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ON A. ZYGMUND DIFFERENTIATION CONJECTURE

I. ASSANI

ABSTRACT. Consider v a Lipschitz unit vector field on R™ and K its Lipschitz constant.
We show that the maps Ss : Ss(X) = X + sv(X) are invertible for 0 < |s| < 1/K
and define nonsingular point transformations. We use these properties to prove first the
differentiation in LP norm for 1 < p < oo. Then we show the existence of a universal set of
values s € [~1/2K,1/2K] of measure 1/K for which the Lipschitz unit vector fields voS;*

satisfy Zygmund’s conjecture for all functions in LP(R"™) and for each p, 1 < p < 0.

1. INTRODUCTION

Lebesgue differentiation theorem states that given a function f € L'(R) the averages
1 t
% / f(x 4+ u)du converge a.e. to f(x) when t tends to zero. The differentiation for
—t
functions F' defined on R? is more subtle. Actually it is a longstanding problem to find

analogue of Lebesgue differentiation theorem for averages of the form

MiF) ) = 57 [ Flla) + sota)as

for a measurable function v. One would expect these averages to converge a.e. to F(z,y).
In other words one looks at the differentiation along the vector field v (or the direction
v).(see for instance [6], [2]). One can see that because of the geometry of R? multiple

directions are possible. In fact the example of the Nikodym set [2] shows that condition on
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v must be imposed if one expects the differentiation to hold. J. Bourgain [I] established the
differentiation of the averages M;(F) for function F' € L? and v a real analytic vector field.
N.H. Katz [ has some partial result for Lipschitz vector fields. A longstanding conjecture

attributed to A. Zygmund (see the paper by M. Lacey and X. Li, [5]) is the following.
Zygmund’s conjecture

Let v be a Lipschitz unit vector field and let F' € L*(R?). Do the averages

MiF)a9) = g5 [ Flle.w) + otz )las

converge a.e. to F(x,y)?

First we will observe that for s small enough (if K is the Lipschitz constant of v we will
require |s| < 1/2K), the maps Ss : Ss(x) = = + sv(z) are invertible. This observation will

allow us to derive the norm convergence of the averages

Mi(F) = %/_t Fz + fo(z))d3

to the function F in all LP spaces, 1 < p < oo. This norm convergence result was apparently
an open problem (see [I].)

Then we will show that Zygmund’s conjecture holds in all L? spaces 1 < p < oo for the
unit vector fields v o S;' when s € 7, a universal subset of [~1/2K,1/2K] with measure

1/K. The method we use extends to R".

Acknowledgments We thank C. Thiele and C. Demeter for bringing this problem to our

attention. Thanks also to C. Demeter for his comments on a preliminary version of the

paper.
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2. DIFFERENTIATION IN R2

The main steps are as follows. First we show that for s small enough the maps S5 :
Ss(z,y) = (x,y) + sv(x,y) are invertible and nonsingular in the sense that p(A) = 0 if and
only u(Ss(A)) = 0. A more precise statement is given in Lemma 1 where we prove that the
operators induced by these maps are uniformly bounded on LP(R?) for 1 < p < co. From
this we derive the norm convergence of the averages M;(F') to F. Two consequences are
derived from Lemma 1. First we obtain a ”weak” version of our main result, Proposition 2,
where we show that given a function F' € L'(R?) the differentiation occurs along the vector
fields v o S; ! as long as s belongs to a set of measure 1/K depending a priori on F. Then
we use Hardy Littlewood maximal inequality on L!(R) to derive a first maximal inequality
for the differentiation problem (Theorem 3). Our main result is proved by showing that the
set where the differentiation occurs can in fact be taken independently of any F € L'(R?).
Finally we establish a ”local” maximal inequality for the maximal operator associated with

these averages.
2.1. Convergence in LP norm.

Lemma 1. Assume that v is a unit vector field (i.e ||v(z,y)||2 = 1 for all (x,y) € R? and
a Lipschitz map with constant K. Then for each t; |t| < T < % the map Sy from R? to R?
such that Si(x,y) = (x,y) +tv(x,y) is one to one and onto. Furthermore if we denote by u

Lebesgue measure on R? for all measurable sets A C R2, for all |s| < T, we have

1 1 )
o 1 A S ) < 2w(m) 11(Ss(A)).
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Proof. First if S¢(z1,y1) = Si(x2,y2) then we have

[(z1,91) — (22, y2)[| = [[t(v(21,91) — v(22,92)|| < KT|[(21,91) — (22, 92) |-

As KT < 1 this shows that S; is one to one.

