2

1 N—-1 1 N—-1
i
Nk72 Z Sljtlp ‘N Z AN:(ilvi27"'7ik727ik)(f3~2k_2+17 ot f2k71)($)6 Tt

01 5eeey i —2=0 1,=0

N-1

1 1L 1
<C'<+H;N’€—2 3

U150tk —2=0

)

N—-h—-1
1 h h
¥ 2o AN(iriseirain) (fazr-2i1-faoa i 0 T o foroy fory 0 T")()
i=0

N

1 1< 1 -
c.(+H;Nk_2 3

U150yt —2=0

—_

IN

N-1
h h
Z AN,(il,iz,.“,ikfg,ik)(f3.2k*2+1‘f32k*2+1 oT", ..y for_y-for_y o T")(x)

i =0

2=

)

N-1

1 11
§C~<H+(H;Nk—z 3

Ulyeensllp—2=0

N-1
h h
Z AN,(il,iz,...,z'k,z,z'k)(f3.2k—2+1‘f3.2k—2+1 o™, ..., for_y-for_q 0 T")(x)

))

1
N

So by the induction assumption we have

N—1 N—-1 2
1 i
lim sup NE—2 Z sup N Z AN,(il,ig,...,ik,Q,ik)(f3‘2k_2+17"')f2k71)(x)62 !
i1yeenyifg—2=0 ip=0
H -1
1 1 ) 1
< C.<H + (Hthj\?upW. Z
h=1 21yeeyl—2=0
1 N-1 2\ 1/2
'N Z ANﬂ(ilﬂi%--wikf%ik)(f3.2k72+1‘f32k72+1 © Tha vy Jok_1.fok_q © Th)(ﬂf) > )
ir=1

) | Ly \ V2
<O+ (=D i JioT '
= <H " (H 2 e By Wit ’”H) )
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H
1
By using the monotonicity in « of the fractions (ﬁ Z ]uhlo‘)l/ “ we have
h=1

N-1

1
NE 2 Z sup

. X t
11500yt —2=0

1 [(1& )
<C|l=+|(= i fio TR '
- <H * (H Z{s.zk—zgg‘gzk—l} 13150 H|k_l> )

h=1

2
lim sup
N

N-1
1 oriint
N Z AN,(il,ig,...,ik,Q,z'k)(f3.2k—2+17 ceoy for_q) ()€™

By taking now the lim sup of the last term we get
H

N-1 N-1 2

. 1 1 g
nsup iy 30 S| Y Ao szt ) )P
(14) N 115yl —2=0 t i, =0

15117

. min
{3.2F—241<j<2k—1}

Thus if one of the functions f; belongs to Z kL_l then the limit in the equation (13) is equal

to zero. OJ

End of the proof of Theorem 4.

We just need to finish the induction process by proving the induction assumption for
k . We consider the averages of 2% — 1 functions f;, My(f1, fa, .., for_1)(z). With the

inequality (11) we have

|MN(f1, f2s ooy for_1)(@)]?

2
< II Wl 22 15 20 Shniaemin Faets o fr ) (@)]
7j=1 1140yt 1=0 1, =0

By using the same method used to derive (2) and (10) we get
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ok—1_1 N-1 1 N-1
2
H Hf,]HOONk 1 Z ‘N Z SN,(ihigw..,’ik)(ka*l? LAES) f2k—1)($)‘
j=1 i1yeenyig—1=0 i,=0
1 N—1 oy
SCW Z SUP’ Z N, (iz,.yife 1,lk)(f32k 241, Jor_1)(T)e 2mkt| .
izyeengin 1=0 i’ =0

By using lemma 4 and (12) one concludes that

1 N-1 1 N-1 )
hmsup? Z ’7 Z SN,(il,iQ,...,ik)(f2k_l7 ) f2k71)(x)’
N  NETLo £ N
11500yt —1=0 1 =0
N-1
1 79
SCW Z sup‘ Z N, (i2,eyin—1,i, (f32k 2+1""7f2k—1>(x)627r1kt‘
12500yl —1=0 z,fo
<C. min 11751113

