DUALITY AND THE ONE-SIDED ERGODIC HILBERT TRANSFORM
BY I. ASSANI

ABSTRACT. Let X,, be an iid sequence of random variables with finite p-moment, 1 < p <
oo and zero expectation defined on a probability measure space (Q2,.4, P) We prove that
we can find a set of full measure €’ such that for w € Q' , for each 1 < r < oo, the random
series

i Xn(w)g(S™y)

n

n=1

converges a.e v for all dynamical system (Y, G, v, S) and all g € L"(v). We also characterize

the functions f € L' for which the averages

J(T"2) Xn(w)

gk

3
Il
—

converge a.e.(with respect to w).

1. INTRODUCTION

In [A1] we proved that if X, is an iid sequence of symmetric random variables with finite

p-moment , for some 1 < p < oo then for P a.e. (w) the averages

1 N
~ 2 Xn(@)g(S"y)
n=1

converge a.e v for every dynamical system (Y, A,v,S) for all g € L"(v), 1 <r < oco. We
noticed later in [A2] that the symmetry assumption could be removed.
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One of the novelties of the result in [A1] was the ”break of duality”. We mean by this the
fact that the sequence X,, providing the random weight X,,(w) and the function g belong
to spaces LP and L" that go beyond the duality normally imposed by Holder’s inequality.

(we can have the pointwise convergence even if 1 < r < Z%).

Here we look at the corresponding problem for the one-sided ergodic Hilbert transform

given by the series

L X, (w)g(S™
3 ()g( y)

n=1
This is motivated in part by a question raised in [CJR]. They asked if one could still have
the break of duality for this one sided ergodic Hilbert transform. We will show in theorem
1 that the situation in this case is different from the Cesaro averages: we do not have a.e.

convergence for p =1 and r = oc.

Theorem 1. There exist symmetric L' random variables for which one can not find a set

of w with full measure for which the following series

L X, (w)g(S™
3 ()g( y)

n=1

converges a.e. v for all dynamical systems (Y,G,v,S) and all g € L*°.

Our second result is the following theorem that deals with the remaining values of p and

Theorem 2. Let X,, be an iid sequence of random variables with finite p-moment, 1 < p <

oo and zero expectation defined on a probability measure space (2, A, P). We can find a set
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of full measure Q' such that for w € Q' , for each 1 < r < oo, the random series

X, (w)g(S™
3 (w)g(S™y)

n
n=1

converges a.e v for all dynamical system (Y,G,v,S) and all g € L"(v), 1 <r < 0.

We will give a proof of this result in the following section. In the final section we consider

o0 Tn
the ”dual case” of the convergence of the series E MXH (w) where f € L*(pu) and X,
n
n=1

is a sequence of L' iid random variables with zero expectation. We will show that in this
case we do not have convergence for all function f € L'. However the almost everywhere

o0
TTL
convergence of the series g MXn(w) holds as soon as X7 € LP for some 1 < p < 0.
n

n=1
2. PROOF OF THEOREM 1

If theorem 1 was false then by applying such a result to the family of rotations (T, B(T), m, Sy)
on the one dimensional torus T where S,(y) = y + « and to the function €™ we would
have the a.e. convergence for all t of the random Fourier series

i Xn (w)e27rint

n
n=1

. By Billard result [Ka] we would have the uniform convergence a.e. of this random Fourier

series. But such a conclusion has been shown to be false in [T] as soon as

E(]X1]loglog(max e, [ X1]) = oo
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3. PROOF OF THEOREM 2

We list in the following proposition and the next theorem some of the elements we will

use.

Proposition 3. Let X,, be a iid sequence of random wvariables with mean zero such that
E(|X1|P) < oo for some p, 1 < p < oo. Define the variables X, = Xnlyx,<n} —

E[Xn1y|x,|<n}] Then for B large enough we have the following:
(N+1)#
1) For P a.e the sequence — X (w g|(S™y) converges to zero for all dynam-
NP "
n=NPB
ical systems (Y,G,v,S) and all g € L"(v), 1 <r < oo.

o0 oo
(2) For a function g € L"(v) we have Z Z ivA; < oo where A; ={y:i—-1<

M)
g <i}.
(N+1)8
Proof. In [A1] by using lemma 5 we proved that for P a.e. the sequence NB Z | X0 (w)]]g](S™y)
n=NB

converges to zero for all dynamical systems (Y,G,v,S) and all g € L"(v), 1 <r < oco. The

details are given on page 148 of the paper.

As [ Xn1gx,<n}| < |Xyu| we only need to show that

1 (N41)8
NB Z E[Xn1x, <n}]llg(S"Y)]
NG

converges v a.e. to zero. The variables X, having zero mean we have
IE[Xn1gx,<n}]| = [E[Xn1g x50}l
. By Holder and Chebyshev inequalities the last absolute value is less than

1 £ , 1
[ Xnllp—z 1 Xalls = X1l
nd na
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Therefore we can bound the L'(v) norm of

1 (N+1)P
N7 Z IE[Xn1qx,1<n}]l|9(S"y)]
NB

R W 17
IR v 2 N
Cllglh 375 5z N7 = 0- s

Part (1) follows now from the summability of the series.