The equation Z = (z1,22) = (z,y) + tv(z,y) = X + tv(X) has a solution in X = (x,y)
that can be found by applying the fixed point theorem to the function Rz:Rz(X) = Z +

X — Sy(X).

To establish the second part of the lemma we can observe that it is enough to prove
it for cubes A. For any two points Z; = X7 + sv(X;) and Z; = Xo 4 sv(X3) we have
|1Z1 — Za|| < (14 |s|K)|| X1 — X2, and || X7 — X3 < ﬁ\\SS(Xl) — S¢(X2)]|. Also for
each measurable compact set B C R? we have u(B) < wdiam(B)?, where diam(B) is
the diameter of the bounded set B. As [|Ss(X) — Ss(Y)| < (1 + |s|K)||X — Y] we have
diam(Ss(A)) < (14 |s|K)diam(A). Therefore if we denote by r the side length of the cube

A we have
1(Ss(A)) < wdiam(Ss(A))? < m(14|s|K)*diam(A)? = 7(1+|s|K)?2r? < 2r(14|s|K)*u(A).

By approximation we conclude that for any measurable set A we have the same inequality.

From the inequality || X7 — Xof < ﬁHSS(Xl) — Ss(X2)]|, we can conclude that

1

57 04) = S5M 09 < T

Y1 — Ya|

for all Y7,Ys € R%. The same path will lead us then to the inequality

1

u(Ss1(B)) < mmﬂxm
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for all measurable set B C R?. From this we can derive the second inequality in the lemma.

O
Using the notations of Lemma 1 we can obtain the convergence in LP norm.

Proposition 1. For 0 < |t| < T and for 1 < p < co the operators My defined pointwise by

My(F)() = o / Fl(,y) + s(z, y))ds

2 J_,
map LP into LP. Furthermore for each 1 < p < oo we have

lim || M;(F) — Fll, = 0.

Proof. 1t follows immediately from Lemma 1. Indeed the case p = oo is obvious. For the

N
other values of p, consider a nonnegative simple L? integrable function ' = Z anly, with
n=1
disjoint measurable sets A,. We have
1 it XY P
ey = [ |57 [ S antan(sitois| dn
“'n=1
1t 1t
< — P14, (Ss dsdp = — Pu(S;1(AR))d
< [ (@ ], Setan st Jastn = g7 [ S-etuts: amys
1( [ N g 2
< = 2 (————)"d Pu(Ay,) = F|p
< 2t(/_t ") s>;anu< R

The boundedness of the operators M; follows by approximation.

The second part of the proposition is a consequence of the simple fact that for the
dense set of continuous functions with compact support we have the pointwise and norm

convergence of the operators M;. d
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2.2. A ”weak” version of Zygmund’s conjecture. The next proposition is a ”weak”
version of Zygmund’s conjecture in the sense that for each function F' € L'(u) there exists

a set of s of measure T such that

li 1 tF S7lx)dB = F
t%ﬂ[tmm+muxwﬁ-mw

for almost every (z,y) € R?. In other words the set of s and Lipschitz vector fields v o S5
for which the differentiation occurs may depend on F. The next proposition gives us also a
path on how to approach Zygmund’s conjecture, more precisely by considering the averages
along the values of the function F at (x,y)+Bv(S; ! (z,y)) and by exploiting the invertibility

of the maps S;.

Proposition 2. Let v be a Lipschitz function from R? to R? with Lipschitz constant K
such that ||v(x,y)|la = 1 for almost all (x,y) € R%. Then for all function F € L*'(R?) for

almost every s € [=T/2,T/2], for almost every (z,y) € R? we have

lim — /_ Fl(z,y) + (s + B)o(z,y)ldf = Fl(z,y) + sv(z, y)]

and

im L [ F S (@ y)ldB = F
tim 5o [ Plle.) + o(S; (@, )ldB = Fla.)