{3.2F—241<j<2k -1}
By a similar argument for the indices i1, 9, ...,7; one obtains the following inequality for
the 25=1 functions fi
‘ 1 N-1 N-1 )
hm]?uPW Z ‘* Z N(il,ig,,..,ik)(ka*h ---af2k—1)($)‘

il,...,ik,1 0 Zk =0

<C min 1112
< min, IR

By applying this last inequality to any set of 25~1 functions functions g; that we can label

from 3.2571 + 1 to 2¥*1 — 1 instead of 1 to 2¥ — 1 we obtain our induction assumption for

k. Thus the averages My (f1, fa, ..., for_1)(x) converge a.e. to zero if one of the functions

fie”z kL_l (using very similar arguments). We can finish the proof of Theorem 4 in a similar
way as we did in the case of seven functions. One projects each function onto the factor

Z_1 using the conditional expectation associated with this factor. The factor being an
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inverse limit of nilsystems one can use Leibman’s result [14] which gives us the pointwise

convergence for nilsystems and extend it by approximation to the the factor Z_.

3. WEIGHTED AVERAGES AND ERGODIC AVERAGES ALONG CUBES FOR NOT NECESSARILY

COMMUTING TRANSFORMATIONS.

In this section we are applying the method we used in the previous section to some
weighted averages and ergodic averages along cubes for several transformations. We es-
tablish first key estimates on bounded sequences of scalars. We use these estimates to
derive pointwise convergence results that are in most cases stronger than those stated in

the previous section.

Lemma 5. Let a,, b, and c,, n € N be three sequences of scalars that we assume for

simplicity bounded by one. Then for each N positive integer we have

= )
‘ﬁ Z an.bm.cn+m‘

m,n=0

1 2(N-1) 1 N 1 N

. ) in't]2 )

< min sup|— g cm/e%”mﬂ ,sup’— E an/e2m"t| ,sup|— g by 2T
0 NV m/=1 0 N n/=1 0 N n''=1
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N-1
1
Proof. We denote by My (a,b,c) the quantity N2 Z ap-b-Crntm. The steps are similar
n,m=0

to those given in the proof of Proposition 6 so we only sketch them. We have

| M (a,b, )

N-1 |, N-
1 1
< |lal|% (N Z N Z binCrtm | > by Cauchy-Schwarz’s inequality
n=0 m=0
N

| V-1 A L 2= » ‘ 9
§||a|]go— _2mmt)(ﬁ Z cm/62mmt).e_27””tdt
= m=0 m’/=0
2N=1)

< ||aH2 ‘Zb _2mmt 1 Z o €2 dt by Parseval’s inequality

2(N-1)
< ol bBosup | 37 e

m'=0

This provides a first bound for |My(a,b,c)[?. To obtain the second bound we can start

instead in the following manner.

| My (a,b, c)|”
R I e e )
< Hngoi (N Z ane—ant)( Z Cn,€27rm t)eQWmtdt)
m=0 n=0 n'=0

From these last steps by using a similar path we obtain the second bound. The same idea

gives the third bound. O

Remarks 3:

(1) The proof shows a little more than what it stated in this lemma. For instance if one

focus on the sequence ¢, one does not need to assume that the sequence ¢, is also
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bounded as we have the estimate

] 2(N-1)
| M (a,b,¢)* < [laf|3[1b]13 Sup\f S et

m/=0

(2) A second look at the proof shows that

N— N-— 2(N-1)
‘MN(av b, C)’2 < Ha”goﬁ E : ‘N E bmcm—i-n‘ < HGH Hb”2 Sup ‘— g Cm/ € 27rzmt .

m/=0

We will use these remarks later.

We denote by

1 N-1
MN(Ala Ag, .., A?) = xm3 a1,pA2 na3 p+nA4 ma5 n+ma6,p+maA7 n+m-+p
N3
p,n,m=0

the averages of seven bounded sequences A; = (a;5), 1 < i < 7. We denote similarly by
Mn(Ay, Asg, ..., Ag, f) the sequence where a7 piymip = f(T"T™ Px). (Even if we focus later
only on this sequence the interested reader will verify that the conclusions reached for this
sequence also hold when any one of the bounded sequences A; is replaced with f.) We also
define by G the set of couples of integers between 1 and 7, (4,7), which are connected by
one of the indices n,m or p. Thus (1,2) is not a connected couple of integers but (2,3) is
because of the terms as, and a3y, appearing in the numerator of the averages. One can

observe that for all integer 7, 1 <14 < 7 there exists an integer j so that (i, ) is connected.