Part(2) can be obtained by partial summation. It is done on page 144 of [A1]. O

One of the main ingredients for the proof of theorem 1 is a consequence of the proof of

theorem 4.3.1 in Salem-Zygmund [SZ]

Theorem 4. There exists a finite constant C such that for each positive integer T for all

Y,, independent sequence, mean zero L? random variables we have

T
(1) [sup| Y Vae*™ ™[y < C
t n=1

A proof of this theorem was shown to us by M. Weber and is indicated in [A1].
We proceed now with the proof of theorem 2.

We first introduce some notations; We fix 1 < p < oo, 1 < r < 2 (it is enough to prove the
theorem for r in this range) and consider a sequence X,, of iid, mean zero random variables

with E(|X;[?) = 1. We introduce the variables X,, = Xnlyx,1<ny — E[Xn1x,|<n}] and the
Moy Mo
partial sums Sy, (t) = ; ?ke%”kt and Sy (t) = ; ?ke%”kt. We fix (3 large enough.
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Lemma 1. There exists a finite constant C such that for all positive integer N we have

(N+DP] c
(2) sup Z ngmint| | < m\/logN
T IR L NP

Proof. We can apply (1) to the variables Y, defined as Y,, = % for [N?] < n < [(N + 1)7]

and Y, =0forl1 <n< [Nﬂ]. We have

[(N+1)7] [(N+1)8] E[| X, |2]
2mint n
Slt1p| Z Y,e | 1§C’ Z T\/logN
n=[N#] n=[N#]
. As
E[|X, %) < 2n? PE[| X, 7] < 2027
we have

(N+1D)B]

X .
sup | Z 7’71627r2m€ |

t n=[NFB]+1

[(N+1)7]

1
<c( Y ﬁ)l/QvlogN

! n=[N?]

The right hand side of the previous inequality being less than

C 81—
WN 2 logN

the lemma follows. O

Lemma 2. For w > v+ 1 we have for P a.e. w
3) Z N? Sup ’SE(NHW} (t) — SENﬁ} ()] < oo
N=1

Proof. Using lemma 1 we have

00 [(N+1)’6] X/

“*n 2mint
S [t > X
N=1

n=[NP]+1

> C
< ————N7/log N
1 NE:l NBE+1/2

The assumption w >~ + 1 makes the right hand side summable. O
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We consider now a dynamical system (Y,G,v,S) and a fixed nonnegative function g €

1
L"(v). We write g as g = gk + g3 where gi = g A N71. We denote by Og1 the spectral

measure of the function g]lv.

We have for w fixed in the set of full measure given by lemma 2 and for v =

0 (N+1)P] /

Xn w n
S|y X sny)
N=1"p=[N8]+1 1

IA

IA

IN

(N+D)B]

2—r

2(1—r)"

- L XTL n
S lvi Y By
N=1 n=[NF]+1 2
00 [(N+DP] 1/2
X A
Z (/ |N7‘11 Z MeQﬂ'znt’do_g}v (t))
N=1 n=[NA]+1
[ee) [(N+1)’6] !
Xn w Tin
BETIID BRI
N=1 t n:[]vﬁ].H
[e'e) [(N"‘l)ﬁ] /
Xn w TN
Soowp| Yo Feleamel flh ) Pan)
N=1 ' N
) [(N+1)7] L
_2-r X .
Z N2<21*T> sup ‘ Z n(w) eant Hg”:/2
N=1 bl N1
00

We can also estimate the same partial sums with the sequence 912\/ Using part (2) of

Proposition 3, we obtain:



8 BY I. ASSANI

[(N+1)7]

>

n=[NP]+1

Xul) 2 (gny)

00
N=1

1

co  [(N+1)7] /

> 2 |X"7£w)| / g (S™y)dv(y)

N=1n=[NF]+1
25N+1)5]

_ Xpw) & &
(=) S % s

N

IN

IN

From these two series of estimates we can conclude that the sequence

converges vV a.e. .

To establish the a.e. convergence of the series

o0 ’
X, (w
n
n=1
we just need to show that
lim sup |Hn — Hiyg| =0

N [NBJ+1<n<[(N+1)7]
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v a.e.. But using part 1 of Proposition 2 we have

lim sup |Hy, — Hins
N [NBJ+1<n<[(N+1)7]
[(N+DP] |
: Xp(w n
< lim o Y- ’n()’\g(S y)|
n=[N"8]+1
[(N+1)7]
< lim =5 > X w)lg(SMyl
n=[NB]+1

Therefore we have shown that for a.e w the series

’

Z Xn(w)g(sny)

n

n=1
converges v a.e for all dynamical systems (Y, G, v, S) and all g € L"(v).
To conclude it remains then to prove that the series

3
—

converges v a.e.. It will be enough to show that each one of the following series converges

(4) i Xn(w)]:;xn>n}g(sny)
n=1

and

(5) io: (_E[XRT]Z'|Xn|>n]) (Sny)
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oo
As the series Z P({|Xy| > n}) converges because E[|X|] < oo, P a.e. w belongs then only
n=1

to finitely many of the sets {|X,,| > n}. Hence the series in (4) converges v a.e. as we will

only have finitely non zero terms in the series.