Proof. For t,s and B small enough we consider the averages

1 t

ﬂ » F[(;my) + (S + ﬁ)v(l‘>y)]dﬁ

Because of the assumptions made on v by Lemma 1 for each s;|s| < T < % for almost all
(z,y) € R

Gy y(s) = Fl(z,y) + sv(z,y)]
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is well defined and G, € L'([-T,T]). By Lebesgue differentiation theorem, for almost

every s € [—T/2,T/2] we have

lim gz [ Fl(e.9) + (s + B)o(o.)lds = Flla,y) + sula,y)l

Let us consider the complement E in R? x [~T/2,T/2] of the set

t

{(@y5) limay | Fll@y)+ (s + Bv(z,y)ldf = Fl(z,9) + sv(e, y)l}

2t

By Fubini this set has measure zero. Again by Fubini for almost all s the set E; = {(z,y) :
(z,y,s) € E} also has measure zero. By lemma 1 the corresponding sets Sq(FEs) will also

have measure zero. This proves the second part of the proposition.

As indicated above the maximal inequality allowing to derive the conclusions of proposi-

tion 3 is given by the following result.

Theorem 3. Let K be the Lipschitz constant for the unit vector field v. Then for each T,

0<T<1/K, forallA>0

_/m { SR swp / [Fl(z,y) + Bu(Ss (,y>)]ldﬁ>A}dm(s)

T/2 0<t<T/2 2t
472 (1+ TK
< — 7 F( d
< (1 —TR)? / |F(z,y)|dp.

where m denotes Lebesque measure on [—T/2,T/2].
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Proof. For a.e. (z,y) the function G(z,y) : Gy y(s) = 1 _r1(s).Fl(z,y) + sv(z,y)] belongs

to L'. By Hardy-Littlewood maximal inequality applied to this function we have;

m{s € [=T/2,T/2): sup %/_t\F[(a:,y) + (s + B)o(e,y)]|dB > )\}

0<t<T/2

1

T
<3 / 1Pe.) + Bola )]s

We can integrate both sides of this inequality with respect to Lebesgue measure y on R?
and apply Fubini theorem.

We obtain by using Lemma 1,

X m{(:p,y,s) € R* x [-T/2,T/2] : sup / |F[(z,y) + (s + Bv(z,y)]|dG > )\}

0<t<T/2 2t

1 T
<3 / ) /R 1Pl y) + Bolay)llduds

2 T
e | [ 1PGiduas

2
m/wiﬂyw,u— /|ny|du

Dividing all expressions above by 1" and rewriting

X m{(m,y, s)€ R*x [-T/2,T/2]: sup / |F[(z,y) + (s + B)v(z,y)]|dG > )\}

0<t<T/2 2t

as

/T/2 u{(az,y) € R?: sup 1 /_tt |F[(x,y) + (s + B)v(z,y)]|dB > )\}dm(s),

~T/2 0<t<T/2

we derive the following inequality:

T/2 ¢
+/ M{(%y)GRzr o 2 t\F[(w,y)+(s+6)v(x7y)]!dﬂ>A}dm(8)

—T/2 0<t<T/2

C
<5 | IP@ydn
RZ
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Using Lemma 1 we can observe that

u{(w,y)€R2: o 2 trFKx,y)+<s+ﬂ>v<x,y>udﬁ>A}

0<t<T/2

> e G e B s L[ () + o0t @aias > A

0<t<T/2 2t

Therefore, for all A > 0, we have the inequality

1 /T” enert: wp L /_ttyF[(x,y)+5v(551(w,y))]!d5>>\}dm(8)

T/2 0<t<T/2

1+ TK)
S((W)\/ |F(z,y)|dp.

2.3. A universal set of unit Lipschtiz vector fields satisfying Zygmund’s conjec-
ture in all L? spaces. Asindicated in the introduction we want to strengthen Proposition
2 by showing that a universal set of vector fields voS; ! satisfy Zygmund’s conjecture. More

precisely we want to prove the following result.

Theorem 4. Let v be a unit Lipschitz vector field with Lipschitz constant K = 1/T. Then
there exists a set T C [-T/2,T/2] of measure T such that for each s € T the unit Lipschitz
vector field v o S;! satisfies Zygmund’s conjecture in all LP spaces for 1 < p < oo. More

precisely for all F € LP(R?) the averages

5 | Pl + 50T @)ds

converge a.e to F(x,y).

To prove this theorem we introduce some notation. We denote by Dy = {(z,y) € R? :

II(x,y)|| < N} and by £ a countable set of continuous functions with compact support dense
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in the unit closed ball of L'(R?). We will use the notation M (F)(z,y) for the averages
I ]
3 | 1FlGo0) + 5057 @ )llds

Theorem 4 is a consequence of the following result.