Lemma 6. Let A; = (a;n), 1 <i <7, neN be seven bounded sequences that we assume
for simplicity to be bounded by one. Then for each N positive integer we have
2
‘MN(Al,Ag, ...,A7)‘
N—

< C' min max
- (LJ’)EQ[ Z

N-1
2mimt
E Qi majnt+m€

mO

2 N— 2(N 1)

n=0

1
2 t
NZ P N Z @im0jnime”™"

3
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Proof.

‘MN<A17 A27 ) A7)(IE>‘2

1 N-1 N-1 N-1

= N3 E al,pg a2,na3,p+n(§ a4,ma5,n+ma6,p+ma7,n+m+p)
p=0 n=0 m=0

2

N—-1N-1 N-1 2

1
N E A4,m a5 n+ma6,p+ma7,p+n+m
m=0

(N-1) 2(N-1)

. 1 o, .
—2mimt 2mim’t —2mipt
/( E A4 mas5 n+m€ T )(TV E a6,m’' A7 n+m’€ T ).6 TPt

m=0 m’'=0

2

2

;. /
§ : a6,m’a7,n+m’62ﬂlm t) dt

N-1 ‘ N-1 2(N—-1)
m=0 m/=0

IN
\

2(N-1)
§ : 2mim/t
ag,m’' A7 n+m’€

m/=0

2
N

IN

If we had bounded above

N—1 (N-1) 2(N-1) 2

9 ! o
( § : U405 0 1me 27r7,mt) ( E : a6,m’a7,n+m/€27mm t) e 27rzptdt

m=0 m’=0

1

p=0

N-1

Y s

n=0 t

2
N

1 N-1
—2mimt
N § a4 ma5 n+m€

m=0

then we would have obtained instead the upper bound

N—

—2 t
g ‘N g A4, ma5 n+m€ i

m=0

2

By a similar argument we obtain the bounds listed in the lemma.
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Generalizations of these lemmas to averages along the cubes of 2 — 1 bounded sequences
Aip, 1 <0 < 2% — 1 can also be obtained. But for simplicity we only state and prove the

cases of three and seven sequences.

3.1. Pointwise convergence of weighted averages along the cubes. We recall the
definition of the generalized Kronecker factor of a measure preserving system. Given a
measure preserving system (X, B, u,T), we denote by K the closed linear span in L? of
functions f that satisfy f(T'z) = g(x)f(z) for some T-invariant function g with |g(z)| = 1.

For ergodic systems we have K = K. We have the following characterization of functions

orthogonal to the generalized Kronecker factor.

Proposition 8. Let (X, B, u,T) be a measure preserving system on. Consider the general-
ized Kronecker factor K. For a function f consider the splitting f = fi + fo where fi € K

and fo € K+. Then the following are equivalent

(1) f=fo

(2) For p a.e. x
N

% Z f(Tnx)e%rint

n=1

li = 0.
%nsup

t

Proof. If f is orthogonal to the ”generalized Kronecker” factor then using the ergodic de-
composition of T' for almost every component T of the transformation T the function f is
orthogonal to the (regular) Kronecker factor of the transformation 7s. Therefore for a.e. s

for ps a.e. y applying the uniform Wiener Wintner theorem one gets

N

% Z f(Tny)eQWint _

n=1

lim su
N tp

From this one obtains condition (2) by integration. This proves one implication.
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For the reverse implication consider f satisfying condition (2). Let us take a function H

verifying H(Tx) = g(x)H (x) with |g(x)| = 1. We have

[ = [ s i@ = [ f@gtar T

Therefore for each integer N we have

[ = [ NZf (T )g(e) Hwd| < [ sup‘Zf(T”y)eQ’””t (H@)|d.
1

Taking the limit when N tends to infinity one obtains [ fHdp = 0 and this proves condition

(1).

Lemma 7. Let (X,B,u,T) be a measure preserving system and let f € KL. Then for p

a.e. x for all bounded sequences an, by, cn,

N-1
1
(1) lim =5 D anbn f(T""2) = 0,
n,m=0
1 N-1
(2) lim — Z fI"x)bmcnim =0 and
N N n,m=0
N-1
Z anf(T™x)cnim = 0.

n,m=0

. 1
(3) n

Proof. We only establish the first universal (the null set is independent of the bounded

sequences) limit. We take a function f € K+. We choose  in the set of full measure for
| V-1 :
which by the previous proposition hm sup ]— Z f(T"z)e
n=0
of any other bounded sequence a,, or b,. Applying lemma 5 to the sequence ¢, = f(T"x)