The series in (5) is absolutely summable because it is dominated in absolute value by the

series
o0
l9(S™y|
¢ Z 1+2
n=1 T 1
( we showed in the proof of part 1 of proposition 2 that [E[X,,1{x, |>n}| < %)
n q

This ends the proof of theorem 1.

Remarks

(1) One can also obtain the pointwise convergence for the fractional one sided ergodic

Hilbert transform

> X’;ﬁ“”asny)
n=1

where 0 < ¢(p,7) < d <1 and ¢(p,r) is a constant depending only on r and p.

(2) In summary we have shown that we do not have pointwise convergence for p = 1 and
for r = co. On the other hand theorem 1 shows that we have pointwise convergence
ifl<p<ooand1l < r < oco. At the present time we do not know if we have
convergence for 1 < p < oo and r = 1.

(3) G. Cohen pointed out to us that he obtained with similar arguments a proof of

theorem 2.
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4. THE DUAL CASE

oo
T'z) X,
In this section we look at the convergence of the series Z w

n=1

case one can obtain a more complete characterization of those values of p and r for

. In this
n

which the convergence holds as the next theorem shows.

Theorem 5. Let (X, B, u,T) be an ergodic measure preserving system and 1 < p < oo
(1) The Casep=1

There exists f € L'(p) for which one can not find a set of x with full measure off

[e.9]
T x) X
which the series Z w converges for all iid sequence X,, of L' random

n
n=1

variables with zero expectation.
(2) The case 1 <p <0

For p a.e x, for all X,, € LP iid random variables with finite expectation, the

e f(T"z Xn(w
series Z—f( ) Xn(w)

n

converges for a.e w

n=1

Proof. The case p = 1.

The proof of theorem 8 in [A3] actually shows that the following are equivalent for a

nonnegative sequence ¢, such that lim,, %" =0.

k;ﬂc>l
(1) sup{#’;_}<oo

cnXn(w)
0 converges a.e.

(2) for any iid sequence X,, of L' random variables the sequence

to zero.
The equivalence is stated for any dynamical system (Y, G, v, S) but a close look at the proof
shows that we used shifted random variables of X; (given at the bottom of page 243), thus

L' iid random variables.
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In [ABM] we showed that we could find in any ergodic dynamical system (X, A, u,T) a
kl’
{# k; f (7’; ) > l}

n

function f € L' for which sup is not finite a.e.. By the remark above this
n

means that for each z in a set of positive measure Xy we can find a sequence Y, of L' iid

random variables such that

f(T"2) Yy (W)

does not converge a.e. (w) to zero. As a consequence of this and the a.e. convergence to

zero of the sequence @ we can conclude that the sequence

ST x) X5 (w)

n

does not converge a.e. (w) to zero, where X* =Y,* —E(Y,’). This implies that the series

E:If(

does not converge a.e., as its generic term does not converge to zero.

The case 1 < p < co. We will use for this the three series theorem. By this theorem we

o f(T2) Xn(w)

will have the pointwise convergence of the series E ! if for each ¢ > 0 the
n
n=1

following series converge

ZP X )]>c]
@Y [ %) 1T ()

n=1" U Xn(@)<rreragr} "

Q Z/ X)L D papy)

(X (@) <z} "

We can observe that if some of the terms f(7"z) are zero then we would have less terms
to consider in these series. So without loss of generality we can assume that |f(7%z)| > 0

for each k.
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We will also use the result in [J] which says that for each f € L!(u) for each 1 < s < o0,
for a.e. x, the series

nx

(©) 3 [f(

n=1
converges.

For the first series (1) we have the following estimate

> x5 g
n=1

< S PINI> ]
< Y <o
n=1

by using Chebyshev ’s inequality in LP and (6).

We can write the second series as

Z/X Z/Xn Xl TI2) b ().

As the first term converges because the variables X,, have zero expectation, we can focus

only on the second term. We have for any 1 < < oo, (r* = 15.)
T"x) X, > (T
Z / TEDE i) = > ) / X (w)dP(w)
{Xn(W)l2 r7ezmizy " n=1 " X @)z )
T «T 1‘* 1/r* r1/r
Z = Z | Xo(@)aP()|')
(IXn(@)lz gy

by using Holder’s inequality. Again by (6) we just need to focus our attention on

w ) l/r‘
21, SoPO)

TFerRa
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By using this time Holder’s inequality for integrals and Chebyshev’s inequality in LP we

have
Z\/ X (w)dP(w)|") "
{Xn ()2 regmay
< (L (PI> f)  p”
< (M o0y
n=1
- (3 (HE 2ty
n=1

which is finite if we choose r large enough so that r(p—1) > 1. This choice of r is consistent

with the implicit assumption made on r* namely that r > 1.

Finally for the third series we have

If(T"z)I}

I)f / XX PP ()
(X )< i}

> 2—p,,2—p T
<3 (0 oy [ rare Z\ IO perixy < oo

n=1

This ends the proof of this theorem. ]
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