Theorem 5. Under the assumptions of Theorem 4, we have for each p, 1 < p < oo and
for a.e. s € [-T/2,T/2]

lim sup p{(z,y) € Dn: sup M7(F)(xz,y) >n}=0.
oo F|p<1 0<t<T/2

Our proof of these theorems will require several lemmas. We only give the proof for the
case p = 1. The case p > 1 can be obtained similarly without difficulty as the differentiation
is a local property. Given any function F' € L'(u) there exists a subsequence G; = Fn;
such that lim; G;(x,y) = F(z,y) except on a set of measure zero N'. The next lemma is a
consequence of Lemma 1. It shows that for almost every (x,y) we can keep this convergence
along the line segments [(z,y) — fw(x,y), (x,y) + Pw(z,y)]] where (3 is in absolute value

smaller that the reciprocal of the Lipschitz constant of the unit vector field w.

Lemma 2. Let F € L'(p) and Gj a sequence of continuous function with compact support
converging a.e. to F . Let w be a unit vector field with Lipschitz constant K . Then for

almost all x € R? for all t € [-T/2,T/2] we have

t

%/_t |Fl(z,y) + fw(z,y)]|ds = %/tlimjinf!GjH(x,y) + Bw(w, y))ds

t

1 .
= Sl;p E . Ilfgfj‘ ’Gk‘[(l’, y) + 5w(x, y)]dﬂ
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Proof. Let us consider the null set NV off which the sequence G; converges to F'. We can

assume that this set is measurable. Hence by Fubini we have

T T
/ / Ll(@,y) + Bz, y)]dbdu = / / L[, ) + Bule, y))dBdu
R2 J-T —-T JR2

)22Tu(N) = 0.

S(1—TK

Therefore there exists a set A of zero measure such that for (z,y) € A° we have

T

/ 1n[(z,y) + Bw(z,y)]dB = 0. Hence for
-T

t

all t € [-T/2,T/2] we also have / 1n[(z,y) + pw(z,y)]ds = 0. Writing the function
t

|F'| as 1n7|F| + 1pre|F| we have then for (z,y) € A€
t t
/ [F[(z,y) + pw(z,y)]|dB = / Lyel(z,y) + Bw(z,y)||Fl(z,y) + fw(z,y)]|d3
—t —t
t
= [ 1wl + fue, ) limint Gyl[(o,) + (e, p)ds
—t
1 t
—tim ;[ Lyellog) + fue ) jnf [Gll(e.v) + Fule,y)lds
2t )y k>j
by the monotone convergence theorem
1 t
= lim — inf
gy [ IGhl(r9) + Bue.p)}ds
O
Next we want to check that the preceding lemma applies to all Lipschitz unit vector fields

voSs_l.

Lemma 3. Let v be a Lipschitz unit vector field with Lipschitz constant K. Consider
0 < T < 1/K. Then for all s such that 0 < |s| < T/2 the unit vector fields vo S;! are

Lipschitz vector fields with Lipschitz constant 2K.
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Proof. As v is a Lipschitz vector field with Lipschitz constant K we have for all X, Y in R?

lo(S7H)(X) —o(STHY)| < K|ISTHX) = 71

s

We denote Z; = S;71(X) and Zy = S;H(Y). Then X = Zy +sv(Z1) and Y = Zs +sv(Z).

Therefore | Z1 — Zs|| < || X = Y| + |s|K||Z2 — Z1]| and we obtain

|Z1 — Za|| < |X —Y||. We conclude then that

1
(1 — [s][K)

1

o(57)(X) = (ST < K e

s

1X =Y.

Noticing that for 0 < |s| < T'/2 we have < 2 and this concludes the proof of this

I
(1 — [s]K)

lemma. ]
Thus we can apply Lemma 2 with the constant K = 2K.