2mint |

= 0. This set is independent

we obtain
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N1 2(N-1)
. 1 2 . 1 / )
n 2mim/t)2 _
hmj\?up ‘m E anbm f(T" ml’)’ < Chj{fnsgp ‘N E ST x)e™™ " = 0.
n,m=0 m/=0
Here we used the first remark made after the proof of Lemma 5. The sequence ¢, is not

uniformly bounded but a,, and b, are. A similar argument gives a proof of the other

limits. O

Proposition 9. Let (X, B, 1, T) be a measure preserving system and let f € L*(n). Then

N-1 N-1
1 , 1 ,
for u a.e. x for all bounded sequences a,, by, such that N Z ane?™™ and N Z b, et
n=0 n=0
converge for each t, the sequence
=
N2 Z anby f (T ")
n,m=0

converges. A similar statement holds if one replaces a,, with f(T"x) and uses instead by,

and Cpim or if one chooses by, = f(T™x) and uses a, and Cpym.

Proof. We only give the proof for the convergence of the sequence

1 N-1
My(a,b, f) (@) = 15 > anb f(T™ ).
n,m=0

The convergence of the other sequences can be obtained in a similar way. We give the details
of the proof in order to keep track of the null sets and show that the set of convergence is

truly independent of the sequences.

Let us take f € L?(u). We decompose this function into the sum f; + fo where f; € K
and fy € Kt By lemma 7 for p a.e. x for all bounded sequences a, and b, we have

li]{]n Mpy(a,b, f2)(xz) = 0. It remains to establish the convergence of My (a,b, f1)(z). This
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convergence follows easily from the assumptions made on a,, and b,, when the function f; is
a finite linear combination of functions A satisfying A(T'z) = g(x)A(z) for some invariant

function ¢g with |g(x)| = 1. We denote by W the set of bounded sequences w, for which
| Nl
N Z wne?™M exists for each t € R. We want to show that

n=0

lim
N

sup [limsup My(a,b, f)(z) — liminf My(a,b, f)(z)] = 0.
a,beWw N N

We consider a sequence F; of finite linear combinations of eigenfunctions converging in norm

to fi. We have for i a.e z,

sup [limsup My (a,b, f)(z) — liminf My(a,b, f)(z)]
a,bew N N

= sup [limsup My(a,b, fi — F;)(z) — liminf My (a,b, fi — F;)()]
a,beW N N

< 2||alloo|[blloo M*[M*(| f1 = Fil)]()

where as in the proof of proposition 6 we denote by M* the maximal operator associated

with the ergodic averages.

As [|MFME([fr = EiDll2 < 2(.f1 = Fill2 and lim || fy — Fif|2 = 0 we have
lim inf M*[M*(|f, — F)])](z) = 0.

As sup [limsup My(a,b, f)(z)— limNinf My (a,b, f)(z)] does not depend on i we conclude
a,bew N

that 1 a.e. © we have sup [limsup My(a,b, f)(x)—limNinf Mpy(a,b, f)(z)] = 0. This proves
a,bew N

the proposition.

We recall that Zs is the Conze-Lesigne factor.
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Lemma 8. Let (X,B,u,T) be an ergodic dynamical system and f € Zot then for u a.e.

x, for all bounded sequences a, we have

1 Nl 1 N1 2
e . n-+m 2mimt|
h]]\rfn v Z Sl:p I Z am f(T" ™ x)e =0 and
n=0 m=0
1 N-1 1 N-1 ‘ 2
1ij{[n N Z s1:p N Amin f(T™ )™M 0.
n=0 m=0

Proof. We only give a proof for the first limit. The second limit can be established similarly.
We can assume that the sequence a,, is real and bounded by one. We follow the steps of
the proof of lemma 3. As the arguments are similar we skip some of the steps. By van der

Corput’s inequality for (H +1)? < N we get

1 N-1 2
’N 3 anf (T )P
m=0

N—h—1
A f (T2 f(TAnthy)

and

& O amamen ] (T ) [T

N-1 2

=

N-1
= D At n f(T™ ) f(T 0+ )
m=0

Ik
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Finally by applying the second part of the remarks 3 to the sequences b,, = apm;.Gm4p and