Lemma 4. For each A > 0 and each s € [-T/2,T/2] we have

up u{(w,y)GDN sup / (Fl(z,y) + Bu(S7 (x, y)]ldﬁ>A}

IFllh <1 0<t<T/2 2t

1)
=supu{<x,y>eDN sup /\cb z,y) + Buo(S7\(x, y)]\dﬂ>A}

0<t<T/2 2t

Proof. Let us fix € > 0. We can find a function F' € L! with ||F||; < 1 such that

sup u{@:,y)em: sup —/ Gl ) + Bo(S; (z. y)]\dﬂ>A}

[|G]1<1 0<t<T/2

Su{@,y)em sup / IFl(z.) + Bo(S7 (z. y)]ldﬂ>A}

0<t<T/2 2t
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For the function F' we can find a subsequence G; = F),; of continuous functions in &

which converges a.e. to F. Applying Lemma 2 with w = v o S;! off a null set A, we have

1 t
sup / \Fl(z,9) + Bulz,y)]ld = sup — / i G, [(a.3) + Ful.))d3

0<t<T/2 2t 0<t<T/2

= s s / inf (G [(2,) + Bl 1))d3

0<t<T/2 j

1 t
—sup sup o [ int Gull(e.y) + Bl )3

J 0<t<T/2

1 t
=lim sup — inf |Gy|[(z,y) + Bw(x,y)]ds
2t J_1 k>j

Joo<t<T/2
(Noticing that the sup is the limit because we have an increasing sequence)

Hence we have

ps (z,y) €Dy sup  — [ |F(x,y) + Bo(S;  (z,y)]|dB > A
{ i) |

0<t<T/2 2

=u{<x,y>em:hm sup / i [Gallte,0) + 50(57 y)]dﬁ>A}

J 0<t<T/2

:h?ll‘{(x,y)GDNi sup —/ lnf |Gl[(z,y) + Bu(S5 (x, y)]dﬁ>A}

0<t<T/2 2

1
< nmsupu{m,y) eDx: sup - mf ot [Gall(2,) + 00(S: (2} > A}
J 0<t<T/2 2t

Ssupu{(w,y)GDN sup / l[(asy) + (S (x, y)]dﬁ>A}
deé 0<t<T/2 2t

This last inequality combined with (2) proves Lemma 4. O

Lemma 5. For F continuous with compact support and each X\ > 0 the map

e-T/2,T/2] :— ,u{(:p,y) € DN;0<S;<II;/2 MP(F)(x,y) > )\}

18 continuous.
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Proof. Again we denote by X the vector (z,y) € R2. For all |3| < T/2 and for all |sy], |sa| <

T/2 we have

X+ B(S51)) — (X + pu(S5 )| < K4, (X) — Soy ()]
For Z; = S5,(X) and Z3 = S,(X) we have

Z1+ s10(Zy) = X = Zy + s9v(Zs).

Therefore we have

7y — Zy = s9u(Z3) — s10(Z1) = (s2 — s1)v(Z2) + s1(v(Z2) — v(Z1)).
As a consequence we obtain

120~ 22 < Is2 = s1l + 5 K21 - Za

and this gives us the uniform estimate

(X + Bo(S51)) — (X + Bo(SZ X < S0 = Tl — 52l = Ol — s,

Now we can conclude by using the uniform continuity of the function F. For |s; — so| < &é)

then for all X € R? we have

sup MP'F(X)— sup MPF(X)|<e.
0<t<T/2 0<t<T/2

0

The following lemma is well known and can be found in [3]. We just state it to make the

paper hopefully easier to read.
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Lemma 6. Let C be any collection of open intervals B in R and let U be the union of

all these open intervals. If ¢ < m(U), then there exist disjoint By, ...,Br € C such that

i 1
Z m(Bj) > 3¢
j=1

Now we can proceed with the proof of Theorem 5. For simplicity we will denote by

M (F)(X) the maximal function

sup M/ (F)(z,y)
0<t<T/2

Proof of Theorem 5

We will argue by contradiction. Because of Lemma 4 the functions

Hoos e T/2 1/~ () = s pf (o) €Dy s sup ME(E)wg) > 0
IFl<1 0<t<T/2

being equal for each s to

sup u{(rﬂ,y) €Dn: sup M (F)(z,y) > "}
F,e€ 0<t<T/2

are measurable and decreasing with n. If the conclusion of Theorem 5 was false then we
could find a measurable set A C (—7'/2,T/2) with positive measure and a positive number

0 such that for each s € A and for each n € N we would have
(3) H,(s) >0
We can observe that the set A can be written as

A= fjlg {s € (-7/2,T/2) :,u{(x,y) € Dy : M;(F;)(z,y) > n} > 6}.
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For each n the set

U {s € (-1/2,T/2): ,u{(x,y) € Dy : M (F;)(z,y) > n} > 5},
i=1
being open by Lemma 5 , it is a countable union of disjoint open intervals. Therefore the

collection (with n) of all these intervals is countable. Because of the decreasing nature of

the sets

e}

U{secrrzrm e e py e myen >} >

i=1
with n, the intervals obtained at stage k+ 1 are included in those corresponding to stage k.
Our goal is to find a more appropriate countable covering of A. First we can pick an integer
Nj large enough and an increasing sequence of integers (INVi)r>1 such that the following

conditions are satisfied.

— k
(3) Z — < (é)zm(A)’y, where the constant vy will be specified later in order to estab-

lish a contradiction.

To start the selection process we pick any s; € A. Then there exists an open interval
I N, C Vi, that contains s1. Then we pick s € ANIY N and select I y, containing so. By

o0
induction we can obtain a countable collection of open intervals J; = U Lin, C VN, If
k=1
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this collection does not cover A then we continue the selection process by picking s € ANJf

and an open interval

o0

Lna C Vi, = {s € (=T/2,T/2) : u{(az,y) € Dy : M:(Fy)(z,y) > NQ} > 5} C Vi,
that contains s’. rZI‘:hle difference between the collections J; and J> is that the first is built
with the sequence (Ni)r>1 while the second starting with Ny is built with the sequence
(Ng+1)k>1 Because, as we noticed above, we started with at most countably many open
intervals and that at each step we picked a different open interval, the selection process has

to stop after countably many iterations. So we obtain after induction at most a countable

number of collections J,, r € N, that will cover A and will all be contained in Vy,.

[oe)

We denote the union of these collections of sets by R = U Jr,. We can observe that
r=1

with this selection process we have at most one interval associated with Ny, two with N

and generally at most k& with V;. Now we can use Lemma 6 to extract of this collection of

open intervals, disjoint open intervals G1, Gs, ..., Gg such that

R
1
() hz_:l m(Gn) > gm(A).
As all these intervals are disjoint subsets of Vi, we also have

R
(x % %) Zm(Gh) <2m(A).

h=1

Now we can reach a contradiction. We combine what we obtained so far to make our

choice of 7v. We have
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g s
gm(A) < —T/2hZ::11Gh(S)M{X € Dn; M (F, )(X) > Fh}ds

for some integers my, and I'y,

: ZR:(m(Gh))l/z(/_T/z <M{X € Dn; M3 (Fin, ) (X) > rh}>2d8> 2

h=1 T/2

by Cauchy Schwartz’s inequality,

T/2

< f]m(c:h))l/?m(m))”?( / @{X € Doy Mz (Fuy )(X) > rh})ds> "

h=1 -T/2

T/2

(u{X € Dn; M (Fp,, )(X) > Ph}>ds>l/2

—T/2

R R
< (Zm<Gh>>”2<u<z>N>>1/2<Z /
h=1

by Cauchy Schwartz’s inequality,

R

3 Ar2(14+TK)? 1 >1/2

< Cman2uon P (T

h=1

by using (***), Theorem 3 and the fact that ||F,, || <1

Therefore we have

2 2 R 1/2

8m%(1+ TK)? = h 2
< 71/2 1/2 1/2 Z
= T /’L(DN) ( (1 _ TK)2 ) <h:1 Nh>

because we had for each k at most k intervals corresponding to N

872 (1+TK)? | /50
( ) )1/2—(m(A))1/271/2

1/2 1/2

by using (3).
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To establish a contradiction it is enough now to pick

1

2 2
Tu(Dw) -

v <

choice that we could have made independently of the selection process. This ends the proof

of Theorem 5.

Because of Lemma 1 Theorem 5 can be reformulated in the following way

Corollary 1. Let v be a unit Lipschitz vector field with Lipschitz constant K = 1/T.
Then there exists a set T C [—=T/2,T/2] of measure T such that for each s € T, for all
F e LP(R?), 1 < p < oo, the averages

1 t

E i F[(Z’,y) + (5 + S)U(Z’,y))dﬂ

converge a.e. to F[(z,y) + sv(z,y)].