Cnpm = [(T™ ") f(TmHn+hg) and Lemma 2 we get the following estimate

N—1 2
(15) limsup Z sup ‘N > am fI e < |l )3
m=0

Thus if f € Zo* then |||f]|l3 = 0 and the limit is equal to zero. An examination of the proof
shows that the set of convergence of full measure is independent of the sequence a,,. This

ends the proof of the lemma. O

Proposition 10. Let (X, B, u,T) be an ergodic dynamical system and let f € Zot. Then

for i a.e. x for all bounded sequences A; = (a;n), 1 <1i < 6 the sequence

N-1
1
My (A1, Az, ... Ag, f)(x) = N3 Z a1 pa2.1a3,p+naa,masntmaprmf (T Px)
n,m,p=0
converge to zero.
Proof. This is a simple consequence of Lemma 6 and Lemma 8. ]

The same method shows that proposition 10 holds also for the sequences
Mn(f, Ag, As, ..., A7) (z), MN (A4, f, As, ..., A7)(x),..., where for instance with
Mn(f, Ag, As, ..., A7)(z) the bounded sequence A; is replaced with the sequence (f(7T"x)).
We can extend the method by induction on k for higher order averages. We just state the
theorem. Once again for the sake of simplicity we only write one of the sequences for which
the pointwise convergence holds. The proof follows a similar induction step as in the first
part of this paper. The previous propositions and lemmas show how to make the induction

work.

Remark 4
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N-1
We showed in [3] that if we only assume that the limit of N Z ag ne?™ exists for each
n=0
t and for each 1 < k < 6 then the averages

1 N-1

My (A1, Az, .- 4o, f)(@) = N3 Z (1,902,003 pt 0, m 5 n4m6ptmf (TP

n7m7p:0

may diverge for functions f € Zs.

Theorem 11. Let (X,B,u,T) be an ergodic dynamical system and let f € Zk,L_l. For u
a.e. x for all bounded sequences A; = (a;p), 1 < i < 2k — 2 the averages along the cubes

Mn(Ay, Az, ..., Aok o, [)(x) converge to zero.

Remark 5. If f € Z;_; it is not true that we have convergence of the relevant averages
along cubes. Already for k = 2 the averages My (a,b, f) do not converge for all bounded
sequence if f is the constant function 1. We can easily find bounded sequences for which

N-1

the averages N2 anby, do not converge.

n,m=0
3.2. Pointwsise convergence for averages along cubes for not necessarily com-
muting measure preserving systems. In this subsection we will be interested in av-
erages along the cubes for not necessarily commuting measure preserving transformations.

Thus in the case of three functions we will look at the averages

N-1
n=0,m=0

where T; are measure preserving transformations on the same measure space. The averages

of seven functions are defined as

N-1
% > AT (T3 0) f3(TE ) f (T ) f5 (T P) fo(Tg ) fr(T7 ).

n,m,p=0
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Generalizations to higher order averages are clear. One can observe that if T7 and 75 do

not necessarily commute then the averages

N
1
= S(T)g(T)
n=1
may diverge [4]. Also an example given in [15] shows that the averages
;N
— > WANTTANT, "ANT T, ™ A)
n,m=1
may also diverge if 77 and 75 do not necessarily commute. However we recall Theorem 5
already quoted in the introduction which is apparently new even for the norm convergence.
We give now a proof of this theorem.
Theorem 5
Let (X, B, i) be a probability measure space and 17, Tb , T3 three not necessarily commuting

measure preserving transformations on (X, B, u). Then for all bounded functions f;, 1 <

1 < 3 the averages

N-1
O AT T (T3 )
n,m=0

converge a.e. and in L? norm.

Proof. This is a consequence of Proposition 9 and the Wiener Wintner ergodic theorem.

We consider the null set of points = off which the sequences

fl (Tlnx)e%rint

==
M) =

3
Il
i

and

f2 (Tznx)e%rint

==
M) =

3
Il
i
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converge for every t. This null set is given by the Wiener Wintner ergodic theorem. For
the function f3 and the transformation 73 we consider the null set of points x given by

Proposition 9 off which the averages

;N1
W Z anbmf3(Tg+mx)
n,m=0
1 V-l | V-l
converge for all bounded sequences a, b, such that N Z;) ane?™™ and N Z;) b, e2Timt
n= n—=

converge for each t¢. Deleting these two null sets we obtain for a, = f1(1]'x) and b, =
f2 (T3 x) the convergence of the averages
N-1

= S AT LT3 ) (T ).

n,m=0

Remarks 6

(1) One of the interests of Theorem 5 is that it highlights the different behavior between
the averages along cubes and the diagonal averages for not necessarily commuting
transformations. The diagonal averages do not necessarily converge even in norm
[4].