Proof of Theorem 4

Theorem 5 provides us with a set 7 of measure T such that for each s € 7 we have

lim sup ,u{X € Dy : M (F)(X) > n} =
"oIFht

We can conclude, by using similar arguments as those displayed in [3], that for each s € T
the set of functions in L'(R?) for which the pointwise convergence holds on Dy is closed in
L'. As we obviously have the dense set of continuous functions for which the differentiation
holds we have proved Theorem 4 for values of X € Dy. The general case follows by letting

N tend to infinity.
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2.4. A maximal inequality for the unit vector field v o S;!. First we want to refine
the proof of Theorem 5 in order to evaluate the rate of convergence to zero (with n) of the

maximal function sup ,u{(:n,y) €Dy : sup M (F)(x,y) > n}
IF|h<1 0<t<T/2

Theorem 6. For each 0 < a < 1/2, for a.e. s in a set of measure T in [—-T/2,T/2] we

have

limn® sup ,u{(x,y) €Dy : sup M} (F)(x,y) > n} =0.
" IFl<1 0<t<T/2

Proof. As in Theorem 5 we argue by contradiction. Instead of the functions H,, we use this

time the functions

Ot s € [-T/2T/2 — On(s) =n® sup u{(w,y)GDN: sup MtS<F><x,y>>n}
IFll<1 0<t<T/2

which for each s are equal to

n® sup u{(w,y) €Dy: sup MP(F)(z,y) > n}
Fe€ 0<t<T/2

(by Lemma 4.) The set that replaces A is
B = {s € (=T7/2,T/2) : limsup O, (s) > 5}
By Lemma 5, for each positive integer L the set
L
Wr, = ﬂ U U {s € (-7/2,T/2) :jau{(az,y) € Dy : M (F;)(z,y) > j} > (5}

as a finite intersection of open sets is a countable union of disjoint open intervals. By taking
the collection (with L) of all these open intervals we obtain a countable number of such

intervals. As before the intervals obtained at stage L+ 1 are subsets of those corresponding



ON A. ZYGMUND DIFFERENTIATION CONJECTURE 21

to stage L. Having a countable number of intervals we proceed with an increasing sequence

of integers Nj such that

(4) S <y

1-2a —
o N, 3

We can start the selection process with the additional conditions

Ny e
) Bcwy, =) UJU {s e (=T/2,T/2) :u{(az,y) € Dy : M:(Fy)(x,y) > j} > 5}

n=1j>ni=1

(6) m(Wy,) < 2m(B)

o0

As before we select by induction a covering R’ = U T/ of B by open intervals, subsets of
r'=1

those composing Wy, . Furthermore in this entire collection R’ of open intervals we have at

most one associated with Ni, two with Ny and more generally at most k with Nj. Next we

use Lemma 6 to extract of this collection , disjoint open intervals, G}, G, ..., G, such that

R
1
(+++) gm(B) < Zm(G;L) < 2m(B), as these intervals are disjoint subsets of Wy .
h=1
To establish the contradiction we will choose later « appropriately. We have

5 T/2 R
< [ > 1y ()5 { X € D 2 () > 1 L
-T/2 h=1

for some integers mj, and I'},.
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We can use Cauchy Schwarz’s inequality to dominate this last term.

h=1 —T/2

< i(m(Gh))lﬂ(F;L)Q(M('DN))l/Q</T/2 <,u{X e D M2 (Fng )(X) > F;l}>dg> 1/2

h=1 -T/2

< (ZR:m(G/h))l/z(N(DN))l/z<ZR:(F;L)2Q /m (u{X € Dv; M3 (Fyy ) (X) > r;}>ds>l/2

h=1 h=1 =T/2
by Cauchy Schwartz’s inequality,
R

2 2 (T 2\ 1/2

by using (+++) and Theorem 3

R

2 2 1/2
= (am(B) 2 (S T )
h=1

Hence we have

0 1/2 1/2 1/2 87°(1 + TK)? 1/2 S 2
Z < R S e E _ -

872(1 + TK)? = p N\ V2
< T1/2 1/2 1/2 } :
h=1""h

because we had for each k at most k intervals corresponding to Nj

872(1+TK)? (/50
( ) )1/2—(771,(3))1/2’7/1/2

1/2 1/2

by using (4).
The contradiction is obtained for

, 1

v < 14T "
T(Dn) 52
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The following result can be derived from Theorem 5.

Theorem 7. For each 0 < oo < 1/2 there exists a function C,, almost everywhere finite on

[~T/2,T/2] such that for all X > 1, for all F € L' such that X\ > || F|| we have

@) M{X € Dy : ME(F)(X) > A} < 2aca<s)<@>a

Proof. For a fixed o we denote by C), o(s) the a.e. finite function

n® sup u{(:v,y)GDN: sup ME(F)(w,y)>n}-
|Fl1<1 0<t<T/2

By Theorem 6 we have limC), o(s) = 0 for a.e. s € [-T1/2,T/2]. Hence the function
n
Co : Co(s) =supCp o(5) is a.e. finite on [-71'/2,T/2]. Furthermore for each A > 1 we have
n

sup u{(x,y)GDN: sup Mf(F)(x’y)>A}
IF|1<1 0<t<T/2

< sup ,u{(x,y) €Dy: sup M (F)(z,y) > [/\]}
IFli<1 0<t<T/2

Therefore by using the inequality A < 2[A] we have

29C,(s)

sup M{XGDN:Mf(F)(X)>)\}§ o

I1Fll<1

Now by taking the functions F/||F||; and making the change A||F||; =t we can derive (7).

0
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3. DIFFERENTIATION IN R"

The results obtained in the previous section can be extended without difficulty to R™. In
fact the only part where we use the fact that we were in R? is when we proved Lemma, 1.
This appears in the constant of this Lemma. We only state the lemma that would replace
Lemma 1 in R™. We consider a Lipschitz unit vector field v on R™ with constant K and

simply denote by M;(F)(X) the averages

t

5 | FIX 4 Bu(x)]as

where X = (21,22, ...,2,). We use the same notation for Ss(X) = X + fv(X) a map from

R™ to R™. We denote by p,, Lebesgue measure on R".

Lemma 7. For all |s| < T where T < 1/K the maps Ss are one to one and onto. Fur-
thermore there exist constants ¢, and C,, depending only on n, K and T such that for all

measurable sets A in R™ we have
Cmun(SS(A)) < :Un(A) < Cn:un(SS(A))

Proof. The invertible character of the maps S for small s can be established in the same

way. The inequalities
npin(Ss(A)) < pn(A) < Crpin(Ss(A))

follow from the inequalities || Z1 —Z2|| < (1+4]s|K)|| X1 —X3||, and || X1 —X3|| < ﬁ\\SS(Xl)—

SS(XQ)” where Zl = SS(Xl) and Z2 = SS(XQ). O

The maximal inequality that replaces Theorem 3 is the following
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Theorem 8. Let K be the Lipschitz constant for the unit vector field v. Then for each T,

0 < T < 1/K, there exists a constant Cy, such that for all A > 0

1 T/2 1 t
= ,un{X ER": sup — |F[X + Bou(S;H(X))]|dB > /\}dm(s)
T J 7/ o<t<T/2 2t J ¢
Cn
R

where m denotes Lebesque measure on [—1/2,T/2].

The proof is identical to the one given for Theorem 3 so we skip it. From this maximal
inequality the reasoning is identical. The only difference is the constant C, that depends
on T, K and n. From that point on by using the same path one can extend Theorem 4 and

Theorem 5 to the case of R"™.

REFERENCES

[1] J. Bourgain:“A remark on the maximal function associated to an analytic vector field”, Proc. Of the
Special Year in Modern Analysis, London Math. Soc. Lect. note Series, vol 137, 111-132, 1989.

[2] M. De Guzman:“Real variable methods in Fourier Analysis”, Math. Study, 46, North Holland, 1981.

[3] G. Folland:“Real Analysis”, J. Wiley and Sons, 1984.

[4] N.H. Katz:“A partial result on Lipschitz differentiation”, Harmonic Analysis at Mount Holyoke,
Contemporary Math. , vol 320, 217-224, 2003.

[5] M. Lacey and X. Li:“On the Hilbert Transform and C'™° Families of Lines”, Annals of Math., to
appear.

[6] E.M. Stein:“Real variable methods, orthogonality, and oscillatory integrals”, Princeton Math. Series,
43, 1993.

[7] N. Wiener :“The ergodic theorem”, Duke Math. J., 5, 1-18, 1939.



	1. Introduction
	2. Differentiation in R2
	2.1. Convergence in Lp norm
	2.2. A "weak" version of Zygmund's conjecture
	2.3. A universal set of unit Lipschtiz vector fields satisfying Zygmund's conjecture in all Lp spaces.
	2.4.  A maximal inequality for the unit vector field vSs-1.

	3. Differentiation in Rn
	References