(2) We have extended in [3] Theorem 5 to the averages of six functions.

(3) If each transformation is ergodic then we can identify the limit. If we write the pro-
jection of each function f onto the Kronecker factor as E(f;|K) = i( / figgidp)e;i,
where e;; is an eigenfunction corresponding to the eigenvalue )\j,;:tohen simple com-

3
putations show that the limit is equal to Z H( / fi€jidp)e; . The set J denotes

J i=1
the set of eigenvalues of T3 which are common to 75 and 717 .
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(4) At the present time we do not know if the pointwise convergence holds for averages
along the cubes of 2¥ — 1 functions for k > 2 for not necessarily commuting measure
preserving transformations. However if the transformations T;, 1 < i < k are
weakly mixing then we can establish the pointwise convergence of the averages for

all positive integer k and identify the limit.

Theorem 12. Let Tj, 1 < i < 28 —1 be ergodic measure preserving transformations on the
measure space (X,B,p) and let fi , 1 <i < 2¥ —1 be bounded functions. If we denote by
Z—1; the corresponding Z_1 factor for T; then if one of the functions f; € Z,i‘_l’i then for
Woae. x

11]{[HMN(f1> foyoes far_q)(x) =0

where in the case of seven functions

MN(fh ceey f7)(513)

N-1
= O AR LT fo(T) (T ) f (T34 7) fo (T3P o T34 7),

n,m,p=0

Proof. 1t is a consequence of Theorem 11 as the set of convergence to zero is independent

of the sequences A;. This allows us to take A; = (a;,) = (fi(1T'x)). O

Remarks 7

(1) We do not need in Theorem 12 to have each transformation to be ergodic to have
the limit equals zero. For instance for the case of seven bounded functions f; if one
assumes that the transformations 7; for 1 < ¢ < 6 are simply measure preserving
and Ty is ergodic then if f; € Zo7 then for u a.e. x lij{fn Mn(f1, fa, ..., f7)(x) = 0.

This is a consequence of Theorem 11.
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(2) At the present time it does not seem simple to control the averages when each
function f; € Z;_1,;. The factors have no reason to be the same for these transfor-

mations.

In this direction we have the following results.

Theorem 13. Let (X, B, i) be a probability measure space and T; ergodic commuting mea-
sure preserving transformation on this measure space. Then for each k positive integer and
for every bounded function f;, 1 < i < 2F — 1 the averages My(f1, fa, ..., fox_1) converge

a.e. as N tends to infinity.

Proof. We denote by Zj,_1 ; the Z,_; factor for the ergodic transformation 7;. By Theorem
12 the averages along the cubes converge a.e to zero when one of the functions f; belongs to
Z kL_u. The key observation with the assumptions made on the transformations 7; (being
ergodic and commuting) is the fact that in this case Z;_; ; = Zp_yjforalll <i<j< 2k _1.
This observation was also made independently by N. Frantzikinakis and B. Kra in [§].
Therefore one is left with proving the a.e. convergence when the commuting action of the
maps 7T; is reduced to this common factor. As pointed by the referee, as done in [8], one
can observe that the isomorphism between the common factor Z;_; and the inverse limit
of nilsystems can be taken to be the same for all T;. The factor maps can also be taken
to be the same for all T;. But in this case one can apply Leibman ’s result (Theorem 3)
mentioned in the introduction and uses an approximation to reach all bounded functions

measurable with respect to this inverse limit of nilsystems. O

The next result eliminates the commuting assumption of the transformations but adds a

more restrictive assumption on the transformations 7T;.
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Proposition 14. Let (X, B, u) be a probability measure space and T; weakly mizing trans-

formations (not necessarily commuting) on this measure space. Then the averages along the

2k_1

cubes applied to the bounded functions f;, 1 <i < 2¥ —1 converge a.e. to H /fid,u.
=1

Proof. When each transformation is weakly mixing the factors Z;_;; are all reduced to

the trivial one. Hence the projection on this factor is just the integral f fidp. The a.e.

convergence and the identification of the limit follows then from Theorem 11 and this

observation. OJ
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